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Preface

I prefer the open landscape under a clear sky with its depth
of perspective, where the wealth of sharply defined nearby
details gradually fades away towards the horizon.

This book, which is in two parts, provides an introduction to the theory of vector-
valued functions on Euclidean space. We focus on four main objects of study
and in addition consider the interactions between these. Volume I is devoted to
differentiation. Differentiable functions on R" come first, in Chapters 1 through 3.
Next, differentiable manifolds embedded in R” are discussed, in Chapters 4 and 5. In
Volume II we take up integration. Chapter 6 deals with the theory of n-dimensional
integration over R”. Finally, in Chapters 7 and 8 lower-dimensional integration over
submanifolds of R” is developed; particular attention is paid to vector analysis and
the theory of differential forms, which are treated independently from each other.
Generally speaking, the emphasis is on geometric aspects of analysis rather than on
matters belonging to functional analysis.

In presenting the material we have been intentionally concrete, aiming at a
thorough understanding of Euclidean space. Once this case is properly understood,
it becomes easier to move on to abstract metric spaces or manifolds and to infinite-
dimensional function spaces. If the general theory is introduced too soon, the reader
might get confused about its relevance and lose motivation. Yet we have tried to
organize the book as economically as we could, for instance by making use of linear
algebra whenever possible and minimizing the number of €6 arguments, always
without sacrificing rigor. In many cases, a fresh look at old problems, by ourselves
and others, led to results or proofs in a form not found in current analysis textbooks.
Quite often, similar techniques apply in different parts of mathematics; on the other
hand, different techniques may be used to prove the same result. We offer ample
illustration of these two principles, in the theory as well as the exercises.

A working knowledge of analysis in one real variable and linear algebra is a
prerequisite; furthermore, familiarity with differentiable mappings and submani-
folds of R”, as discussed in volume I, for instance. The main parts of the theory
can be used as a text for an introductory course of one semester, as we have been
doing for second-year students in Utrecht during the last decade. Sections at the
end of many chapters usually contain applications that can be omitted in case of
time constraints.

This volume contains 234 exercises, out of a total of 568, offering variations
and applications of the main theory, as well as special cases and openings toward
applications beyond the scope of this book. Next to routine exercises we tried
also to include exercises that represent some mathematical idea. The exercises are
independent from each other unless indicated otherwise, and therefore results are

X1



xii Preface

sometimes repeated. We have run student seminars based on a selection of the more
challenging exercises.

In our experience, interest may be stimulated if from the beginning the stu-
dent can perceive analysis as a subject intimately connected with many other parts
of mathematics and physics: algebra, electromagnetism, geometry, including dif-
ferential geometry, and topology, Lie groups, mechanics, number theory, partial
differential equations, probability, special functions, to name the most important
examples. In order to emphasize these relations, many exercises show the way in
which results from the aforementioned fields fit in with the present theory; prior
knowledge of these subjects is not assumed, however. We hope in this fashion to
have created a landscape as preferred by Weyl,! thereby contributing to motivation,
and facilitating the transition to more advanced treatments and topics.

1Weyl, H.: The Classical Groups. Princeton University Press, Princeton 1939, p. viii.
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Introduction

Motivation. Analysis came to life in the number space R” of dimension » and its
complex analog C". Developments ever since have consistently shown that further
progress and better understanding can be achieved by generalizing the notion of
space, for instance to that of a manifold, of a topological vector space, or of a
scheme, an algebraic or complex space having infinitesimal neighborhoods, each of
these being defined over a field of characteristic which is 0 or positive. The search
for unification by continuously reworking old results and blending these with new
ones, which is so characteristic of mathematics, nowadays tends to be carried out
more and more in these newer contexts, thus bypassing R". As a result of this
the uninitiated, for whom R” is still a difficult object, runs the risk of learning
analysis in several real variables in a suboptimal manner. Nevertheless, to quote F.
and R. Nevanlinna: “The elimination of coordinates signifies a gain not only in a
formal sense. It leads to a greater unity and simplicity in the theory of functions
of arbitrarily many variables, the algebraic structure of analysis is clarified, and
at the same time the geometric aspects of linear algebra become more prominent,
which simplifies one’s ability to comprehend the overall structures and promotes
the formation of new ideas and methods”.?

In this text we have tried to strike a balance between the concrete and the abstract:
a treatment of integral calculus in the traditional R” by efficient methods and using
contemporary terminology, providing solid background and adequate preparation
for reading more advanced works. The exercises are tightly coordinated with the
theory, and most of them have been tried out during practice sessions or exams.
Ilustrative examples and exercises are offered in order to support and strengthen
the reader’s intuition.

Organization. This is the second volume, devoted to integration, of a book in
two parts; the first volume treats differentiation. The volume at hand uses results
from the preceding one, but it should be accessible to the reader who has acquired
a working knowledge of differentiable mappings and submanifolds of R”. Only
some of the exercises might require special results from Volume 1.

In a subject like this with its many interrelations, the arrangement of the material
is more or less determined by the proofs one prefers to or is able to give. Other ways
of organizing are possible, but it is our experience that it is not such a simple matter to
avoid confusing the reader. In particular, because the Change of Variables Theorem
in the present volume is about diffeomorphisms, it is necessary to introduce these
initially, in Volume I; a subsequent discussion of the Inverse Function Theorems
then is a plausible inference. Next, applications in geometry, to the theory of
differentiable manifolds, are natural. This geometry in its turn is indispensable for
the description of the boundaries of the open sets that occur in this volume, in the
Theorem on Integration of a Total Derivative in R”, the generalization to R” of the

2Nevanlinna, F., Nevanlinna, R.: Absolute Analysis. Springer-Verlag, Berlin 1973, p. 1.
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XVvi Introduction

Fundamental Theorem of Integral Calculus on R. This is why differentiation is
treated in the first volume and integration in this second. Moreover, most known
proofs of the Change of Variables Theorem require an Inverse Function, or the
Implicit Function Theorem, as does our first proof. However, for the benefit of
those readers who prefer a discussion of integration at an early stage, we have
included a second proof of the Change of Variables Theorem by elementary means.

We have stuck to the (admittedly, old-fashioned) theory of Riemann integration.
In our department students take a separate course on Lebesgue integration, where
its essential role in establishing completeness in many function spaces is carefully
discussed. For the topics in this book, however, the Lebesgue integral is not needed
and introducing it would cause an overload. In the applications considered, Arzela’s
Dominated Convergence Theorem, for which we give a short proof, is an effective
alternative for Lebesgue’s Dominated Convergence Theorem.

On some technical points. We have tried hard to reduce the number of €—§
arguments, while maintaining a uniform and high level of rigor.

Even for linear coordinate transformations the Change of Variables Theorem
is nontrivial, in contrast to the corresponding result in linear algebra. This stems
from the fact that in linear algebra the behavior of volume under invertible linear
transformations is usually part of the definition of volume. In analysis the notion
of volume relies on the Riemann integral, and for the latter only invariance under
translations is an immediate consequence of the definition.

The d-dimensional density on a d-dimensional submanifold in R” is considered
from two complementary points of view. On the one hand, the tangent space of the
manifold can be mapped onto R? ~ R¢ x {Ogs-«} C R" by means of a suitable
orthogonal transformation; pulling back the d-volume on R“ under this mapping
one then finds a d-density on the manifold. On the other hand, one can supplement
the basis By for the tangent space by a set of mutually perpendicular unit vectors
all of which are perpendicular to the tangent space, to form a basis B, for R”. Next
one defines the d-volume of the span of By to be the n-volume of the span of B, (in
other words, area equals volume divided by length). Both ways of thinking lead to
the same formalism, which unifies the many different formulae that are in use.

Vector analysis should look familiar to students in physics: therefore we have
chosen to center on the notion of vector field initially and on that of differential form
only later on. Leitmotiv in our treatment of vector analysis is the generalization of
the Fundamental Theorem of Integral Calculus on R to a theorem on R”. There are
two aspects to the Fundamental Theorem of Integral Calculus on R: the existence
of an antiderivative for a continuous function; and the equality of the integral of
a derivative of a function over an open set with the integral of the function itself
over the boundary of that set. By generalizing the former aspect one arrives at
the infinitesimal notions in vector analysis, like grad, curl, div; and at Poincaré’s
Lemma, and its relation with homotopy. Likewise, the latter aspect leads to the
global notions, like the integral theorems, and their relations to homology.

This generalization to R" begins with the Theorem on Integration of a Total
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Derivative, for which an easy proof is offered, by means of a local substitution of
variables that flattens the boundary. All other global theorems are reduced to this
theorem.

The existence of an antiderivative (or potential) for a vector field on R" with
n > 1 requires integrability conditions to be satisfied. That is, one needs the
vanishing of an obstruction against integrability, viz. of Af, twice the anti-adjoint
part of the total derivative Df of the vector field f. In R? and R?, Af essentially
is the curl of f. Furthermore, Af approximately equals the sum of the values of f
at the vertices of a parallelogram, and that sum in turn is a Riemann sum for a line
integral of f along that parallelogram. Globalization of this argument leads to a
rudimentary form of Stokes’ Integral Theorem: a relation between the circulation
of f and a surface integral of Af, i.e. an integral of the obstruction.

Vector analysis in R" is not a study of partial derivatives of components of vector-
valued functions, leading to a coordinate-dependent formulation and a “débauche
d’indices”. Rather, it is an investigation of these functions and of their total deriva-
tives in their entirety, which is greatly facilitated by linear algebra, especially by the
decomposition of the derivative into self-adjoint and anti-adjoint parts using adjoint
linear operators.

The definition of positive orientation of a curve is an infinitesimal one. In
concrete examples it is often easy to verify whether it is satisfied without an appeal
to geometric intuition. The global definition, which is current in many elementary
texts, is less rigorous and may lead to cumbersome formulations and/or proofs, of
Green’s and Stokes’ Integral Theorems in particular.

Although formally the theory of differential forms receives an independent
treatment, the stage for it is in fact set by much of the preceding material. The main
result in the theory is Stokes’ Theorem, and the whole discussion aims at proving
that theorem at the earliest possible moment. Therefore we have adopted a definition
of exterior derivative whereby we achieve this, and the proof of Stokes’ Theorem
itself is then presented as a direct generalization of the proof of the rudimentary
form mentioned previously. The amount of multilinear algebra required for this
has been reduced to a minimum. In particular, the general differential k-form is
introduced by means of determinants instead of exterior multiplication of forms of
lower order, which usually requires a laborious definition.

Exercises. Quite a few of the exercises are used to develop secondary but interest-
ing themes omitted from the main course of lectures for reasons of time, but which
often form the transition to more advanced theories. In many cases, exercises are
strung together as projects which, step by easy step, lead the reader to important
results. In order to set forth the interdependencies that inevitably arise, we begin an
exercise by listing the other ones which (in total or in part only) are prerequisites as
well as those exercises that use results from the one under discussion. The reader
should not feel obliged to completely cover the preliminaries before setting out to
work on subsequent exercises; quite often, only some terminology or minor results
are required.



XViil Introduction

Notational conventions. Our notation is fairly standard, yet we mention the fol-
lowing conventions. Although it will often be convenient to write column vectors as
row vectors, the reader should remember that all vectors are in fact column vectors,
unless specified otherwise. Mappings always have precisely defined domains and
images, thus f : dom(f) — im(f), but if we are unable, or do not wish, to specify
the domain we write f : R" D— R? for a mapping that is well-defined on some
subset of R” and takes values in R?. We write Ny for {0} U N, N, for N U {c0},
and R, for {x e R | x > 0}. The open interval {x e R | a < x < b}inRis
denoted by ]a, b [ and not by (a, b), in order to avoid confusion with the element
(a,b) € R%

Making the notation consistent and transparent is difficult; in particular, every
way of designating partial derivatives has its flaws. Whenever possible, we write
D; f for the j-th column in a matrix representation of the total derivative Df of a
mapping f : R" — RP”. This leads to expressions like D; f; instead of Jacobi’s
classical % , etc. The convention just mentioned has not been applied dogmatically;
in the case of special coordinate systems like spherical coordinates, Jacobi’s notation
is the one of preference. As a further complication, D; is used by many authors,
especially in Fourier theory, for the momentum operator ;_1 %

We use the following dictionary of symbols to indicate the en]ds of various items:

4  Proof
O Definition
v Example



Chapter 6

Integration

In this chapter we extend to R" the theory of the Riemann integral from the calculus
in one real variable. Principal results are a reduction of n-dimensional integration
to successive one-dimensional integrations, and the Change of Variables Theorem.
For this fundamental theorem we give three proofs: one in the main text and two
in the appendix to this chapter. Important technical tools are the theorems from
Chapter 3 and partitions of unity over compact sets. As applications we treat
Fourier transformation, i.e. the decomposition of arbitrary functions into periodic
ones; and dominated convergence, being a sufficient condition for the interchange
of limits and integration.

6.1 Rectangles

Definition 6.1.1. An n-dimensional rectangle B, parallel to the coordinate axes, is
a subset of R” of the form

B={xeR"|a;<x;<b; (I1<j<n)} (6.1)

where it is assumed that a;, b; € Rand a; < b;, for 1 < j < n, compare with
Definition 1.8.18.
The n-dimensional volume of B, notation vol,,(B), is defined as

vol,(B) = [ (b —a)).

1<j<n

Note that vol,(B) = 0 if there exists a j with a; = b;, that is, if B is contained in
an (n — 1)-dimensional hyperplane in R", of the form {x e R" | x; = a; }.

423



424 Chapter 6. Integration

A partition of a rectangle B is a finite collection 8 = { B; | i € I} (here [ is
called the index set of B) of n-dimensional rectangles B; such that

B=|JB: BNB;=# or vol,(B;NB)=0 if i
iel
(6.2)
Let 8B and B’ be partitions of a rectangle B, then 8B’ is said to be a refinement
of B if for every B; € 8B the B} € B’ with B} C B; form a partition of B;. @)

Proposition 6.1.2. Assume { B; | i € I }is a partition of a rectangle B C R". Then

vol,(B) = > " vol,(B;).

iel

lustration for the proof of Proposition 6.1.2

Proof. We first prove two auxiliary results.
(i). Assume B as in (6.1); and for 1 < j < n, lett; € [aj, b;] be arbitrary.
Consider

B'={xeR"|aj <x; <tj, anday < x; < by, fork # j},

B’ = {x e R” | tj §xj < bj, and a; < x; < by, fork 75]}
Because b; —a; = (bj —t;) + (t; — a;), it follows straight away that vol,(B) =
vol,,(B’) + vol,,(B").

(ii). Assume next that for every 1 < j < n the segment [a;, b; | is subdivided by
the intermediate points
aj=t" <. <t =p;. (6.3)

Then we have, for every n-tuple

a=(x(l),...,a@)) e N" where 1 <a(j) <N()), (6.4)
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a rectangle
By={x eR" |1V <x; <t (1 <j<m)

Together the B, with « as in (6.4), form a partition of B; and successive application
of assertion (i) now gives

vol,(B) = Z vol, (By). 6.5)

Finally, let {B;} be the given partition of B. For every 1 < j < n, collect
the endpoints of the j-th coordinate interval of all rectangles B;, and arrange these
points in increasing order, as in (6.3) (see the illustration). Thus one obtains a
partition {B,} of B for which (6.5) holds. Likewise, the B, with B, C B; form a
partition of B; for which

vol,(B)) = ) vol,(B,).

{a|ByCB; }
Therefore
D voly(B)=>" Y vol,(By) =Y _ vol,(By) = vol,(B).
iel iel {a|ByCB;} o

Note that in the second summation vol,, (B, ) may occur more than once, specifically
when B, C B; and when B, C Bj, fori # j. Butthis need not concern us, because
then vol, (B,) = 0 on account of (6.2). |

Lemma 6.1.3. Any two partitions B’ and B" of a rectangle B possess a common
refinement.

Proof. Analogous to the proof of the foregoing proposition. For every 1 < j < n,
collect the endpoints of the j-th coordinate interval of all subrectangles. 4

6.2 Riemann integrability

Throughout this section we shall assume B to be an n-dimensional rectangle and
f : B — R to be a bounded function.

Definition 6.2.1. For every partition 8 = {B; | i € I} of B we define tlle lower
sum and the upper sum of f determined by 8B, notation S(f, 8B) and S(f, B),
respectively, by

S(f, B) = Z igg f(x) vol,(B;), S(f, B) = Z sup f(x) vol,(B;). O
iel Tt

il *EBi
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Lemma 6.2.2. () If B’ is a refinement of B, then S(f, B) < S(f, B') <
S(f, B') < S(f, B).
(ii) For any two partitions B and B' of B one has S(f, B) < S(f, B').

Proof. If B} C B;, then inf,cp, f(x) < inf, B, f(x). Consequently one has, by
Proposition 6.1.2,

S(f.8) =) inf f@)voly(B) =) inf f(x) D volu(B})
ier " ier

(j1BCB; }

=Y. ) inf £ volu(B) =} inf f(x) volu(B))

iel {jIBicBi} jeq i
= S(f, B,
and this proves (i). Assertion (ii) follows from (i) and Lemma 6.1.3. |

Definition 6.2.3. The lower Riemann integral [ 5 f(x) dx and the upper Riemann
integral TBf(x) dx of f over B are defined by

/ f(x)dx =sup{ S(f, 8) | B partition of B },
B

f f(x)dx =inf{S(f, B) | B partition of B }. O
B

From the preceding lemma follows, for every partition 8 of B,

S(f. B) < / Foo)dx < / F()dx < S(f, B).
J B B

Definition 6.2.4. Let B be an n-dimensional rectangle. A function f : B — Ris
said to be Riemann integrable over B if

f is bounded on B and / fx)dx :/ f(x)dx.
4B B

The common value of the lower and upper Riemann integrals is called the integral
of f over B, written as

f f(x)dx. O
B
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Proposition 6.2.5. Let f : B — R be a bounded function. Then the following are
equivalent.

(i) f is Riemann integrable over B.

(i) Foreverye > Qthere exists apartition B of B such thatg(f, B)-S(f, B) <
€.

Proof. (i) = (ii). For every € > 0 there is a partition 8’ of B such that S(f, 8') <
[ f(x) dx+5, and another partition 8" of B suchthat S(f, 8") > [, f(x)dx—5.
For the common refinement B of B’ and B” it follows immediately that

E(f’ C(B) _§(fv C‘B) S E(fa c‘B/) _Q(fv B//) < €.
(i) = (i). The existence of such a partition B implies 7 gf(x)dx— f 5 fx)dx < e€;
and this holds for every € > 0. Hence follows (i). |
Now let f : R” — R be a function satisfying

f is bounded on R” and zero outside a bounded subset of R". (6.6)
Then there exists a rectangle B C R" with
fx)=0 if x ¢ B. 6.7)

If f is Riemann integrable over B, the number |, 5 J(x) dx is independent of the
choice of B, provided that (6.7) is satisfied. Indeed, let B’ be another such rectangle.
Then B = (BN B’)U(B\ B’), where BN B’ is an n-dimensional rectangle, while the
closure of B\ B’ can be written as a finite union of rectangles B;, fori € I, satisfying
(6.2). Consequently, {BN B’} U{B; | i € I}is a partition of B. One furthermore
has fBi f(x)dx =0fori € I, because f(x) =0 forx € int(B;) C R"\ B’. Here
int(B), the interior of a rectangle B, is obtained by only allowing the inequality
signs in (6.1). Therefore

/f(x)dxzf f(x)dxzf Feo)da.
B BNB’ B’

We need the following:

Definition 6.2.6. The support of a function f : R” — R is defined as the set, see
Definition 1.2.9,

supp(f) ={x e R" [ f(x) #0}. O

Note that supp( f) is compact (see the Heine—Borel Theorem 1.8.17) if supp(f)
is bounded. If x ¢ supp(f), then there exists a neighborhood U of x such that
f(y)=0,forally e U.
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Definition 6.2.7. Let R(R") be the collection of functions f : R” — R which
satisfy (6.6) and which are Riemann integrable over B, for a rectangle B C R” as
in (6.7). The elements from R(R") are called Riemann integrable functions with
compact support. Define, for every f € R(R"),

f(x)dx:/f(x)dx:/f(x)dx. @)
R” B

We recall the definition of the characteristic function 1, of a subset A C R”,
with
lax)=1 if xeA, lax)=0 if x ¢ A.

It follows immediately that the characteristic function 15 of an n-dimensional rect-
angle B is a Riemann integrable function with compact support. In addition

/ 1g(x)dx = vol,(B).

Theorem 6.2.8. We have the following properties for R(R").

1) RR") is a linear space with pointwise addition and multiplication by a
scalar.

(ii) The mapping I : R(R") — R with f + [p, f(x)dx is linear, and
monotonic, that is, if f < g (thatis, f(x) < g(x), for all x € R"), then
I1(f) < 1(g).

(i) f e RRY ifand only if fy and f— € R(R"), where

1
fo=3U1EN =20, f=fimfo =t S
and one has I (f) = I(fy) — I(f_). In particular we have | f| € RR") if
f € R(R"), while

[ rwax| < [ ireiax.
R" R

i) If f, g € RR"), then fg € R(R"), with fg defined by pointwise multipli-

cation.

Proof. Parts (i) and (ii) readily follow. With respect to (iii) we note that, for a
rectangle B,

sup fg —inf fg =< supy f supy g —infp f infp g
B
= (sup f —inf f) supg + inf f (supg —inf g).
B B B B B B
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to see this, distinguish the cases 0 < infp f,infp f < 0 < supy f andsupy, f < 0.
Itfollows that f € R(R")ifandonlyif f, € R(R")and f_ € R(R"); and if this is
the case, then I (f) = I(f}+) — I(f-). The particular case of | f| now follows from
| f| = f+ + f-; and the inequality of integrals is seen to result from the estimates

f=Ifland —f < [f].
(iv). Because of fg = fi g+ — f-g+ — frg— + f- g, it suffices to prove the
assertion for the case where f > 0 and g > 0. We then have

sup fg —inf fg < supy f supy g —infp f infpg
B
= (sup f —inf f) sup g + inf f (supg — inf g).
B B B B B B

The Riemann integrability of fg now easily follows. 4

6.3 Jordan measurability

Definition 6.3.1. Let A C R” be bounded. Let f : R — R be a function and
assume that f is bounded on A. Then f is said to be Riemann integrable over A if
f 14 is a function in the space R (R"). If such is the case we write

f F) dx = / La(x) £ () dx.
A R”

and we speak of the Riemann integral or simply the integral of f over A.

The lower and upper Riemann integrals of 1,4 are said to be the inner and outer
measures, respectively, of A. If 1, is a function in the space R (R"), then A is said
to be Jordan measurable, while

vol,(A) ::/dx:/ 14(x)dx
A n

is said to be the n-dimensional volume or the n-dimensional Jordan measure of A.
In particular, therefore, an n-dimensional rectangle B is a Jordan measurable set.
The set A is said to be negligible in R" if vol,(A) = 0. O

Let A C R" be a bounded subset. Let B C R" be a rectangle with A C B and
let 8 = {B; | i € I} be apartition of B. Define

Ie(xterior) = {l el | Bi NA # @}, Ii(nlerior) = {l el | Bi C A}

Since supg, 14 =1ifi € I,,and infg 14 = 1if i € I, it follows that

S(a, B) =S4, ) =) vol,(B) — Y _ vol,(B:)

iel, iel;

= Z VOln(Bi)-

{iel|BiNA#4 and B;\A#0}

(6.8)
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Theorem 6.3.2. Let A C R" be a bounded subset. Then the following assertions
are equivalent.

(1) A is Jordan measurable.

(i1) 0A is negligible.

Proof. (i) = (ii). Let € > 0 be arbitrary. According to Proposition 6.2.5 there
exists a partition 8 = {B; | i € I} of B such that (6.8) leads to

ZVOI,I(B,-) — Zvoln(B,-) < %

iel, iel;

Since U;¢;, B; is closed, being a finite union of closed sets, and since A is the smallest
closed set containing A, it follows that

Ac|s. (6.9)

Replacing the rectangles B; with i € I; by similar rectangles B/ whose edges are
of somewhat smaller length, we can arrange that

A> (B o JinuB) o B (6.10)
iel; iel; iel;
and
> vol,(B;) — Y vol,(B)) < e. (6.11)
iel, iel;

Because U, ¢, int(B;) is open, being a union of open sets, and because int(A) is the
largest open set contained in A, (6.10) leads to

int(4) > |_J B/. (6.12)

iel;
From (1.4), (6.9) and (6.12) we now obtain

9A =A\int(A) c | B\ J B/ (6.13)

iel, iel;

But (6.13) and (6.11) together imply that the outer measure of dA is smaller
than €.
(ii) = (i). For this proof we also apply Proposition 6.2.5. Hence let ¢ > 0 be
arbitrary. Then we can find a partition {B; | i € I} of B such that

dA C | Jint(B) and ) (supls-— inf 1) vol, (By) < e.

iel iel B;

Forevery x € A\0A, we canselectarectangle B, satisfyingx € int(B,) C B, C A.
Note that supp 14 — infp, 14 = 0. Because A is compact, the open covering
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LA/ ]
[/

\
[ I/

5| [
% pan o
\ =4
\ \

v/

Illustration for Formula (6.13)

{B; |i e [YU{B, | x € A\ dA} of A admits a finite subcovering, say 8B’,
on the strength of the Heine—Borel Theorem 1.8.17. Next we use the endpoints of
the coordinate intervals of the rectangles in B’ to define a partition B of B; then
each of the rectangles in B’ is a union of rectangles in B. It is immediate now that

Corollary 6.3.3. Assume A and B C R" are bounded and Jordan measurable.
Then the following sets are also bounded and Jordan measurable:

AN B, AUB, A\ B, int(A), A.

Proof. Note that 1AﬂB = lAlBa IAUB = 1A + 13 — lAﬂBs and lA\B = 1A - 1AﬁB~
Now use Thiorem 6.2.8.(1) and (iv). According to Formula (1.4) one has int A =
A\dAand A = AUJA. |

Remark. In what follows we shall often be dealing with compact subsets of R”".

Such sets are not necessarily Jordan measurable (see Exercise 6.1 for an example
in R).

Definition 6.3.4. For A C R” we denote by J(A) the collection of compact and
Jordan measurable subsets of A. @)
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The following theorem gives a most useful criterion for the Riemann integra-
bility of a function over a set.

Theorem 6.3.5. Let K € $(R") and let f : K — R be a continuous function.
Then we have the following properties.

(1) f is Riemann integrable over K.

(i1) Next, assume that g : K — R is also continuous and that g(x) < f(x), for
allx € K. Then L € (R"™Y) if

L={(x,y)eR" |xeK, gx) <y=<f(x)}

and  vol,i1(L) = [ (f(x) —g(x))dx.

>>N

K K B

Ilustration for the proof of Theorem 6.3.5.(ii)

Proof. Considering Theorem 6.2.8.(iii), it is sufficient to prove (i) for the case
f(x)=0 (x € K). (6.14)
Further, let ¢ = min,cg g(x). Since ¢ < g(x) < f(x), forx € K, we have

L ={(x,yeR™|xekK, c<y<f@x))

6.15
V(o y) €eR™ | x e K, c<y<g()). ©.15)

In view of this we first prove (ii) for the case where

L={(x,yeR""|xeK, 0<y<f@x} (6.16)
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Under the assumptions (6.14) and (6.16) we will now simultaneously prove both
(i) and (ii). Let B C R” be a rectangle with K C Bandlet 8 = {B; |i € [} bea
partition of B. Define f(x) =0,if x € B\ K. Then

S(g f. B) =) suplg(x) f(x)vol,(B) = Y  sup fvol,(B),

iel *EBi Bink+p Bi
S(lg f. B) =) inf 1x(x) fx) voly(B) = ) inf fvol,(By).
iel ! BiCK

Further, we note that L C B:= B x [0, supg f ], where Bisa rectangle in R
In addition

Lc |J BixI[0 supfl, (6.17)
BiNK 0} Bi
and, if B; C K,
B x [0, inf ] C L. (6.18)

Let B be a partition of B such that it is a common refinement of all rectangles
B; x [0, supp, fl.for BNK # @,and all B; x [0, infp, f ], for B; C K. From
(6.17) and (6.18), respectively, one then finds

S, ) < > sup fvol,(B) =S(gf. B),

B;NK#0 B;
S(., B) > BZK inf f vol,(B;) = S(1x f, B).
i C

Accordingly, (i) and (ii) result if we prove that the following difference becomes
small upon a suitable choice of the partition B:

S(kf, B) = S(kf. )= Y supfvol,(B)— Y inf fvol,(B)

Bink+p Bi ’

B;CK
= Y (upf—inf fHjvoli(B)+ 3 supfvoli(By).

Bick Bi BiNK##, B\K## Bi

By Theorem 1.8.15, f is uniformly continuous on the compact set K, that is, for
every n > 0 there exists a§ > O such thatsup, f —infp, f <n,if B; C K and B;
has edges of length < 6. This may be arranged for all B; by making them smaller
where necessary. Because of Formula (6.8), the Jordan measurability of K implies

> volu(B) <,

BiNK#W, Bi\K+#Y

for suitably chosen 8. And hence, for such a 8B,

Sk f, B) = Sk f, B) < nvol,(K) + max f(x) 7.



434 Chapter 6. Integration

We return to the general case for (ii). This is a consequence of the foregoing and
of (6.15), once we know that the following sets M and M’ have the same (n + 1)-
dimensional volume, where

M:={(x,y) eR"" |xeK, c<y=<g}
and
M ={(xyeR |xeK, c<y<gx}

But this is the case, because vol, (M \ M’) = 0 on the basis of the inclusion
M\ M' C M and the preceding theorem. l:I

Definition 6.3.6. We denote the space of continuous functions R* — R with
compact support by

C.(R") = C?(R”) ={f:R" — R| f continuous and supp(f) compact}. O

Corollary 6.3.7. C.(R") C R(R"), that is, the linear space of continuous func-
tions on R" with compact support is contained in the linear space of the Riemann
integrable functions on R" with compact support.

Proof. Let B C R” be a rectangle with supp(f) C B, then f is continuous on
B. Hence, according to (i) of the preceding theorem, f is Riemann integrable over
B. a

Corollary 6.3.8. Let K € g(RY), ford < n,andlet f : K — R"~ be a continuous
mapping. Then
graph(f) = {(x, f(x)) [ x € K}

is a negligible set in R". More generally, finite unions of this kind of graph are
negligible in R".

Proof. The boundedness of the continuous function x + (f1(x), ..., fr_a—1(x))
on K implies there is arectangle B C R"~“~!suchthat (f;(x), ..., fu_a—1(x)) € B
if x € K. Defining the continuous function f: K xB — Rby f(x, t) = fu_a(x),
we have

graph(f) ={(x, f(x)) eR" |x € K}
c{(x,t, f(x,1)) e R" | (x,1) € K x B} = graph(f).
Now let ¢ = min ek xB f(x, t). Then
graph(f) C d{(x.1,y) eR" | (x,) e K x B, c <y < f(x. 1)},

and so the assertion follows from the two preceding theorems. d
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Example 6.3.9. (i) The interval [ —1, 1] belongs to (R), because it is a rectangle
in R.
(i) The circular disk B> = {x € R? | ||x|| < 1} belongs to §(R?). Indeed

B*={xeR*|x;e[-1, 1], —f(x)) <x2 < f(x1)},

where f : [—1, 1] — R is the continuous function with f(x;) = /1 — xlz. The
assertion therefore follows from (ii) of Theorem 6.3.5.
(iii) The subset K of a solid cone in R? defined by

K={xeR|0<x;<1, x}+x3<(1—x3)?%}

is compact; indeed, for x € K one has xl2 + x% < 1, therefore K C {x € R? |
lx;| <1 (1 <i < 3)}. Furthermore, K is a Jordan measurable set in R>. This is so
because (x1, X2, x3) € K implies that (x;, x;) € B> Conversely, with (x1, x;) € B?

fixed, the inequalities ,/x? + x5 < 1 — x3 and 0 < x3 imply that then x3 may still
vary as follows: 0 < x3 <1 —, /xl2 + x%. In other words

K={xeR|(x;,x) € B 0<x3< f(x1,x2)},

where f : B> — R is the continuous function with f(x,x2) = 1 — /x7 + x3.
Thus, again by (ii) of Theorem 6.3.5, the assertion follows. PA Y

6.4 Successive integration

We now formulate results that will enable us to reduce an n-dimensional integration
to successive lower-dimensional integrations. This method is most effective if
reduction is possible to one-dimensional integrations which then can be performed
by computing antiderivatives.

Consider a function f : R? x R? — R. If f is continuous, the function
z — f(y,2) is a continuous function on RY, for every y € R”. Remarkably, for
Riemann integrability there is no valid analogous result. If f is Riemann integrable,
it does not necessarily follow, for every y € R”, that the function z — f(y, z) is a
Riemann integrable function on R?. This explains the formulation of Theorem 6.4.2
below.

Definition 6.4.1. A bounded function f : R" — R is said to be a step function
if there exist a rectangle B C R”" and a partition 8 = {B; | i € I} of B such
that f(x) = 0, for x ¢ B and such that f|int(B,-)’ for all i € I, is a constant
function, while, for every 1 < j < n, the function x; — f(x1, .., x;, .., x,) is left-
continuous. If these conditions are met, f is said to be a step function associated
with 8. Note that a step function is Riemann integrable over R". @)
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Theorem 6.4.2. Let f be a Riemann integrable function with compact support on
R”"4. Then

y'—>/ f(v,2)dz and  ymH> f(yv,2)dz (y € R?)
Y R4 R4

are Riemann integrable functions with compact support on R?, and

fuﬂdx=u/ /ﬁ f@u@dzdy=3/ (. 2)dzdy.
R R J R

RP+aq Ry J
Proof. Let B C R”" be a rectangle such that f vanishes outside B, let B = {B; |
i € I} be a partition of B, and let g_, g+ be step functions associated with 8B such
that

8-(x) = f(x) = g+(x) (x € B).

Then forevery y € R? the functions z — g_(y, z) andz — g (y, z) are step func-
tions on R? dominated by z — f(y, z), and dominating z — f(y, z), respectively.
Accordingly one has, for every y € R?,

f(y,2)dz < / g+(y, 2)dz.

RY R4

/ g-(y, 2)dz 5/ f(y,2)dz <
R4 Y _RY

Buty > qu g+(y, z)dz in turn are step functions on R”; and we obtain

/ g-(x)dx =/ / g—(y,Z)dzdyS/ f f(y,2)dzdy
RP+4 R? JRY J rrY Ry

s/(/fm@a@s/ F2)dzdy
R?J pg rRrJ Re

5/ / g+(y, Z)dzdy=/ g4+ (x)dx.
R? JRY Rr+4

Because the supremum of the left—hand side and the infimum of the right-hand side,
both taken over all possible partitions B, equal [+, f(x) dx, it follows that

f(X)dxzf / f(y,z)dzdyZ/ / f(,2)dzdy,
RPJr‘I Y RrY Ry RP_Rq

which proves the assertion about y > [ R f(y,2)dz. EI

Remark. The formulation of the preceding theorem may not be simplified, as the
following example demonstrates. Let f(x, y) = 5, ifx = 5 with p, g € N, where
p and g are relatively prime, p < g,and y € QN [0, 1]. Let f(x,y) =0, in all
other cases. Then f is Riemann integrable over R? with vanishing integral. But for
every x = g as above, y — f(x, y) is not Riemann integrable: lRf(x, y)dy =0,

while [ f(x, y)dy = L
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Remark. If in the preceding theorem the roles of y € R? and z € R? are inter-
changed, it follows that the functions z > f f(y,z)dy and 7 fR,,f(y, 2)dy
are also Riemann integrable over R?, and that their integrals over R? both equal
Jop+a f(x)dx. This constitutes another proof, different from the one of Theo-
rem 2.10.7.(iii), that the order of integration may be interchanged. In particular, we
have obtained the following:

Corollary 6.4.3 (Interchanging the order of integration). Let f : R — R
be a continuous function with compact support. Then, for every y € RP, the
integralqu f (v, 2) dziswell-defined, and in addition, for every z € RY, the integral
pr f (v, z) dy and the functions thus defined are Riemann integrable with compact
support on R? and R, respectively. Furthermore,

£ dx = / £, 2 dzdy = / P2y dydz.
RP+4 R? JRY RY JRP

Example 6.4.4. The requirement of continuity (or of boundedness) of f does play
arole, as becomes apparent from the following. One has

1 1 . 1 1
/ / %dydx:—, / / 3dxdy———
0o Jo (x+Yy) 2 o (x+y) 2

If the integrals

1 pl X 1 pl y
/ / 73dy dx and / / 73dx dy
0o Jo (x+Y) o Jo (x+y)

were both well-defined, one would, on symmetry grounds, expect them to be equal.
The interchangeability of the order of integration would then imply that the original
integrals vanish. But we have, for x > 0, which causes the convergence,

Ux—y M2x —(x +y) /l 2x 1
= - dy = —— Cdy= — d
/0 Gt /o Gty T <(x+y)3 (x+y)2) g

X 1 7!
= |- +
|: (x + y)? X+yi|y_o
X n 1 n X 1_ 1
x+D? x+1 x2 x  (x+D?

Consequently,

// _/‘ P 1_1+1_1
0(x+y)3 var= ) ey T kv, T 2t Ty

Interchanging the roles of x and y, we obtain

1 1 _ 1 1
/ / yixgdxdyz—, that is / / 3dxdy——— PA
0o Jo (x+y) 2 o (x+y) 2
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Theorem 6.4.5. Let a;, by € R with ay < by, and write K| = [ay, by ]. Assume
that there have been defined, by induction over2 < j < n,

continuous functions a;, b; : K;_; — R with aj <bj;
and sets K; C R/ given by
{x e R/ | ey ooy xjm) € Kjy, aj(xy, oo, xj—g) <xj <bj(xy,...,xj—1)}.
Then the following assertions hold.
(1) The sets K ; belong to g(Rj ).

(ii) For every continuous function f : K, — R one has

fx)dx

Ky
by pba(xy) bn(x1,0sXn—1)
=/ / / fxr, oo X1, x0) dxy - - dxadxy.
ayp Jax(xy) an (X150 Xn—1)

Proof. Assertion (i) follows by induction over j and Theorem 6.3.5. Write
x' = (x1,...,%,—1) € R"7!, whence x = (x/, x,) € R". Note that 1g, (x) =
1k, , (x") 1ia, ). by ey (Xn). Forevery x” € K, _ the functionx, — (1k, f)(x’, x,)
is continuous on the interval [a, (x"), b,(x)]; and so, by Theorem 6.3.5.(i), it is Rie-
mann integrable over the said interval. That is, for every x’ € K,,_1,

by (x")
[ e e dn =1, [ ) dx,
R ap(x')
Applying the preceding corollary, one finds
bn(xl)
fx)dx = / (lg, H(x)dx = / lg, , (x) f&', x,) dx, dx’
K, R” R#-1 an(x")

bp(x")
= / / f(x', x,)dx,dx’.
Kp1 Jan(x')

The proof of assertion (ii) can now be completed by induction over n, provided we

know
by (x)

x = f(x', x,)dx, (6.19)

an(x')

to be a continuous function on K,_;. In order to verify this, define

b
I:R*xK,.;,—-R by I(a,b,x) =/ F(xX', x,) dx,.
a
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Then
[1(a,b,x') — 1@, b,%)| < |I(a,b,x") = 1@, b,x)

+HI@, b, xX)— 1@, b, x)|+1@, b, x)—1@,b,%)

=

b
+ ‘/ f(x', x,)dx,
b

fa f(x'y x,) dxy,

+

b
f~ (f(x, x) — f(X, xp)dx,

Because f is uniformly continuous on K, there exists, for every n > 0,28 > 0
such that, uniformly in x,,,

| f & %) — fQ, x)l < (Jlx" = X"|| < 8).
From this follows, for |a — d| < min{n, 1}, |b — E| < min{n, 1}, |x' = X'|| < 4,

I(a, b, x') —I(@. b, )| < n 2max [f] +la| +[b] +2),

proving the continuity of 7 in (a, b, x’). But this implies the continuity of the
function in (6.19). A

Remark. In the proof above the Continuity Theorem 2.10.2 is not directly appli-
cable since the interval of integration J = [ a, b ] of the variable x, is also allowed
to vary.

6.5 Examples of successive integration

Example 6.5.1. Let K be the compact set in R?, bounded by the planes

(xeR | xi+x2+x3=a} (a>0), (xeR | x;i=0} (1<i<3).

5
) a
dx = —.
/K [[x]|-dx 20

K={xeR|0<x;,0<x, 0<x3, x; +x2+x3 <a).

Then

We have

Therefore x € K means that 0 < x; < a — x, — x3, while x, > 0 and x3 > 0, that
isx; €[0,a]. Once x; € [0,a]has been fixed,0 < x, <a—x; —x3andx3 >0
imply that x, may still vary within [0, @ — x; |; and for (x;, x,) thus fixed, x3 may
still vary within [ 0, a — x; — x, ]. Consequently

K={xeR'|0<x<a, 0<xm<a-—x,0<x3<a—x —x).
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[lustration for Example 6.5.1

Hence we have, in the notation of the preceding theorem,
Ki=[0,al, Kr={(,x)eR [xiekK, 0sxm<a-x)} K=K

As a consequence

a a—x| a—x|1—xp
/K||x||2dx:/0 /0 fo (x2 + x3 + x3) dxs dx; dx;

a a—x 3 X3=a—X]—X2
_ 2 2 4 23 dx,d
= X{x3 + x3x3 + ? Xy dXx
o Jo x3=0

a pa—x| a— x| —x 3
= / / (xlz(a — X1 —xz)+x§(a—x1 —xz)+%)dxzdxl
0 0
a 2.2 . 3 4 _ o 4 X2=a—x]
0 2 3 4 12 0

2 3 4 12

a 2 _ 2 _ 4 _ 4 _ 4
f(xlz(a_xl)z_xl(a 0 @-x)t @-x)t | (@ xl)>dx1

a 2 2 4 5
L [pxa—x)? | @—x)ty,_dd
_/0 ( 5 + 5 )dxl—zo. X
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Example 6.5.2 (Intersection of two cylinders). The intersection of the two solid
cylinders in R? given by {x € R? | x]2 +x22 <1}and {x € R?| x12 —I—x32 <1},

: 16
respectively, has volume 2.

Proof. I. From x7 + x7 < 1 and x? + x7 < 1 we see that x; may vary in the entire
interval [ —1, 1]. We set b(x) = +/1 — x2. Given x, we see from x22 <1l- xl2 that
Xxp may still vary in [ —b(x;1), b(xy) ]; likewise, x3 may vary in the same interval
[ —b(x1), b(x;)]. The intersection, therefore, is given by

{(x eR*| =1 <x; <1, =b(x)) < x3 < b(x)), —b(x1) < x3 < b(x))}.

The desired volume is

L pb(x1)  pb(x1) L pb(x1) pb(x1)
/ f dxzdx,dx; =8 / / f dxs dx, dx,
—1J=b(x)) J=b(x)) o Jo 0
1

1 b(x1) 1 x3
:8/ f b(xl)dxgdx1:8/ b(x))* dx; :8|:x1——1j|
0 0 0 3 0

—8(1—1) a
= 3

Proof. II. From x7+x3 < 1 itfollows that x, may vary in the entire interval [ —1, 1 ].

Given x,, we see from x12 <1-— x22 that x; may vary in the interval [ —b(x;), b(x,) ].
Finally then, x3 may vary in [ —b(x;), b(x1) ]. Thus the intersection is given by

{(x eR*| =1 <x, <1, —=b(x) < x; < b(x2), —b(x1) < x3 < b(x)}.

And so the desired volume is

L pb(xz)  pblxn) L pb(x2) pb(xy)
/ / dxzdx dx, = 8/ / / dxs dx| dx,
—1 J=b(xp) J—b(x1) 0 0 0
1 pb(xa)
=8/ / l—xlzdxldxz.
0o Jo

2

. . . . 2 lfxl
Upon computation of an antiderivative of /1 — xi = =
1

1 : x1=b(x2)
X arcsin x
8/ L/1- x?+ — 1 dx;
0 2 2 -0
X1=!

1
=4/ (xz,/l—x22+arcsin,/1—x22)dx2
0
1 1
=4/ xz,/l—xgdxz+4/ arccos x, dxs.
0 0

this becomes
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And now
1 1 — 232! 1
fxz 1 —x3dx; :[—ﬁ] =
0 3 o 3
1 1 X2
/arccosxzdxz :[xzarccosxz](l)—i-/ ———dx>
0 0 /1_x§
1
=arccosl—[ l—x22:| =1. 0
0
PAq
1

X1

Illustration for Example 6.5.2: Intersection of two cylinders

Example 6.5.3 (Sharpening a pencil). A hexagonal pencil, not sharpened, has
a thickness of 7 mm between two parallel faces. The pencil is sharpened into an
exact conical point such that at the tip the angle between two generators on the
conical surface is at most ¢ radians. The volume of the material removed equals
0.389 --.cm?, if the sharpening has been done in the most economical way.
Indeed, choose the origin of the coordinate system for R* at the tip of the
pencil, the negative direction of the x3-axis along the axis of the pencil, the x;-axis
perpendicular to a face of the pencil. Let a = 3.5. Because of the sixfold symmetry
of the pencil about the x3-axis, the planes through the x3-axis and those edges of the
pencil that lie in the plane { x € R? | x; = a } form an angle of % radians. Therefore,



6.5. Examples of successive integration 443

these planes are defined by the equations x, = +tan g x; = :I:%\/g x1. LetC C R?
be the conical surface, part of which bounds the pencil. Note that for given (xy, x7)
there exists a unique xg = xg) (x1, x7) such that xg < 0and (x1, x2, xg)) € C. Now

the volume removed equals six times that of the set
1 1
{xeR|0<x <a, _gﬁxl <x < gx@xl, x9(x1, x2) <x3 <0}
Next we derive an equation for C. To calculate tan {5 we use the formula for the
tangent of the double angle:
2tan % T 6 T

—f t —=—12, thatis, 1 —tan?® — = — tan —.
an6 l_ta £2 alt 1S an 12 ﬁanlz

The positive root of this quadratic equation equals tan 75 = %(—2«/§ +/12+4) =
— \/§, SO

T b 1
2 12 tan {5 2 f

Therefore, x € R3 lying on one of the two generators of the conical surface C
contained in the plane {x € R® | x, = 0} satisfies x3 = —tan(5 — Hx; =

—(24+/3)x;. And C itself has the equation x3 = —(2+ \/5), / x% + x%, in particular

xg =x§)(x1, X)) = —(2+\/§),/xf +x22.

Consequently, the desired volume is given by

V3 x1
/ / / dX3 d)C2dX1
—3V3x1 J =@V /203

a piV3x
= 12(2+«/§)/ f VX2 x2dx, dx.
0 0

2 2
. . . . X7+
Using an antiderivative of —==2

with respect to x,, we find, modulo the factor

)C2+ 2
1 2
122 ++/3)
1
a 2 X2:§\/§x1
/ e x22+xf+x—110g x2+,/x§+xf dx,
0 2 2 =0

(%zf\/» llog<x1< «fﬂ[)) —x—jlogm> dx,
(5+

1 log3 “
1 log«/_) dx1 = (— + ﬁ)/ xfdxl
3 4 0

-6

=i(4+3log3)(35)3=8689--. X
- . . .
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6.6 Change of Variables Theorem: formulation and
examples

In the integral calculus on R an important result is the Fundamental Theorem 2.10.1,

b
/ f@x)ydx = fb) — f(a),

which gives a relation between integration and differentiation on R. This result has
a direct analog in the calculus of integrals on R" (see Theorem 7.6.1), in the form
of a relation between integration and total differentiation on R”. On R the Change
of Variables Theorem

W(b) b
[ redx= [ ewmwiea (6.20)
for ¥ : [a,b] — R continuously differentiable and f : W([a,b]) — R con-
tinuous, is a direct consequence of the Fundamental Theorem. Indeed, let F
be an antiderivative of f on W([a, b]), then both sides of (6.20) are equal to
F oW (b)— F oW(a). Hence, the essence is to recognize the function f as a deriva-
tive; on R” with n > 1, however, this is not possible, because a derived function
on R” does not take values in R, but in Lin(R"”, R) ~ R". Nonetheless, a Change
of Variables Theorem does exist for R” with n > 1, but its proof is distinctly more
complicated than that for R. The proof for R" is obtained by means of a reduction
to R, and requires some technical tools: the Implicit Function Theorem 3.5.1, and
results which enable us to localize an integral, that is, to study an integral near
a point. For this reason we prefer to begin by merely stating the theorem, and
then illustrating it by some examples. Section 6.7 contains the results relating to
localization, while the proof can be found in Section 6.9.

Other proofs. The appendix to this chapter, in Section 6.13, contains two more
proofs of the Change of Variables Theorem which consider the problem from dif-
ferent perspectives.

Theorem 6.6.1 (Change of Variables Theorem). Assume U and V to be open
subsets of R" and let W : V — U be a C' diffeomorphism. Let f : U — R be a
bounded function with compact support. Then f is Riemann integrable over U if
and only if the function

y = (foW)(y)det DW(y)|

is Riemann integrable over V. If either condition is met, one has

f(x)dx=fo<x)dx=/V<foW><y>|detD\v<y>|dy.

W(V)
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An immediate consequence of this theorem and its proof is the following:

Corollary 6.6.2. If L € $(V), then W (L) € $(U), while

vol, (\IJ(L))=/ lly(L)(x)dx=/|detDlI’(y)|dy.
U L

If, moreover, WV satisfies the condition | det DV (y)| = 1, forall y € L, we have

vol, (W (L)) = vol,(L).

In view of this corollary a C' diffeomorphism W : V — U with the property
|det DW| =1 on V is said to be volume-preserving.

Remarks. Theorem 6.6.1 tells us how an integral over U transforms under a C'
regular coordinate transformation x = W(y) on U. Specifically, the integral over a
transformed set of a function equals the integral over that set of the product of the
transformed function and the absolute value of the Jacobian of the transformation.
Here we recall the terminology Jacobi matrix of W at y to describe DW (y); and the
Jacobian of ¥ at y is defined as

det DW ().

Consider the case n = 1. For a C! diffeomorphism ¥ : V — U where V,
U C R, we have, on account of Example 2.4.9, DU (y) = ¥'(y) # 0, for all
y € V. However, the proof of the Change of Variables Theorem (6.20) on R did
not assume W'(y) # 0, for all y € ]a, b[; thus the “old” version of the Change
of Variables Theorem on R is stronger than the “new” one. We now consider the
“new” version of the Change of Variables Theorem on R. If ¥ : Ja,b[ — Risa
C! diffeomorphism, then by the Intermediate Value Theorem 1.9.5 the continuity
of W’ and the fact that W'(y) # 0, for all y € ]a, b [, imply that either ¥'(y) > O,
or ¥ (y) < 0, forall y € ]a,b[. But this means that W is strictly monotonic,
either increasing or decreasing, on [a, b ], and either W ([a,b]) = [V (a), V¥ (D)]
or W([a,b]) = [W(b), ¥(a)], respectively. In the latter case | det DV (y)| =
—W’(y), and so the Change of Variables Theorem 6.6.1 then yields

W (a) b a
/W | fodx=— f (f 0 W)W () dy = fb (f o W)W (y) dy.

The formulation of Theorem 6.6.1 as given above is more or less dictated by
the fact that under these conditions the structure of the proof remains reasonably
transparent. Thus, the present formulation of the theorem is for open sets in R”,
because these are the natural domains of diffeomorphisms. Sometimes, the map-
ping W : V — U which would seem the most natural, cannot be extended to a
diffeomorphism V — U, for example because det DW vanishes at points of V.
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Furthermore, the condition on f ensures that no convergence problems will crop
up.

Nevertheless, in many cases Corollary 6.6.2 in the form given above cannot be
used to calculate the volume

Vol”(K):/ 1x(x)dx

of a compact and Jordan measurable set K C R”, for the following reason. The
calculation requires finding a C! diffeomorphism W : V — U and aset L € g(V)
with W(L) = K. The problem often involved in this is that the obvious change of
variables W becomes singular on d L; consequently, W is not a C! diffeomorphism
on an open neighborhood of L in such cases.

Therefore the proof of the Change of Variables Theorem is followed, in Sec-
tion 6.10, by limit arguments which justify calculating vol,,(K) by means of the
theorem after all: on account of Theorem 6.3.2 one has vol,,(K) = vol,(int K)
for Jordan measurable sets K, and the characteristic function of int(K) may be
approximated from within by admissible functions. Accordingly, in the examples
we will use the Change of Variables Theorem for calculating the volumes of “rea-
sonable” sets, meaning sets in R” bounded by a finite number of lower-dimensional
C! manifolds.

Example 6.6.3 (Volume of parallelepiped). Let B C R” be arectangle and assume
W : R" — R”" is a linear mapping. Then W (B) is a parallelepiped in R", that is, a
set of the form

fa+ > bV 0=y <1(1<j<nk

I<j<n

here a is one of the vertices of W (B) and the '), for 1 < j < n, are the direction
vectors of the edges that originate from a. By the Change of Variables Theorem
(see Proposition 6.13.4 for a direct proof) it follows that

vol, (W (B)) = | det ¥|vol,(B),

that is, vol, (¥(B))/ vol,(B) is independent of the set B, whereas it does depend
on the linear mapping W.

Note that in linear algebra this transformation property usually is one of the
defining properties of volume in an n-dimensional vector space; in our develop-
ment of analysis in R" the Change of Variables Theorem is required to obtain this
result. This comes about because in Section 6.3 we have chosen a definition of
n-dimensional volume which is more elementary, one in which rectangles play a
fundamental role. PA
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Example 6.6.4 (Polar coordinates). Let U = R?\ (] —o0, 0] x {0}) be the plane
excluding the nonpositive part of the x;-axis. Then define V and ¥ by

V=R, x]-m,7[CcR* and ¥(r,a)=r(cosa, sina).
On account of Example 3.1.1, ¥ is a C' diffeomorphism, while

cosx —rsina

det DU (r, ) =det< .
S1In o r COS o

):r>0 ((r,a) € V).

Using the Change of Variables Theorem, together with Corollary 6.4.3, we obtain,
for continuous functions f that vanish outside a compact subset contained in U,

/szoc)dx _ /V<fow><y>|detDw<y>|dy

:/ r f(rcosa, rsina)dozdr:/ f rf(rcosa, rsina)drdao.
R+ -7 R+

-7

Consider —7 <o) <ap < mwand ¢ € C(]ay, az[), and define
V={ra)eV]|ag<a<a, 0<r <d()}.

By way of application we compute the area of the bounded open set U' = W (V’),
that is, U’ is the bounded open set in R? that in polar coordinates is bounded by the
lines with equation ¢ = «; and @ = «; and the curve with equation r = ¢ (). It

follows that
a @) 1 o
area(U') = / / rdrda = ~ / ¢ (a)? da.
ay 0 2 o1

In particular, the area of the bounded open set in R? that in polar coordinates is
bounded by the lemniscate r> = a* cos 2a with a > 0 (see Exercise 5.18), equals

@ [ :
area(U') = 2?/ cos2ada = a”. DA
-5

Example 6.6.5 (Volume of truncated cone). Let G C R? be an open set. The
truncated cone with apex (0, 0, r) where 0 < ¢, of height 4 where 0 < & < ¢, and
with Jordan measurable basis G C R?2, is defined as the open set U C R3 with
3 h
U={(1-s5)y, st)eR |yeg, 0§s§;}-
We now define V C R*and ¥ : V — U by

V=Gx]0,?[ and  W(y,s)=((1—5)y, s1).
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Then it is easy to see that W : V — U is a bijective C' mapping, and that
1—s 0 -y
det DU (y, s) = det 0 1—s5s —y» |=0-5%>0 ((y,5) V).
0 0 t

Using the Global Inverse Function Theorem 3.2.8 we see that W : V — U isa C'!
diffeomorphism, and by the Change of Variables Theorem and Theorem 6.4.5 we

find
?
volz(U) :/ dx:/t(l—s)zdyds:t/ dy/ (1—s)%ds
U \4 G 0

=t area(G) |:—(1 _3s)3:|1h = % area(G)(l — <1 — %)3>
0

In particular, if G is a square with edges of length a, the upper face of U is also
a square, with edges of length b = a(1 — ’ti). Furthermore, in that case 5 = ahfb.
Hence the volume of a truncated pyramid of height 4, having lower and upper faces
with edges of length a and b, respectively, equals

1¢ h
g;(613—193): g(az—i-ab—l—bz). Sk

Example 6.6.6. It is sometimes easier to give the mapping ® :=V~! : U — V,
and there may be no need for an explicit description of ¥ : V — U. Assume we
have, as in Application 3.3.A,

f(x) = |lx]?, U={xeR* |1 <x}—x3<9, 1<2xx; <4},

V={yeR?|l<y <9, 1<y <4}, d(x) = (xf — x7, 2x1x2) = y.

According to Application 3.3.A, ® : U — V is a C' diffeomorphism, with inverse

V= d and det D¥(y) = le\l’ and we have f(x) = | y||. Therefore

1
[rear=[mgaar=3 [ =i [Can [(an=s =

Example 6.6.7 (Newton’s potential of a ball). The Newton potential of set A €
9(R?) is the function ¢4 : R} \ A — R, defined by

1 1
Pa(x) = ——
Allx =yl

dy.
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Now assume A to be the closed ball about the origin, of radius R. In view of the
rotation symmetry of A we may then assume x = (0,0, a), witha = ||x|| > R.

Therefore |

1
P00 = =~

/'y”fR \/yf + 3 + (3 — a)?

Now introduce cylindrical coordinates y = W(r, «, y3) = (rcosc, rsinc, y3)
(see, for example, Exercise 3.6). Then det DW (r, o, y3) = r. Because of this
determinant the resulting integrand in cylindrical coordinates is given by

dy.

r

r’+(y3 —a)?

The antiderivative with respect to r of this function can then be readily obtained;
hence the following. Because ||y||> = r*> + y; < R?, for y € A, it follows that
U:={yeR| ||yl < R}=W(V), with V the solid half cylinder

Vi={(roay)eR|-1<a<m, —R<y; <R, 0<r<,R*—yi}

On application of Theorem 6.4.5 this gives

R [ .
—pA() =—/ // dr dys da
A Jox Jor Jo V2 + (3 — a)?

R

2

1 r=+/R —y?
=—f [¢r2+<y3—a>2] " dy;s
—R =0

2 r=

1 R
25/ (VR?+a* —2ay; — |y; —al)dys
—R

73:R
1 y

= L R T =20y —ays + ¥
2 3a 2

y3=—R

_ 47R3 1 _ vol(A) 1
T 347 a 4w x|’

See Exercise 6.50.(viii) for the computation of the volume of the ball. Hence

1(A) 1
ol 1 ey > ).

Pat) =

Newton’s potential therefore behaves as if the total “mass” of the ball were con-
centrated at the origin. The fundamental ideas for this calculation are first found in
the literature,! in geometrical form, in Proposition LXXIV in Newton’s Principia

ISee also: Littlewood’s Miscellany, Cambridge University Press, 1986, p. 169.
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Mathematica, London, 1687. In Exercise 7.68 one finds two other proofs of this
result.

In the Newtonian theory of gravitation the potential ¢4 plays the following role.
Consider a mass of unit density occupying the space of the solid A, that is, of total
mass M = vol(A). Then the force F exerted by this mass M on a point mass m
placed at a point x € R? is given by

mM x
4 |x|I?

F(x) = — gradm ¢ (x) = —

Thus we obtain Newton’s law of gravitation: the mass M exerts on the point mass
m an attractive force of magnitude inversely proportional to the square of the
distance ||x| between m and the center of gravity of M. (See Exercise 3.47.(1)
for the relation between conservation of energy and the description of force as
minus the gradient of potential energy.) Because of the minus sign in the formula
for F, we have to consider negative potentials in order to get an attractive force
law. Conversely, the potential at x equals the work done by the force F when we
displace a unit mass from the point x to infinity; in particular, the potential equals
0 at infinity. In fact, in gravitation this work is independent of the path y taken.
Writing y : I = [0, 1] — R? with ¥(0) = x and y (1) = oo, we obtain for this
work the following line integral (see Section 8.1):

L d
/<F<s),d1s> :=—/<grad<¢Aoy>,Dy><z>dt=—/ S @non
y 1 0 !

= ¢a(x).

In the theory of electrostatics the forces between like charges are repulsive, as a
consequence, in that discipline, potentials are not defined with a minus sign as in
gravitation. Pk

Example 6.6.8 (Kepler’s second law). The notation is that of Application 3.3.B. In
particular f +— x(¢)isa CFcurveinR?,J C Ran openinterval, V :=10,1[xJ C
R?,

W:V > P :=W(V)CR?> definedby  W(r, 1) =rx(1).

From Application 3.3.B we know that W : V — P; is a C* diffeomorphism for
J suitably chosen, and that det DW (r, 1) = r det (x(¢) x'(¢)). By means of the
Change of Variables Theorem one finds

area(Py) =/ dx:/ |det DV (r, t)| dr dt
Y(V) 14

! 1
=f r/ |det (x(¢) x'(1))| dt dr = —/ | det (x(¢) x'(r))| dt.
0 J 2 J



6.6. Change of Variables Theorem: formulation and examples 451
Now let k > 2. Without loss of generality it may be assumed that / = ] 0, s [. Then
the following holds:

the area of P, is proportional to the length of J, (6.21)

if and only if there exists a constant / € R such that, for all admissible s,

/S |det (x(r) x'(1))|dt =1s.
0

The, permitted, calculation of the second derivative with respect to s of this identity
gives, on account of the chain rule and Proposition 2.7.6,

det (x'(¢) x'(#)) + det (x(t) x"(t)) = det (x(z) x"(#)) = 0.
It follows that (6.21) is true if and only if
x(s) and the acceleration x” (s) are linearly dependent vectors.

In physical terms: the acceleration of a point particle orbiting in a plane is radial
if and only if the particle obeys Kepler’s second law: its radius vector sweeps out
equal areas in equal times. PR

Example 6.6.9 (Transport equation). The notation is that of Section 5.9. Let
(W'),cr be a one-parameter group of C? diffeomorphisms of R" with associated
tangent vector field ¥ : R" — R",let L € §(R"), and let f € C I(R™). Then the
following transport equation holds:

d
o fx)dx = / (Df ()Y (x) + f(x)divyr(x))dx. (6.22)
t Jwir Wi(L)

Indeed, by continuity det DW/(y) > 0, fort € Rand y € L. According to
the Change of Variables Theorem 6.6.1, the Differentiation Theorem 2.10.4 and
Formulae (5.22) and (5.31) we get

d d t t
dr Jor, fx)dx = o /L(f o W) (y)det DV (y) dy

— [ (DA DUV )+ (F 0 W) div (W (31)) det D' (1) .

And using the Change of Variables Theorem once again we obtain Formula (6.22).
Finally, choose f = 1, and conclude that the following assertions are equivalent.

(i) vol, (W'(L)) = vol,(L), for all t € R and all sets L € g(R").
(i) divy = 0on R". PA Y
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6.7 Partitions of unity

We introduce an important technical tool. Recall Definition 1.8.16 of an open
covering.

Definition 6.7.1. Let K C R" be a subset and let © = {O; | i € I} be an open
covering of K. A CK partition of unity on K subordinate to O, where k € Ny, is a
finite collection of functions x; : R" — R with 1 < j <[ such that

(1) xjisa CF function, for 1 < j <l
(i) 0 < xj(x) <1, for x € R";
(iii) for every j there exists O € @ such that supp(x;) C O;

(iv) D i<jx xj(x) =1, forx € K. O

Example 6.7.2. Let the notation be like the one above. Assume in addition K is
compact and Jordan measurable, and f : R" — R is a given function. Further
assume that each of the functions fx; : R" — R, with 1 < j < [, is Riemann
integrable over K (this may be regarded as local information). Then

g &) = 1@ FE) D x@ =Y 1@ x) ).

I<j<l I<j=<l

But this yields (the global information) that f is Riemann integrable over K, while

/Kf(x)dx= Z Fx)xj(x)dx. X

1<j<t VK

Theorem 6.7.3. For every compact set K C R" and every open covering O of K
there exists a continuous partition of unity over K subordinate to O.

Before proving the theorem we introduce auxiliary functions that play a role
in the proof. Assume @’ < a < b < b’ and define the piecewise affine function
f = fa’,b’,a,b ‘R — Rby

0 (x <a');
x—a
- (@ =x=<a);
a—dad
fx)=11 (a <x <b), (6.23)
_b’
z_;,/ (b =x=b):;
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Then f is continuous on R. Let B and B’ be rectangles in R”, as in (6.1), such that
BCPB and ay <aj <bj <V (1 <j<n). (6.24)
Then

f=fos:R">R  with  f)= [] fuva.6() (xeRY
I<j<n
(6.25)
is a continuous function such that

0< f(x)<1 (x e R"); supp(f) = B'; fix)=1 (x € B).
(6.26)

Proof. Because O is a covering of K, there exists, forevery x € K,aset O € @
such that x € O; denote this set O by O,. Since O, is open in R”, there exist
rectangles B, and B, that satisfy both (6.24) and

x € I, :=int(B,) C B, C O,. (6.27)
The collection {/, | x € K} forms an open covering of the compact set K. By the
Heine—Borel Theorem 1.8.17 there exist finitely many points xi, ..., x; € K such
that
kc |1, (6.28)
I=j=l

Now define, in the notation of (6.25),
V= fB},B_/., where B} = B)/c_,-’ Bj = B,, (1<j<D.

Then the ¥; : R" — R are continuous functions satisfying (see (6.26) and (6.27)),
for x € Bj,

0<y;(x)<1 (xeR"):;  supp(y;) C B} C Oys  ¥j(x) = 1. (6.29)
Further, let

X1 =y Xjiv1 =0 =y)A =Y2) - (1 =YY (I=<j=<i-1.

(6.30)
It follows from (6.29) that the i, ..., x; satisfy the requirements (i)—(iii) for a
partition of unity subordinate to (. The relation

dx=1-[[a-w» (6.31)

I<i<j 1<i<j

is trivial for j = 1. If (6.31) is true for j < [, then summing (6.30) and (6.31)
yields (6.31) for j + 1. Consequently (6.31) is valid for j = [. If x € K, then
by (6.28), (6.27) and (6.29) there exists an i such that {;(x) = 1; thus follows

Zlfjlej(x)zl' |
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Remark. After Formula (6.29) one might be tempted to finish the proof by setting

Xi =3 4] ;- However, the zeros of the denominator then make it necessary to
=j=t 7
take additional measures.
(a) ©
(d
(b)

Illustration for the proof of Theorem 6.7.4
(@) gon [0, 1]; (b) g2,y on[-2, —1];
(©)h_p_yon[=2,—1]; (d) hop 11 0n[-2,2]
For clarity of display the scale in various graphs has been adjusted

With a view to applications in a subsequent section we further formulate:

Theorem 6.7.4. For every compact set K C R" and every open covering A of K
there is a C* partition of unity on K subordinate to A.

Proof. The proof proceeds in a way analogous to that of Theorem 6.7.3, provided
we may replace the function f in (6.23) by a C* function. To verify this we add
the following remarks.

(a) The function g : R — R defined by
gx)=0 (x<0); gx)=e* (x>0

1s a C* function; this is also true at x = 0, where all derivatives vanish. In
fact, there exist polynomials py such that g®(x) = px(1)g(x), for x > 0.
In particular, lim, o gP(x) = lim,_, o px(y)e™ = 0. In turn, this implies
g% (0) =0, for all k € Np.
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(b) Leta < b. The function g, , : R — R is a C* function if
8a,p(x) = g(x —a) g(b — x) (x € R).

(c) The function s, ; : R — Ris a C* function if

X b
ha,b(x):/ ga,b(y)dy// 8a,b(y) dy,

hap(x) =0 (x <a); 0<hgpx) <1 (a<x<b)
hap() =1 (b <x).

while

(d Leta" <a < b < b and define h = hy 4 : R - Rby h(x) =
hy o(x)h_p _p(—x), for x € R. Then & is a C* function, and one has

h(x) =0 (x <a); 0<hx)<1 (@ <x <a);
h(x) =1 (@ <x <b); 0<h(x) <1 (b <x <b);
h(x)=0 (b <x). Q

6.8 Approximation of Riemann integrable functions

The techniques from the preceding section enable us to prove that Riemann inte-
grable functions can be approximated, to arbitrary precision, by continuous func-
tions.

Lemma 6.8.1. Let K C R” be a compact subset. For é > 0, let
Ks ={y € R" | there exists x € K with ||y — x| <8 }.
Then K is compact. If U C R" is an open set with K C U, then § > 0 exists such

that Ks C U.

Proof. For every x € K there exists §(x) > 0 such that B(x; 25(x)) C U,
see Definition1.2.1. Furthermore K C J, ., B(x; 8(x)). On account of Defini-
tion 1.8.16.(i1) there exist x;, ..., x; € K with

K C U B(xj; 8(x;)).

1<j<l
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Leté =min{é(x;) |1 < j <[} > 0,andlety € Ks. Then thereis an x € K with
ly — x|l <é,and also 1 < j <[ withx € B(x;;(x;)). Consequently

Iy =xill < lly —xll + llx —x;ll < 8(x;) +8(x;) = 28(x;).

This gives y € B(x;; 28(x;)) C U; and hence K5 C U. A

Theorem 6.8.2. Let f : R* — R be a bounded function with compact support.

(i) Then f is Riemann integrable if and only if for every € > 0 there exist
functions g_, g+ € C.(R"), the space of continuous functions with compact
support, such that

g-=f=g+ and /(g+(X) —g-(x))dx <e.
And in this case one also has

‘/f(x)dx—fgi(x)dx) < €.

(ii) Let U C R” be an open subset and assume supp(f) C U. If f is Riemann
integrable, the functions g_ and g, may then be chosen such that supp(g-)
and supp(g+) C U.

Proof. (i). Consider first an arbitrary rectangle B C R” and let € > 0 be arbitrary.
By choosing a somewhat larger rectangle B’ with B C B’ and using the function
fp. g from (6.25), we can see that there exists a g € C.(R") with

€
lp < g4+, B C supp(gy) = B/, /8+(X) dx —vol,(B) < 3

Interchanging the roles of B and B’ we obtaina g_ € C.(R") with similar properties.
One finds

g- <1p =gy, supp(g-) C B C supp(g+) C B/,

/(8+(x) —g_(x))dx < e.

Now assume f to be Riemann integrable and let B C R” be a rectangle with
supp(f) C B. According to Proposition 6.2.5 there exists a partition B of B with

3 (sup f volu(B) — inf f vol,,(Bi)) <e. (6.32)
B; i

iel
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In consideration of the equality f = f, — f_ from Theorem 6.2.8.(iii)) we may
then assume that f > 0. With € suitably chosen, apply the argument above to
the functions 1p,, and multiply the gﬁ) and gﬂi) thus found by inf g, f and sup, f,

respectively. Assertion (i) follows with

supp(g-) C supp(g+) C | J B/.

iel

(ii). According to the preceding lemma, there exists § > 0 such that supp(f)s C U.
We may assume that diameter(B/) < &, for i € I, for which possibly 8B in (6.32)
must be refined. But then B/ N supp(f) # ¥ implies B/ C U; this proves the
assertion. a

6.9 Proof of Change of Variables Theorem

The proof proceeds in five steps. In Step II we show that for every y° € V the
restriction of the diffeomorphism W to a suitably chosen open neighborhood V (y)
of y¥ in V can be written as a composition of “simpler” diffeomorphisms that
essentially behave like diffeomorphisms in one variable. The proof relies on the
Implicit Function Theorem 3.5.1. Indeed, this is an important reason for developing
the theory of this theorem prior to the theory of integration in R". In Step III we
prove that the theorem follows if it is known to hold, for all y* € V, for functions
f with supports contained in the open sets W(V (y°)) in U. An essential element
in this proof is the theory from Section 6.7 concerning compact sets and partitions
of unity. In Step IV we show that the theorem is true for the composition of two
diffeomorphisms if we already have it for the individual diffeomorphisms. In Step V
the theorem is proved for the “simpler” diffeomorphisms by means of the Change of
Variables Theorem for R. Because the Change of Variables Theorem for R usually
is proved under the assumption that f is continuous, we prove in Step I that the
theorem is generally valid if it holds for continuous functions f with supp(f) C U.

Other proofs. The Change of Variables Theorem 6.6.1 can also be proved without
recourse to the Implicit Function Theorem 3.5.1 as in Step II. Since it is of inde-
pendent interest we give such a proof, called the second, in Appendix 6.13 to this
chapter. As a consequence Chapter 6 can be studied independently from Chapters 3
through 5, which might appeal to readers who prefer to make an early start with
the theory of integration. Which proof one prefers is mainly a matter of taste or
prerequisites. By way of justification of the procedure followed in this section it
may be remarked that the second proof uses the linear version of the decomposition
from Step 11, as well as Steps I and I'V. Furthermore, localization as in Step Il is an
extremely useful technique in analysis.

The appendix contains one more proof, called the third; it might be slightly
surprising yet it is quite efficient.
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Step I (Reduction to continuous f). Let f be a Riemann integrable function
with supp(f) C U. By Theorem 6.8.2.(ii) there exist, for every € > 0, continuous
functions g_, g, on R” such that

supp(g-), supp(g+) C U; g- = f=<gu / (g+(x) —g_(x))dx < e.
U

Therefore (g_o W) |det DV | < (foW)|det D¥| < (g, oW) |det D¥|on V;and
SO

/(g oW)(y)|det DW(y)|dy S/ (f o W)(y)ldet DW(y)|dy
Vv Vv

sf (fow><y>|detD\If<y>|dys/(g+o\v)<y>|detD\v<y>|dy.
1% 1%

Under the assumption that the theorem is true for f replaced by the continuous
functions g_, g with supports in U, the first and last terms equal |, y 8- (x)dx and
[ 8+(x) dx, respectively; but these numbers differ by less than €, and moreover
their difference from |, y S (x)dx is smaller than €. Ergo, the upper and lower
Riemann integrals of (f o W) |det DW| over V differ by less than €, and therefore
their difference from |, y J () dx is smaller than €. Since this is true for every € > 0,
itfollowsthat (foW) | det DW|is Riemann integrable over V, with Riemann integral
[y f(x)dx.

Next, assume that conversely g := (f o W) |det DW| is Riemann integrable
over V. One has

(foW)(y) =g |det DY (yeV);

that is, for x € U,
f(x)=(go¥ H(x)|det DW(¥'(x)| ™" = (g o W H(x)|det DY (x)],

because the chain rule gives det DW(W~!(x)) det D¥~!(x) = 1. Applying the
preceding argument, with f replaced by g and ¥ by W~!, we conclude that f is
Riemann integrable over U.

Step II (Reduction to the case of dimension one). Let us write W(y) =
(¥,(y), ..., ¥,(y))inR". Forthe momentlet y° € V be fixed. Because DW¥ (y°)
Aut(R"), there exists an index 1 < j < n such that D; W, (y%) # 0. One may as-
sume j = n, that is, D, ¥, (y°) # 0, which may require prior permutation of the
coordinates of y. By virtue of the Implicit Function Theorem 3.5.1 this means that
the equation for y,,

\'I'ln(yl’--~ayn>:xns (633)

with the y, ..., Yu—1, X, as parameters (near (3}, ..., " |, ¥, (>}, ..., %)), can
be solved near y°. Denote the solution by

Yn = ¢n(yl’ <o Yn—1, -xn); (634)
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it is Cl—dependent on yi, ..., yu—1, X,. But this implies that the C! mapping &,
defined in an open neighborhood of y° in V by

En() =01y e ey Vet Wa () = Ot <+ oy Yuet1s Xn), (6.35)

is invertible on its image, with C! inverse

R R
T
"Ijn(y17 o yn)ii?i?ii
A
A
—,:>
3 T
(yl, D) yn—ll{n_1 (yls ceey yn—IRn_l

IMlustration for Formula (6.35)

E;l()’l, e yn—l’xl’l) = (yls cees Yn—1s ¢n(yl’ DRI yn—l’xn))~ (636)

Consequently, &, is a (locally defined) C! diffeomorphism leaving the first n — 1
coordinates invariant. In addition we have, on account of (6.36), (6.33) and (6.34),

((\Ij o E;Zl)(yl, ~~~vyn—lvxn))n - lI’In(yla L] Yn—l, ¢n(ylv ---’yn—l’xn)) :xrh

while, for1 < j <n—1,

((\IJ o E;I)(ylv --"yn—l’xn))j - lIlj(y17 ---,)’n—l, ¢n(y17 "'7yn—lvxn))'

That is, W o ;! leaves the n-th coordinate invariant and acts like a C' diffeomor-
phism (C'-dependent on x,) on the first n — 1 coordinates. Finally, in an open
neighborhood of y° in V,

U=WoE ok,
Once more applying, mutatis mutandis, the foregoing procedure to W o B, we
finally obtain that the restriction of the diffeomorphism W to a suitably chosen
open neighborhood V (y°) of y° in V can be written as a composition of finitely

many diffeomorphisms of a form similar to that in (6.35), save permutation of the
coordinates.
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Step III  (Localization). Let K = supp(f) C U. Then K is a compact set. We
now demonstrate that the Change of Variables Theorem holds if for every x € K it
is possible to find a bounded open neighborhood O, of x in U such that the theorem
holds for continuous functions f additionally satisfying

supp(f) C O,. (6.37)

Indeed, the collection @ = { O, | x € K} is an open covering of K. On ac-
count of Theorem 6.7.3 there exists a continuous partition yi, ..., x; of unity on
K subordinate to @. Consequently, for every 1 < j < [ there is an x € K such
that supp(x; f) C supp(x;) C O; thatis, x; f satisfies (6.37). Because y; is
continuous, x; f is continuous. It follows that

/ G ) dx = / (G £ W) | det DY (y)] dy.
U \%

Hence

/U 3 40 f0)dx = /V 3 % (W) (W) | det DY(y)| dy.
J J

But this leads to the desired conclusion, because ) i X (x) =1,forx € K =
supp(f).

Step IV (Composition). If the Change of Variables Theorem holds for a C'
diffeomorphism ¥ : V — U and for a C' diffeomorphism E : W — V, then it
also holds for the composition W o E : W — U. Indeed, the chain rule gives

det D(V 0 E)(z) = det (DY (E(z)) o DE(z)) = det DW(E(z)) det DE(2).

Therefore

/W f(Wo E(2))|det D(¥ o E)(2)|dz
:/W(fo\IJ)(E(z))IdetD\IJ(E(Z))I|detDE(z)|dz

=/V<foW><y>|detD\IJ<y)|dy=/Uf<x)dx.

Step V  (Case of dimension one). The Change of Variables Theorem holds if ¥
has the special form (compare (6.35))

V) =01, Y—1, ¥ (),
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where v is a C! mapping. Indeed,

1 0O --- .- 0
0
DV (y) = . . .. :
0 - 0 1 0
Dyp(y) -+ - oo Dp(y)

implies det DV (y) = D,y (y) # 0. Therefore y, — ¥(y1,...,y,) may be
assumed strictly monotonically decreasing or increasing. Using Corollary 6.4.3
one then finds

/(foW)(y)ldetD‘I’(y)Idy=/ FOt oo Y, YD) Dy (V)1 dy
\% Vv

=/(f f(yl’---’yn—l’l//(yla---’yn))|DnW(yl’---’yn)ldyn)"'dyl-

In view of the monotony we may remove the absolute signs in the integrand and
account for them in the integration limits for the integral with respect to y,. To
the last term we may subsequently apply the Change of Variables Theorem on R,
which leads to

/V<fo\v)<y>|detD\IJ(y)|dy =f---(/f(yl,...,xn)dxn)---dyl

=/ f(x)dx.
U

6.10 Absolute Riemann integrability

The proof of the Change of Variables Theorem as it stands assumes that the integrand
f is bounded and vanishes outside a compact set. In applications one is often
interested in functions f like f(x) = log||x||, for 0 < ||x|| < 1l,0or f(x) = e*”x”z,
for x € R”; that is, an f which either is itself unbounded or has an unbounded
domain. For such functions Corollary 6.10.7 below is of importance.

Definition 6.10.1. Let U C R" beopenandlet f : U — R. The function f is said
to be locally Riemann integrable in U if for every x € U there exists a rectangle
B C U such that x € int(B) and f is Riemann integrable over B. O

Lemma 6.10.2. Let U C R" beopenandlet f : U — R. The following assertions
are equivalent.
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(1) The function f is locally Riemann integrable in U.

(ii) For every function x € C.(R™) with supp(x) C U the function x f is
Riemann integrable over U.

Proof. (ii) = (i) follows by choosing a suitable rectangle B C U and subsequently
approximating 1z by functions x € C.(R"), using Theorem 6.8.2.(ii).

(i) = (ii). Choose x € C.(R") with supp(x) C U. For every x € supp(x)
there exists a rectangle B, C U with x € int(By) and f Riemann integrable over
B.. Applying Theorem 6.7.3 to the compact set supp(y) and the open covering
{int(By) | x € supp(x) }, wefind x; € C.(R") where 1 < j <[, with the following
properties. On supp(x) one has ) x; = 1, and for every index j there exists an
x € supp(x) with supp(x;) C int(B,). Hence follows x;xf = (x;jx)(1s, f).
By means of Corollary 6.3.7 and Theorem 6.2.8.(iv) one concludes that x; x f is
Riemann integrable over U. But then x f = ) XX f is also Riemann integrable
over U. l:l

Lemma 6.10.2 immediately has the following consequence.

Lemma 6.10.3. Let U C R" be openandlet f : U — R. Then, with f = f, — f_
as in Theorem 6.2.8.(iii), we have the following properties.

(1) f islocally Riemann integrable if and only if f. and f_ are locally Riemann
integrable.

(1) If f is continuous then f is locally Riemann integrable.
(iii) If f is locally Riemann integrable then f is integrable over every K € $(U).

(iv) The collection of functions that are locally Riemann integrable over U forms
a linear space.

In preparation for a new definition we formulate the following:

Proposition 6.10.4. Let A C R” be bounded and let f : A — R be bounded and
Riemann integrable over A. Then, with f = f, — f_ as in Theorem 6.2.8.(iii),

/f(x)dx: sup ff+(x)dx— sup /f_(x)dx.
A K K

Keg(A) Keg(A)

Proof. In view of Theorem 6.2.8.(iii) it is sufficient to consider f, and f_ separately,
hence we may assume f > 0. Suppose that B is an n-dimensional rectangle with
A C B and that ¢ > 0. Consider a partition 8 = {B; | i € I} of B with
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S(f, B) — S(f, B) <e€. Nextlet]’={iel|B C A}, then K := Uier Bi €
4(A). Since B; ¢ A implies infp, f = 0, we find

S(f, B)=S(f, B) < /K f)dx <3(f. 8) <3(f. B).

On the other hand, we have the same inequalities with f « J (x)dx replaced by
[, f(x)dx. Accordingly

/f(x)dx—éiff(x)dxf[f(x)dx. 0
A K A

Definition 6.10.5. Let U C R” be open and let f : U — R. The function f is
said to be absolutely Riemann integrable over U if f is locally Riemann integrable
in U and if

sup / | f(x)|dx < oo.
K

KegU)
Since 0 < fu < |f| = f+ + f-, we have that f, and f_ are absolutely Riemann

integrable if and only if f is so. For f absolutely Riemann integrable over U, we
define

/f(x)dx: sup /f+(x)dx— sup /f(x)dx. @)
U K K

KegW) Keg)

Proposition 6.10.4 shows that Definition 6.10.5 and Definition 6.3.1 agree for
functions for which both definitions apply. The collection of functions that are
absolutely Riemann integrable over U forms a linear space, but, in contrast with
Theorem 6.2.8.(iv), it is not closed under pointwise multiplication of functions.

For example, the function x \/%7 is absolutely Riemann integrable over ]0, 1 [,

whereas x — (%)2 = )]—C is not.
Let U C R" be open. In the following theorem we will consider sequences

(Ki)ken 1in Z(U) with U K. =U, Ky C int(Ky41) (k€ N).
< (6.38)

First we show how to construct such sequences. Define
1
Ce={xeUl|lx| <k, |Ix—y||2%asy¢U} (k € N).

Then Cy is a compact subset of U on account of the Heine—Borel Theorem 1.8.17,
while C;, C Cy11. To show that {C, | k € N} is a covering of U, let x € U be
arbitrary. Since U is open, we have inf{ ||x — y|| | ¥ ¢ U }>0; hence there exists
k € N with x € C,. Next, we note that the set

Viei={xeUllxll <k+1, [x =yl > asy¢U}  (keN)

k+1
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is open. Since C; C Viy1 C Ciq1, it follows that Cp C int(Cyy1). The sets
C\ are not quite the sets we want, since they may not be Jordan measurable. We
construct the sets K; as follows. For each x € C; choose a rectangle that is
centered at x and is contained in int(Cy1). The interiors of these rectangles cover
the compact set Cy; choose finitely many of them whose interiors cover C; and let
their union be K. Since K| is a finite union of rectangles, it belongs to ¢(U). Then
Cy C int(Ky) C Kj C int(Cy1). Then (K;)ren satisfies the conditions in (6.38).

Next we give a useful criterion for the absolute Riemann integrability of a
continuous function over an open set.

Theorem 6.10.6. Let U C R" be open and let f : U — R be continuous. Suppose
(Ki)ren is as in (6.38). Then the following are equivalent.

(1) f is absolutely Riemann integrable over U.

(ii) (ka | f(x)] dx)cn is a bounded sequence in R.

If one of these conditions is satisfied, we have that ( [ x| f(x)|dx),eN is monoton-
ically nondecreasing and

lim fx)dx = / fx)dx. (6.39)
k—o00 K U

Proof. (i) = (ii). Since f is absolutely Riemann integrable over U if and only f_
and f, are so, we may assume that f > 0. Obviously (ii) follows, since for every
k e N,

f(x)dx < sup /f(x)dx:ff(x)dx.
K U

Kk KegU)

(ii) = (i). Let K € g(U) be arbitrary, then K is covered by the increasing collection
of open sets {int(K;) | k € N}; hence, being compact, by finitely many of them,
and therefore by one of them, say int(Ky). Accordingly

/f(X)dx S/ f(x)dx < lim f(x)dx.
K Ky k—o00 Ky

It follows that f is absolutely Riemann integrable over U and that

/f(x)dx: sup ff(x)dxf lim fx)dx.
U K k—o00 K

KegU)

Finally, we prove Formula (6.39). We have

lim f(x)dx < sup /f(x)a’x:/f(x)dx,
K U

k=00 Jg, Keg(U)

and the conjunction of the last two formulae proves the identity. l:l
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Corollary 6.10.7. Assume U and V to be open subsets of R" andlet ¥ : V — U be
a C' diffeomorphism. Let f : U — R be a function. Then f is absolutely Riemann
integrable over U if and only if the function (f o W) | det DW| is absolutely Riemann
integrable over V. If either of these conditions is met, then

/Uf<x)dx=/V(fo\v>(y>|detD\v(y>|dy.

Proof. As follows from the preceding theorem and construction, we may approx-
imate f by Riemann integrable functions with compact supports. Then apply the
Change of Variables Theorem 6.6.1 to these functions. 4

Example 6.10.8 (f, e dx = ST = 1.772453 850905516 - - - ). (See also Ex-
ercises 2.73, 6.15, 6.41 and 6.50.(i)). The function f(x) = e~ *I” is continuous
on R?, and therefore f is locally Riemann integrable in R?. Define B(R) = {x €

R? | ||x]| < R}, for R > 0. Using polar coordinates x = r(cosa, sina) one finds,
forall R > 0,

T R 2 R
f(x)dx :/ / refr2 drdoa =27 |:_e i| =mn(l —eiRz) <.
B(R) -z Jo 2 0
(6.40)

Let K € J(R?), then there exists a number R > 0 such that K C B(R). Because
f is a positive function it follows that

/f(x)dxf f(x)dx < m;
K

B(R)

that is, f is absolutely Riemann integrable over R?. On account of Corollary 6.4.3
one also has, for every R > 0,

(/_Z e*)ﬂ dx>2 _ ([Z efxlz dX1)(£Z efxg dxg) _ /;(R) e*()f.erxg) i

where C(R) = [-R, R] x [-R, R]. We have B(R) C C(R) C B(R+/2), and by
(6.40) therefore

7(1—e®) < fx)dx < m(l —e 2K,
C(R)
from which
5 2
( f e dx) — lim Fo)dx = 7. X
R R—+o0 C(R)
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Remark. For a function f on R we have the notion of improper Riemann inte-
grability. This concept is of particular importance if f is Riemann integrable over
R, while | f| is not. An example of this was given in Example 2.10.11. Absolute
Riemann integrability is a more stringent condition on a function f on R”, in that
integrability of | f| is required. Accordingly, cancellations due to oscillatory be-
havior are not taken into account. For the Riemann integral in R”, with n > 1,
there is no useful analog of the concept of improper Riemann integrability. This is
related to the fact that an unbounded set in R”, with n > 1, can be approximated
from within by compact sets in many different ways.

6.11 Application of integration: Fourier transformation

We will show that there exists an ample class of functions that can be written as a
continuous superpositions of periodic functions of a simple type, see Formula (6.43).

We recall the notation from Formula (2.24). In particular we have, for a vector
x = (x1,...,x,) € R" and a multi-index o = («y, ..., a,) € N,

x% = xt X, lo| = oy + -+ + oy, D*=D{"---D¥.  (641)

Definition 6.11.1. We define the space 4(R"™) of Schwartz functions on R" as the
linear space of all C* functions f : R" — C such that, for all multi-indices «,
B € Ny,

sup{ [x#(D* f)(x)| | x € R"} < oo. @)

Note that if f € 8(R"), then - # f : x > x” f(x) and D* f are also functions
in $(R™). Furthermore, for every f € 4(R"™) there exists a constant ¢ > 0 such
that, for all x € R",

| )] < e+ [x)~"D;

and therefore also, with & € R” arbitrary,
le™ 8 F )] < e(1+ x|~ "D,

Consequently, the integrand in the following definition is absolutely Riemann inte-
grable over R".

Definition 6.11.2. For every f € §(R™) we define the Fourier transform fof f
as the function f : R" — C with

G =/ e ) £ (x) dx. O
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Theorem 6.11.3. (i) The Fourier transformation f fis an endomorphism of
S(R™). For every multi-index a € Njj and & € R"

Gi) (D*F)(E) = (&) F(&), (i) (“)E) = (D)* F(E).

Proof. (iii). Note that
|(iDe)* (e fF ()] = [x%e 8 Fo] < [x“f ()] (x € RY),

while - % f again belongs to §(R"). Therefore assertion (iii) follows from the
Differentiation Theorem 2.10.13, or rather, from its direct extension to the case of
integration over R". (See Exercise 6.82 for a direct proof of assertion (iii).)

(ii). Since for B € Njj

(i&)P e 5 = (=D (™5,

we find from assertion (iii), by integration by parts,

(&P((iD) f)E) = Rn(—Dxﬂ’(e—“"*“)x“f(x)dx

(6.42)
:/ e DR (x¥ f(x)) dx.

Note that this is allowed, and that the boundary terms have vanishing limits, because
f € 4(R™). In particular, assertion (ii) follows from (6.42), by taking o = 0 € Nj.
Finally we have, for all £ € R”,

E2 (D)) < | IDP(f(x)dx < oo

R"

which proves fe S(R™). 4

Example 6.11.4. If g(x) = e*%“x”z, then g = (2m)"/?g (see Exercise 6.83 for a
different proof). Indeed, we have (D;g)(x) = —x;g(x),for 1 < j < n. Therefore,
by (ii) and (iii) from the preceding theorem —&,g(§) = (D;g)(§),for1 < j < n.
Solving this system of differential equations we obtain 2(&) = ce~2IéI°) with
constant ¢ # 0. Then, by Example 6.10.8,

¢ :/g\(o) = / g(-x) dx = / e_%”xnz dx — (27_[)% *
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Example 6.11.5 (Convolution). For f, g € 4(R"™) we define the convolution
f*g:R"— Chby

fxgkx)= /R fx—=y)gy)dy.

Note that, forallx, y € R"onehas | f(x—y)g(y)| < |g(¥)| sup|f]|; and this implies
that the integrand is absolutely Riemann integrable over R”. Infact, f xg € §(R™);
for the proof see Exercise 6.85. Moreover

fxg=rg

This can be proved by noting that in the following integrals the order of integration
may be interchanged.

(F % 2)(®) :ff“m f(x—y)g(ydydx

R"

=/ g [ e f(x — y)dxdy

R)‘l

= f g(y) | "8 f(x)dx dy
R” R”

_ /1; g dy / O @ dr = FEORE. %

Theorem 6.11.6 (Fourier Inversion Theorem). The Fourier transformation is an
automorphism of 8(R™). The inverse of Fourier transformation is given by

n

fx)=@m)™" f N fe)de  (f € S(R™), x € R"). (6.43)

Proof. First we verify Formula (6.43) for x = 0, that is, we prove

£0) = 2m)" /R Fea. (6.44)

As a starting assumption about f € (R™) let f(0) = 0, then

ld 1 -
f(x)z/o d—]:(tx)dt: > x.,/o Df(tx)dt = Y x;2;(x),

1<j<n I<j<n

where g; € C*°(R") for 1 < j < n. Now use (6.26) combined with (d) in the proof
of Theorem 6.7.4 to find a C* function x with compact support such that y = 1
in a neighborhood of 0. Then we have g; € §(R") for 1 < j < n, if we take

Xj
[lx112

gj(x) = (g;)(x) + (fd=xNx)  (xeRY;
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and furthermore
fo) =Y xjg;j(x).
l<j=n
Using (iii) from the preceding theorem one obtains f =iy 1<j<n D ;8;- On the
strength of Corollary 6.4.3, the Fundamental Theorem of Integral Calculus 2.10.1,
applied to x; — D;g;(x), and the fact that g; € 8(R"), it then follows that

| f®ds=o. (6.45)

This proves (6.44) if f(0) = 0. Now let f € 8(R™) be arbitrary; set h :=
f — f(0)g, with g as in Example 6.11.4. One then has 4 € §(R"), h(0) = 0 and
h = f — f(0)g. Thus, according to (6.45),

0= /Rﬁ@)ds = / f&) ds — £(0) Rnig‘(é)dé-
Furthermore,
f 2&)dE = (2m)? / e 201 gy = 27)".
R” R

Therefore (6.43) holds for x = 0. The formula follows for arbitrary x° € R” by
replacing the function f by f°: x — f(x + x°) in (6.44). Indeed

Pe = [ e ratar= [ e dx =0 fle).

n

Remark. The Inversion Formula (6.43) tells us that a Schwartz function f on R”
can be written as a superposition over the different frequencies & € R" of the plane
waves x > ¢/ (*) in R", where f(£) determines the amplitude of the wave of
frequency &.

The plane waves are characterized by the fact that they are exactly the bounded
eigenfunctions for the differential operator D, thatis, if f € C I(R", C) satisfies the
eigenvalue equation Df (x) = A f(x) with A € C", and if f is a bounded function,
then A, = i &€ with £ € R”, and f(x) = f(0)e‘*5). The arbitrary function in
4(R™) can therefore be written as a superposition of bounded eigenfunctions for
the differential operator D acting on C '(R", C). The formula (FoDoF 1) f(¢) =
(i &) f (§) shows that the differential operator D acting on 4(R"™) can be diagonalized
by conjugation with the Fourier transformation &, and that the action in § (R™) of the
operator obtained by conjugation is that of multiplication by i and by the coordinate

£.

Example 6.11.7. The heat equation (see Example 7.9.5 for more details) for a
function u : R” x R — R, assumed to be differentiable sufficiently many times,
reads

Diu(x,t) =k Ayu(x,t) (k>0, xeR", reR), (6.46)
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where A, is the Laplace operator or Laplacian,
Ar=A= ) D
I<j<n

This is an example of a partial differential equation, relating different partial deriva-
tives of u. We want to solve the initial value problem for this equation, that is, we
look for solutions u of (6.46) satisfying the following additional condition, fort = 0:

u(x,0) = f(x) (x e R"), (6.47)

where f is a given function.

We are going to apply a Fourier transformation to the function x +— u(x,t);
therefore we assume that u(., t) € S(R™), for all # € R, and that f € §(R").
Define

ﬁ(s,t)zf e M8y (x, 1) dx.

Assuming that on the right—hand side differentiation under the integral sign is al-
lowed, we obtain from (6.46) and (6.47), using Theorem 6.11.3.(ii),

D¢, 1) = —k|g|’R&, 1),  @E0)=FfE (¢ eR, 1eR).

The function ¢t — u(&, ) therefore satisfies a first-order ordinary differential equa-
tion, with the solution .

a1 = fEe
Application of Example 6.11.4 yields

llx)2

e MET =3 8),  with g (x) = (4mkr) Fe . (6.48)

On account of Example 6.11.5 we therefore have

WE D =FEZE) = (F *g)E).

It then follows from the Inversion Theorem that

u(x, 1) =(f *g)x) = " fx—=yeg () dy

n y 2 n
— @kt | foo—ye Hrdy=a"% | fx—2vkiy)e PP ay.
Rn

Rl‘l
(6.49)

Because the calculation above makes several assumptions about the function u, it
has to be checked that the # from Formula (6.49) does indeed satisfy (6.46) and
(6.47). For this the reader is referred to Exercise 6.92.

Finally, assume K C R” to be a bounded set with the property supp(f) C K,
and f to be nontrivial with f > 0 on R". But for every x € R" and all# € R, there
exists y € R” such that x —2v/kty € supp(f); and this implies f (x —2+/kty) > 0.
It follows, for all x € R" and r € R, that u(x, t) > 0; that is, the solution u has
infinite speed of propagation. PA
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6.12 Dominated convergence

From analysis on R we recall the result that integration and taking a limit may
be interchanged for a sequence of functions that converges uniformly on a closed
interval in R. We now prove that this interchange is also permitted if the sequence
of functions is boundedly convergent, that is, if it is pointwise convergent and
uniformly bounded.

The construction in the proof of Theorem 6.12.2 below leads to functions whose
Riemann integrability is not guaranteed. This explains why we encounter [, the
lower Riemann integral from Definition 6.2.3, in the next proposition. N

Proposition 6.12.1. Let K € $(R") and let (fi)ren be a sequence of functions on
K. Assume that the following properties hold.

(1) f1is bounded, and lim;_, o, fi(x) = 0, for every x € K.

(i1) (fr)ken is monotonically decreasing, that is, fii1(x) < fr(x), forallk € N
andx € K.

Then one has

klim / fi(x)dx =0.
—>oo_K

Proof. Select € > 0 arbitrarily. By applying Theorem 6.8.2.(i) to the step function
corresponding to a suitable lower sum of f;, we can find a sequence (gi)ren Of
continuous functions on K such that g, < f; and

[ nwacs [awas g wen.

Note that the inequality above remains valid if g; is replaced by (gx)+, hence we
may assume that 0 < g;. Now introduce the sequence (/)N of functions on K by
h, = g1 and hy = min(gg, hx_1). Then every h; is a continuous function on K (in
fact, min(f, g) = %(f +g—|f—gl), for any two functions f and g). The sequence
is monotonically decreasing and satisfies limy_, iz (x) = O for all x € K, since
0 < hy < g¢ < fr. The identity — min( f, g) = max(— f, —g), which is valid for
any two functions f and g, implies

fi —he = fi —min(gk, hy—1) = max(fi — g, fi — hi—1)
< fe— &+ fi —hi-1 < fr — g+ frm1 — By

Accordingly, one proves by mathematical induction over k € N

fiems Y (h-ei s [ fwdrs [ e ¥ o5
< K

I<j<k l<j=<k
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As the sequence (hy)ren satisfies the conditions of Dini’s Theorem 1.8.19 it con-
verges uniformly on K to the function 0. Therefore we can find ky € N such that
for all £k > ky we have

/ hi(x)dx <
K

Theorem 6.12.2. Let K € $(R"), and let the functions f and fi, for k € N, be
Riemann integrable over K. Assume that the following properties hold.

27 +1
1<j<k

N M

; hence 05/ fk(x)dx<—+Z—<e
< K

(i) Forevery x € K one has limy_, », fi(x) = f(x).

(ii) There exists a number m > 0 such that | fy(x)| < m, for every x € K and
k € N.

Then
lim fi(x)dx = / f(x)dx.
k— o0 K K

Proof. The functions f; — f are Riemann integrable over K and have pointwise
limit O; consequently there is no loss of generality in assuming f = 0. In addition,
by Theorem 6.2.8.(iii) we may assume that f; > 0. For each k € N set g, =
sup{ fi+; | J € No}. (Note that the g; are not automatically Riemann integrable.)
Obviously, the sequence (gx)xen satisfies the conditions in Proposition 6.12.1, and
therefore

0 < lim / filx)dx < lim/ ge(x)dx = 0. Q
k—o00 K k—)oo_K

The generalization of the last theorem to the case of absolutely Riemann inte-
grable functions is the following:

Theorem 6.12.3 (Arzela’s Dominated Convergence Theorem). Let U be an open
set in R", and assume f and f; : U — R, for k € N, to be absolutely Riemann
integrable functions over U. Suppose that we have the following.

(1) limg_ o fr(x) = f(x), forevery x € U.

(ii) There exists a function g : U — R that is bounded on U and absolutely
Riemann integrable over U such that | f.(x)| < g(x), for all k € N and
xeU.

Then
lim fi(x)dx = / f(x)dx.
k—o00 U U
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Proof. Let € > 0 be arbitrary. Apply Theorem 6.10.6 with | f| and g, to find a set
K € g(U) such that

/ |f @)l dx < =, / |fk<x>|dxs/ g(x) dx <§ (k € N),
U\K U\K

3 U\K

respectively. According to the preceding theorem there exists ko € N such that for
k > ko,

/f(X)dx—/ Jie(x) dx
U U

f (fo) = fiende+ | foydx — / foo) dx
K U\K U\K

=

/ (f&) — fi(x)dx
K

+/ ()] dx +/ ()l dx
U\K U\K

€L €€ a
<-+-+=-=e
3 3 3

By way of application of this result we now give a version of the Differentiation
Theorem 2.10.13 in the case of integration over (unbounded) sets in R?.

Theorem 6.12.4 (Differentiation Theorem). Let U C R" and V C R? be open
subsets, and let f : U x V — R be a function with the following properties.

(i) Forevery x € U, the functiont — f(x,t) is absolutely Riemann integrable
overV.

(ii) The total derivative D, f : U x V — Lin(R", R) with respect to the variable
in U exists and, for every x € U, the mapping t — D, f(x, t) is absolutely
Riemann integrable over V (here the integration is by components).

(iii) There exists a function g : V — [0, oo [ which is bounded on V and abso-
lutely Riemann integrable over V, such that | Dy f (x, )|, < §(t), for all
(x,t) eU x V.

Then F : U — R, given by F(x) = fv f(x,t)dt, is a differentiable mapping
satisfying

DlF(x):f Dif(x,t)dt  (xeU).
\4

Proof. Let a € U and suppose (h;)ren iS a sequence of arbitrary vectors in R”
converging to 0. The derivative of the mapping: R — R with s = f(a + shy, t)
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is given by s — D f(a + shg, t) hy; hence we have, according to the Fundamental
Theorem 2.10.1,

1
fla+hi,t)— f(a,t) =/ Dy f(a+ shy,t)ds hy.
0

Furthermore, as a function of ¢ the right—hand side is absolutely Riemann integrable
over V. Therefore

Fla+h) — Fa) = / (fla+het) — fla.0)dt
\%

1
:// Dy f(a+ sh,t)dsdt hy =: ¢(a + hy)hy,
Vv JO

where ¢ : U — Lin(R",R). Applying the Dominated Convergence Theorem
twice with the mappings ¢t — D, f (a + shy, t), which converge pointwise to ¢ —
D, f(a,t) for k — oo, we obtain

1
lim ¢(a+hk):// lim le(a—l—shk,t)dsdt:/ Dy f(a,t)dt = ¢(a).
—00 v Jo k—o0 1%

On the strength of Lemma 1.3.3 and Hadamard’s Lemma 2.2.7 this implies the
differentiability of F at a, with derivative (|, D, f (a, 1) dt. a

We will extend Corollary 6.4.3 on changing the order of integration to continu-
ous functions f : U — R that are absolutely Riemann integrable over the open set
U C R/,

Example 6.12.5. Consider f : R> — R given by f(y,z) = e~ In view of
Example 6.10.8

/f(y,z)dzz /f(y,z)dzdy:ﬁ/ dy < 00,
R R R

JT / 1
JI+y2 e JT+#
yet one has the divergent integral [, f(y,0)dy = [, 1dy. On the other hand,
fR f(v,z2)dy < oo, for all z # 0. For every K € ¢(R?) there is R > 0 with
K C [~—R, R ]x[—R, R]. Using this fact and the substitution of variables (y, z) =

:__)inR?, one can prove that Theorem 6.10.6.(ii) is satisfied. It follows that

G2 e

f is absolutely Riemann integrable over R2. Examples like this one explain why
the conditions in the following two propositions are not automatically satisfied if f
is continuous and absolutely Riemann integrable. PA ¢
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Proposition 6.12.6. Ler U C R”* be an open set and let f : U — R be a
continuous function that is absolutely Riemann integrable over U. Further suppose
that

y = f(y,20dz = f(y,2)dz,
RY U (y)

> f(y,2)dy = f(y,2)dy
R? U'(2)

both are continuous functions (in particular, they assume finite values everywhere).
HereU'(y) ={z€R?|(y,2) €U} andU'(z) ={y e R? | (y,z) € U}. Then

/f(x)dx=/ f(y,z>dzdy=/ (.2 dydz.
U R? JRY Re JRP

Proof. Since f is absolutely Riemann integrable over U if and only if f, and f_ are
so, we may suppose f > 0. Let the sequence (K )ien of setsin (U) be as in (6.38)
and the subsequent construction, and define K;(y) = {z € R? | (y, 2) € K} }, for
k € Nand y € R?. The sets K;(y) are Jordan measurable in R?. Therefore the
following functions g; and g : R” — R are well-defined.

a= [  Fonodz= f Lo (@) £, 2 dz,
R4

Ki(y)

g(y) = /R @S (2 dz.

On the strength of Theorem 6.4.2,
fx)dx =[ g(y)dy  (keN).
Ky R?

(K (¥))ren 1s anondecreasing sequence of sets in ¢ (R?) with union equal to U” ().
Applying Arzela’s Dominated Convergence Theorem 6.12.3 to the sequence of func-
tions (fi)ken satisfying fy = lg, ) f(y,) : R? = Rand limy,  fi = f(, ),
and using f(y, -) as the majorizing function, we obtain that limy_, » g« (y) = g(¥),
forall y € R”. Since f > 0 implies that (g;)ren is a nondecreasing sequence, with
g as a limit and majorizing function, application once more of Arzela’s Dominated
Convergence Theorem gives

f f@ydx = lim / fxydx = lim / () dy = / () dy.
U —oo Jg, —00 Jrp R?

Interchanging the roles of y and z finally gives the equality of both iterated inte-
grals. 4

In practice it might be difficult to establish absolute Riemann convergence of f
over U, whereas computation of an iterated integral might be feasible. Therefore
results of the following type are extremely important in analysis.
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Proposition 6.12.7. Let f : U — R be continuous on the open set U C RPT4,
and assume that y +— [o, 1 f(y,2)|dz and z — [, |f(y,2)|dy both are con-
tinuous functions. Then y + [o, f(y,2)dz and z — [4, f(y,2)dy are con-
tinuous. Further suppose that one of the iterated integrals for | f| converges; say
pr qu | f(y,2)|dzdy < oo. Then f is absolutely Riemann integrable over U and
both iterated integrals for f are equal to the integral of f over U, in other words

/f(x)dx=/ f(y,z)dzdy=/ (.2 dydz.
U R? JR4 R2 JRP

Proof. In order to prove the absolute integrability of f we verify that Theo-
rem 6.10.6.(ii) is satisfied. To this end we may suppose that every Ky, for k € N,
is a finite union of rectangles { By; | i € 1}. Forevery 1 < j < n, collect the
endpoints of the j-th coordinate interval of all rectangles By;, and arrange these
points in increasing order, as in the proof of Proposition 6.1.2. Thus one obtains a
finite number of nonoverlapping rectangles B;;, C R”, with[ € Ly, and, for every [,
a finite number of nonoverlapping rectangles By}, C R?, with m € Mj;, such that

Ke=|J{By x B, |1 €Li,meMy}  (keN).

Because | f| is continuous on K; we obtain from Theorem 6.4.2, for k € N,

/Kk geldx =33 [ ifeoldx

/ "
leLy meMy By X By

=Y [ [ oanazar =3 [ [ iroordza
l m Bl/d By By By

klm 1 kIl m klm
<[ [ roolaas [ [ iroordza,
— JB}, JR Rr? JRa

Hence f is absolutely Riemann integrable over U. Therefore application of Propo-
sition 6.12.6 implies that the iterated integrals of f both equal the integral of f over
U. a

In the formulation above it is essential to work with the absolute value of f.
Indeed, the existence of an iterated integral, if it involves cancellation, need not
imply the existence of the integral of f over U. Observe that we have to deal with
only one of the two iterated integrals, which is fortunate since it is often the case
that one is easier to estimate.

Proposition 6.12.7 is a very special case of Fubini’s Theorem, which is part of
the theory of Lebesgue integration. In this theory one is able to weaken the notion
of Riemann integrability to that of Lebesgue integrability and yet to integrate func-
tions belonging to this wider class. The property of being a Lebesgue integrable
(or measurable) function is preserved under the formation of partial functions and
integrals thereof, and as a consequence Fubini’s theorem has a more natural formu-
lation than Proposition 6.12.7. Results like this make Lebesgue integration superior
to Riemann integration.
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6.13 Appendix: two other proofs of Change of Variables
Theorem

In this appendix we treat two other proofs of the Change of Variables Theorem 6.6.1,
which we will call the second and the third proof. Each of them highlights different
aspects of the problem: the second is intuitive, geometrical, but rather technical;
although less intuitive, the third proof is quite efficient.

Second proof. Contrary to the demonstration in Section 6.9 this proof does not
require the Implicit function Theorem 3.5.1; on the other hand, some more detailed
information from linear algebra is needed. As a consequence Chapter 6 can be
studied independently from Chapters 3 through 5, which might appeal to readers
who prefer to make an early start with the theory of integration. In this setup the
proof of the Change of Variables Theorem in full generality requires the validity of
the theorem in the special case of a diffeomorphism ¥ : R” — R” that belongs to
Aut(R"). The treatment of the latter case needs some linear algebra, in particular
Lemma 6.13.2 below.

We begin with a definition. We denote the standard basis vectors in R" by e;,
forl <j <n.

Definition 6.13.1. A transformation in End(R") is said to be basic if it is given by
one of the following formulae, for 1 < k,/ <n,k #1[,x € R"and » € R\ {0}:

Fr(x)=x+xe,  MO)x) =x+ O — xe,
Su(x) = x + (x — x0) (ex — 1), o

We note some properties of basic linear transformations. In view of
Fp™'=Fi, MW =m0, Sg' =S

every basic linear transformation is invertible, with an inverse that is basic too.

Next we study the compositions A B and B A, where A is an arbitrary linear and B
is a basic linear transformation of R”. In doing so we denote a linear transformation
and its matrix by the same symbol. From

€j, J#L

Fie)=e; £8,e =
A eten j=1.

we see that the matrix A F, ,j is obtained from the matrix A by the column operation

of adding/subtracting the k-th column vector of A to/from the /-th column vector of
A. From (F,j)’ = Flf we obtain (FkilA)t = A’(Fkil)t = A’F[f, writing A’ for the
transpose matrix of A. Combining this with the preceding result we immediately
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see that F kj,:A arises from A by the row operation of addition/subtraction of the /-th
row vector of A to/from the k-th row vector of A. Furthermore,

ej, J#L

Mi(x)(e;) =e; + (A —1)dj1e1 = .
re, j =1,

implies that AM;(A) arises from A when the /-th column vector of A is multiplied
by A, and that M; (1) A is the result of the analogous row operation. Also, from

€j, j#k,l;
Su(ej) =e; + @B —dj)ex —e) =1 e, Jj=k
ex, j=I,

we see that ASy; and Sy A are obtained from A by interchanging the k-th and
the /-th column vectors and row vectors, respectively, of A. Thus right and left
multiplication of a matrix A by the matrix of a basic transformation amount to
performing on A one of the column and row operations, respectively, which are
well-known from linear algebra.

These results enable us to prove the following:

Lemma 6.13.2. Every element in Aut(R") can be written as a product of basic
linear transformations.

Proof. Let A € Aut(R") be arbitrary. Since the top row vector of A is different
from O there exist By and B; € Aut(R"), both being products of basic linear

. . 1
transformations, with BjAB] = ( . : ) But then we can find B; and Bj as

above such that

1 0

r . n—1
BlABl = ( 0 A, ) with A € End(R )
Because det(B;AB;)) is a nonzero multiple of det A # 0 we have det A; # 0, that
is, A; € Aut(R"™"). By induction over the dimension n we can therefore show
the existence of B and B’ € Aut(R") such that both are products of basic linear
transformations and that BAB’ = I; this implies A = B~'B’~!, which proves the

lemma. a

Remark. The decomposition into basic linear transformations is not unique. For
instance, F,; = M;(—1)Ff M;(—1).

Now we are sufficiently prepared to establish the Change of Variables Theo-
rem 6.6.1 in the special case of a mapping W : R” — R” that belongs to Aut(R").
In fact, we shall need the proposition for a slightly more general class of mappings,
which is given in the following:



6.13. Appendix: proofs of Change of Variables Theorem 479

Definition 6.13.3. A bijective affine transformation WV of R" is amapping R” — R”
that can be written in the form W (y) = x°+ Ay, where x” € R” and A € Aut(R").O

Note that the bijective affine transformation W above is a C!' mapping and that
its inverse W~! : R” — R” is given by

Uy = —A""x%+ A7 1. (6.50)

Furthermore, x” and A are uniquely determined by W since x = W(0) and A =
v — W (0).

Proposition 6.13.4. Let x° € R" and A € Aut(R"), and denote by ¥ the cor-
responding bijective affine transformation of R". Suppose f : R" — R to be a
continuous function with compact support. Then

f@)dx = | (foW)(y)|det DW(y)|dy = |detA| [ f(x°+ Ay)dy.
R” R” R”

Proof. Using DW(y) = A, for all y € R”, and Corollary 6.4.3 we reduce the
problem to the case of dimension one,

(f o W)(»)|det DY (y)|dy = |det A| | f(x°+ Ay)dy
R” R”

— ldet (/ f(x°+A<y1,...,yn>)dy1>---dyn
R R

=|detA|/~-(/ f(A(yl,---,yn))dm)---dyn.
R R

Here we used the invariance under translation of the one-dimensional integration.
In view of the preceding Lemma 6.13.2 and Step IV on composition in Section 6.9
we may assume A to be a basic linear transformation. Now in the case of A = F, ,jlt
we have det A = 1 and we write the last integral as the iteration of an (n — 2)-
dimensional integral over R"~2 and of

/ff(yl,...,yziyk,...,yn)dyzdyk=//f(yl,---,yz,...,yn)dyzdyk,
R JR R JR

employing again the invariance under translation of the one-dimensional integration.

Thus we obtain
/(f f(x)dxl)---dxn= J(x)dx.
R R R)l

If A= M;(A) weusedet A = A and

/Iklf(yl,---,kyz,---,yn)dyzz/f(yl,---,yz,---,yn)dyz.
R R
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Finally, for A = Sj; the result follows from Corollary 6.4.3. d

Proof of Change of Variables Theorem. On the basis of Step I on reduction to
continuous f in Section 6.9 we may assume that f is continuous with supp(f) C U.
The proof then proceeds in three steps. In Step I the volume of a small cube C is
compared with that of its image W (C). To this end W is replaced by its first-order
Taylor polynomial at the point y° at which C is centered, that is, by the affine
mapping T = TyoW : R" — R” satisfying

T(y) =¥(") + DY)y —y) =w(") — DY)y’ + DU ()y.

Thus we compare W (C) with the parallelepiped T (C), and the error estimate is
a direct consequence of the definition of differentiability of W. As T is bijective
because DW (y°) is, we may as well estimate the difference between (T~! o W)(C)
and C itself. It turns out that for every € > 0 there exists § > 0 such that

C cube of diameter less than § = (T~ o W)(C) C C¢,

where C¢ is the cube concentric with C whose sides are multiplied by 1 + €. As
Proposition 6.13.4 is applicable with W replaced by 7" we find the upper bound (6.56)
below. Technically itis convenient to compare (T ~'oW)(C) and C, instead of ¥ (C)
and 7' (C), because estimating the volume of the set of points at a distance less than
e from a given set is easier if the latter set is a cube rather than a parallelepiped. A
complication in the argument is that we do not know right away whether W(C) is
Jordan measurable.

In Step II the upper bound (6.56) is used for majorizing the integral |, y f(&x)dx
by (1 + €)"*! times an upper sum of f o W|det DW|, and thus by

a +e>"+1/ F o W(y)| det DW(y)| dy.
\%

Sending € to 0 leads to (6.58) below.

Obtaining a lower bound for vol, (¥(C)) is a delicate matter. For example,
suppose n = 2 and let W (C) be a long rectangle [0, §~! ] x [0, § ], with volume 1.
Then by moving each point in W(C) over a distance of only 8, by sending x € R?
to (x, 0), the rectangle collapses to the interval [0, §~!] x {0} along the x,-axis,
which has volume 0. In Step III this difficulty is avoided by applying the preceding
arguments to the inverse of W.

Step I (Local inequality). We begin with the preparations needed to establish
the estimate (6.56) below. In view of Theorem 1.8.3,

K :=supp(f o W) =W"'(supp f) C V

is a compact subset of V. Below we shall work with cubes covering K ; these are not
necessarily contained in K and therefore we enlarge K in a suitable way. According
to Lemma 6.8.1 we can find § > 0 such that

Ks ={y e R"| thereexists y' € K with ||y —y'|| <8} C V. (6.51)
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In particular, every cube C C R”" centered at a point of K and with diameter less
than § is contained in the compact set K.

From the definition of differentiability of ¥ at y* € V, there exists for every
n>0as=25("n) > 0such that for every y € V with ||y — y°|| < 6,

W) — T W = I1¥Q») — ") — DY) — ) <nlly =0l

Actually this estimate is valid uniformly for y° € Kjs; more precisely, for every
n > 0 there exists § > 0 such that every y and y° € K for which the line segment
between y and y° lies entirely in K satisfy

ly =yl <8 == ¥ () = To¥WI < nlly = y°I. (6.52)

Indeed, use Formula (2.25) and the fact that DW| Ks* Ks; — Aut(R")is continuous,
and therefore uniformly continuous, on the compact set K.
From (6.50) and (2.5) we obtain

1Ty ®)™ () = (L)~ @O < DY) gyglly =21 (x.2" € RY).
(6.53)
Once more using that DW is continuous on K and that K is compact, we find
— —1
O<m= 1;162}? DY) g, < 0°- (6.54)

We now claim that for arbitrary n > 0 we can find § > 0 with the following
properties. Condition (6.51) is satisfied and for all y° € K and y € K; with
ly — y°|| < 8 we have, in view of (6.53), (6.54) and (6.52),

(T ¥~ (W (1) = yll = [(T¥) (W) — (T W)~ (T¥ )]
<DV ) gy MY ) = T ¥ < mally = Y°II.

€
Now let € > 0 be arbitrary, select n = — and a § > 0 corresponding to this 7, and
m

deduce
I(To¥) " (U(y) —yl <ed  for yeC,

where
C is a cube centered at an arbitrary y° € K with diameter less than §.  (6.55)

Hence we get, writing C¢ for the cube concentric with C whose sides are multiplied
by 1 + e,

(T,0 W) ' (¥(y)) € Ce5 C CF, andso  W(C) C ToW(C).

It follows that the following upper Riemann integral satisfies the inequality

vol,(W(C)) := / Lyoy(x) dx < f 17 yw(ce)(x) dx = vol, (T, W (C)).
Rn R)‘l -
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Applying Proposition 6.13.4 with W replaced by the bijective affine mapping 7,0V,
we find

vol, (T,0 W (C%)) = |det D (y°)| vol, (C) = (1 + €)"| det DY (y)| vol,(C).
Thus, for any cube C as in (6.55),

vol,(W(C)) < (14 €)"|det DW(y?)| vol,(C). (6.56)

Step II  (Global inequality). Let B = { C; | i € I} be a finite set of nonoverlap-
ping cubes C; centered at y? € K with diameters less than § as above, satisfying

kclJack cv.

iel

Since f o V| C C; — R is continuous, there exist y; € C; such that we have
maxyec; f o W(y) = foW(y) fori € I. Define j : V — Rby j(y) =
|det DW(y)|. Then j > 0 and, for y, y* € V,

FNTFOY =GO —joN+U=<im'ioD — i+ 1.

Furthermore, j is uniformly continuous on K. Therefore we have, by shrinking
§ > 0 if necessary,

|det DY ()| = j(y)j )~ i) < (A +e)ldet DY (y)| (e D).
We now combine this estimate with (6.56) for C = C; in order to get
vol,(W(C))) < (1 +€)"*| det DW(y;)]| vol,(C;) (i €ln). (6.57)

After these preparations we are able to treat the global problem. We have
f = fy — f— with fL > 0 as in Theorem 6.2.8.(iii) and fi continuous. By going
over to the f and using the linearity of integration we may assume 0 < f. In view
of

f=flex) = Zflxp(c,-) < Zf o W(y)lwc

iel iel

we obtain from (6.57)

[ war =¥ rowon[ twcymdr =3 7o winiel(¥(©)

iel iel
< (146" )" foW(y)ldet DW(y;)| vol,(C:)
iel

= 1+ ) max(f o W] det DW () Vol (C).

iel =
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The sum at the right-hand side is an upper sum of f o W|det DW| determined by
the partition B that covers K = supp(f o W); thus

/ f)ydx = (1 +6)”+1/ foW(y)ldet DW(y)|dy.
U \4

Since the estimate is valid for every € > 0 it implies

/U Fx)ydx < fv £ o W(y)|det DW(y)]|dy. (6.58)

Step III (Reverse inequality). Now apply this inequality with ¥ : V — U
replacedby W' : U — V,and f : U — Rby f o W|det D¥|: V — R, respec-
tively; the conditions are satisfied since supp(f o W|det DW¥|) = K is compact in
V. As |det DU(¥~!(x))| | det D¥~(x)| = 1 we find

/VfO‘If(y)IdetD‘P(yNdy§/Uf(x)dx.

The desired equality from the Change of Variables Theorem follows by combining
these two inequalities.

Remark. Note that the proof makes repeated use of the fact that W is a C! dif-
feomorphism, fully exploiting all implications thereof.

Third proof. In the remainder of this section we give a third proof of the Change
of Variables Theorem 6.6.1. Again the main ingredient is reduction to the case of
a bijective affine transformation as treated in Proposition 6.13.4. In Step IV below
this reduction is effectuated by showing that

d
‘ f (f o W')(y) det DU (y) dy = 0,
tJy

if (W");¢[0.17 is a one-parameter C' family of C! diffeomorphisms with the property
that supp(f o W) NV = @. In particular, we construct such a family (&) that
transforms W into a local best affine approximation to W. The other technical tool
is the Global Inverse Function Theorem 3.2.8. This approach might be the least
intuitive of the three. The circle of ideas involved here originates from homotopy
theory, a subject in algebraic topology.

Step I (Localization). This is the same as Step III on localization in Section 6.9.
The precise nature of the bounded open neighborhoods O, of x € U that are used
to cover the compact set K = supp(f) C U is specified at the end of the following
step.
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StepII (Deformation). We consider a C! diffeomorphism ¥ : V — U. Accord-
ing to Step 1 it is sufficient to study the diffeomorphism in suitable neighborhoods
of an arbitrary but fixed point ¥~!(x) = y € V. We will show that locally, near y,
the diffeomorphism W can be deformed through a one-parameter C' family of C'
diffeomorphisms into its best affine approximation at y.

From the definition of differentiability of W at y (compare with (2.10)) we see,
fory+heV,

W(y+h) =W()+ DY(y)h+€,(h) =: Ah + €,(h),
ley(WI = o (lal), h—0.
Here A is the best (bijective) affine approximation to W at y. Next define, for
te[0,1],
Wi, y+h) =V(y+h)—te,(h) =Ah+ (1 —1t)e,(h). (6.59)
Then W (0, y +h) = W(y + h) and W(1, y + h) = Ah. Further introduce
U:[0,11xV —>[0,1]xR" givenby  U(t,y) = (1, ¥, y)).

In order to prove that UisaC! diffeomorphism onto its image we now verify that
the conditions of the Global Inverse Function Theorem 3.2.8 are satisfied. In fact,
D,V (t,y) = D¥(y) € Aut(R") immediately gives DE‘(I, y) € Aut(R™), for
(t,y) €[0,1]x V. Moreover, U(t, y+h) = Ut y—+h') implies ¢t = ¢’ and also

Ah+ (1 = Dey(h) = Al + (1 — De, (),

SO
h—h =1 —0)DY®Y) (e,(h) — €,(h)).

Next we apply the result of Example 2.5.4 with the mapping €, and € equal to
QID¥(y) g, " inorder to find § > 0 as in the example. Thus we obtain, for
h,h' € B(0;8)andt € [0, 1],

/ — / 1 /
Ih = h'l < A =DIDY ) gqlle, () — e, (Wl < Sl =nl.

Consequently 7 = h’, which proves the injectivity of W. On account of the Global
Inverse Function Theorem, U restricted to [0,1]1x B(y;8)isaC ! diffeomorphism
onto its image. Finally, take O, equal to the open neighborhood W(B(y; §)) of
x = W(y); note that § depends on the choice of y € V.

Step III  (Supports). Write W' = W (z, -). We need control over supp(f o ¥') C
V. Recall that K is compactin U. AccordingtoLemma6.8.1 wecanfinde > Osuch
that K C K. C U, with K. compact too. And as a consequence of Theorem 1.8.3
the image set L := W~ (K,) is compactin V. In view of Steps I and I it is sufficient
to consider the subsets K N O,. According to (6.59),

U'(y+h)e KNO, = y+he W (K +te,(h)).
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By shrinking § > 0 asin Step I if necessary, we may arrange that K +te€,(h) C K,
for all (¢, h) € [0, 1] x B(0; §). Consequently we obtain

supp(foW¥W')YC LCV (tel0,1]. (6.60)

Step IV  (Differentiation). Suppose U restricted to [0, 1] x B(y%8)isa C!
diffeomorphism as in Step II. Then (W), ¢[0.17isa C ! family of C ! diffeomorphisms
defined on a subset of V. In the formulae below we write D for the total derivative
with respect to the variable y € V, in particular, DW'(y) for DyW(t, y). Further
assume that f € C'(0,0) with W(y®) = x°. Then we introduce

1) = f (f o WH(y) det DV (y)dy (1 € [0, 1]).
1%

Under these assumptions we will prove that 7 (¢) actually is independent of ¢, which
implies

fv (f o ¥)(y)det D¥(y)dy = det DW(y") fv FUGH%) 4+ DY) y)dy.

Giventandr 4+ u € [0, 1] we define
E“eC(V,R") by E'=WHlwr

Observe that E° = 1. The chain rule now implies the following identity of functions
onV:

foW™ det D' = (foW')o E (det DW') o E* det DE" = go E" det DEY,
(6.61)
where g = f o W' det DW' € C!'(V). Next define the C! vector field

d
§:V—-R'" by §&()= T g4 ().
Uly=o

Note that the mapping ¢ +—> DW'(y) is continuously differentiable, while

d
y W) = =y =) = WO + DY =) - ¥ k)

is continuously differentiable near y° too. On account of Theorem 2.7.2 on the
equality of mixed partial derivatives and Exercise 2.44.(i) we therefore obtain

]

d d
- det DE"(y) = tr D— “(y) = tr DE(y) = divE(y),
u du

u=0 u=0
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where we recall the definition of the divergence of & from Formula (5.30). Then
we have, by the Differentiation Theorem 2.10.13 or 6.12.4 and Formula (6.61),

1(t +u) / a
u)= [ —

=/V(Dg(y)é(y)+g(y)diV§(y))dy =/VdiV(g$)(y)dy

I't)y = L

7 (g0 B")(y)det DE"(y) dy
u

u=0

- / 3" D;(s&)(»dy =0.

I<j<n

The last equality is obtained by the Fundamental Theorem of Integral Calculus on
R, see Case I in the proof of Theorem 7.6.1 on integration of a total derivative, and
by the inclusion (6.60). In Example 8.9.3 one can find an alternative computation.

Step V  (Case of affine transformation). The previous steps enable a reduction
of the proof of the theorem to the case treated in Proposition 6.13.4. Two details
still have to be settled. Note that det DW(y) # 0, for all y € V. Hence it is a
consequence of the Intermediate Value Theorem 1.9.5 that det DW (y) has constant
sign on the connected components of V, see Definition 1.9.7. Considering V as the
union of its connected components and splitting the integral accordingly, we can
take the sign of det DW (y) outside the integrals, which justifies the omission of the
absolute value signs in Step I'V. Furthermore, we may use approximation arguments
from Section 7.7 to replace the condition of f € C!(U) by that of f € C(U).

Remark. Actually, in the notation of the Steps II and IV above one can find
a C! family (W"),¢[0.1] of C! diffeomorphisms satisfying W = ¥ and W! =
sgn (det DW(y))I, where I is the identity mapping. This is a consequence of
the connectedness of the subset Aut®(n, R) = {A € Aut(R") | detA > 0} of
End(R"), which can be proved using Lemma 6.13.2. Arguing in this way one may
bypass Proposition 6.13.4.



Chapter 7

Integration over Submanifolds

The knowledge acquired about manifolds and integration will now be used to de-
velop the theory of integration over a submanifold in R" of dimensiond < n. In
particular the d-dimensional volume (length, (hyper)area, etc.) of bounded sub-
manifolds will be defined. By way of application we study the generalization to
R" of the Fundamental Theorem of Integral Calculus on R. This is a problem with
two aspects: finding correct formulae on the one hand, and antidifferentiation of a
function of several variables on the other. The first aspect culminates in the theorem
which asserts equality between the integral of the total derivative of a function over
an open set, and an integral of the function itself over the boundary of that open set.
Gauss’ Divergence Theorem then is a direct corollary.

7.1 Densities and integration with respect to density

In Chapter 6 we introduced in particular the integral of (absolutely) Riemann inte-
grable functions defined on open subsets of R”, which we shall regard here as C¥
submanifolds in R” of dimension n. We now wish to develop a theory of integration
over C¥ submanifolds, for k > 1, in R” of dimension d < n. Note that according
to Corollary 6.3.8 such submanifolds are negligible in R”, if they are compact. We
shall therefore have to be somewhat careful to take due account with respect to
integration of the manifolds V in R” of dimension d < n.

First we consider this problem locally, that is, in a neighborhood U in R" of a
point x € V. According to Theorem 4.7.1 there exist an open subset D C R? and
a CK embedding ¢ : D — R" such that (D) = VNU. Let f : V — Rbea
bounded function for which

supp(f) C ¢(D) is a compact set. (7.1

487
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Then f o ¢ : D — R has a compact support in R¢; and it is tempting to call f
Riemann integrable over V if f o ¢ is Riemann integrable over D C R?. And
further, in that case, to define the integral of f over V, with the notation /4(f), as
the integral of f o ¢ over D,

I(f) = /D (f o H)() dy. (72)

Now let D C RY be open, let QNS : D — V be another C* embedding, and
assume

supp(f) C ¢(D) N (D). (1.3)
Then
supp(f o ¢) C D4 := ¢~ ($(D)) C D.
It follows from Lemma 4.3.3.(iii) that the mapping ¢! o 5 :Dy5—> Dg,isa c*
diffeomorphism of open subsets in R?. Furthermore,

(fop)o(@p'od)=fod on D,y

On account of the Change of Variables Theorem 6.6.1, therefore, f o ¢ is Riemann
integrable over D if and only if

(fop)o(¢p ' od)|det D¢~ o)l = (fod)|det D¢~ ' o)

is Riemann integrable over D; the latter applies if and only if f o 5 is Riemann
integrable over D. Subject to this assumption we then have

/D<fo¢)<y>dy=/5<fo$><i>|det0<¢—‘ 0 B d5.

In general, therefore,

1s(f) =/(focb)(y)dy#/N(f05)@)d?=1g(f)-
D D

This result shows that the Riemann integrability of f over V is independent of the
choice of the parametrization ¢ of V, but that the value I( f) of the integral of f
over V depends on ¢, unless by chance | det D(¢~' o¢)| = 1, thatis, unless ¢~ 0
is a volume-preserving coordinate transformation in R,

We are thus confronted with the presence of extra factors | det D(¢~! o ¢~>)| in
the integrand. It is natural, therefore, to incorporate these from the start in the
definition of the integral I5(f) of f over V, in such a way that this integral is
independent of the chosen parametrization ¢p. Thus, assume there is a continuous
function ps : D — R associated with the embedding ¢ : D — R”" and let, unlike
(7.2), the integral I,(f) of f over V be defined by

Ip(f) = /D (f o D)) ps () dy.
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We then require

I(f) = fD (f o H)() ps(y) dy
_ /D (Fod)o @ 0B ps@" 0BG det DG~ 0 (P dT

_ /D (f 0 D)) 033 d5 = I;(f).

Hence the following:

Definition 7.1.1. A continuous d-dimensional density p on a C* submanifold V in
R" of dimension d is a mapping which assigns to every CX embedding ¢ : Dy — V,
where Dy C R? is open, a continuous function ps : D, — R in such a way that

p5(3) = ps(@~" 0 d(3)) | det D¢~ 0 P, (7.4)

for any C* embedding & Dy — V andevery y € é (¢ (Dy)). O

Remark. A continuous density p on V is uniquely determined by a collection
of continuous functions py : Dy — R satisfying (7.4), where ¢ € &, if ¢ is a
collection of C* embeddings such that

v oDy (7.5)

ped

To see this, consider an arbitrary C* embedding 5 :D — V. For every y € D we
can find a ¢ € ® with ¢(y) € ¢(D,;). We now define

p5(3) = pp(¢p~" 0 p(M)) | det D@~ 0 H)(T).

It is easy to verify that this definition does not depend on the choice of ¢ € @ for
which 5@') € ¢(Dy), and that the collection { p7 | ¢~5 arbitrary embedding } defined
in this way satisfies requirement (7.4). Hence all that is required for the introduction
of a continuous density on V is a minimal collection ® of embeddings that satisfy
(7.5); thus for a sphere in R? two embeddings suffice.

Remark. It is also possible to formulate the theory above in terms of coordinati-
zations or charts (see Definition 4.2.4),

K= qb_l (D) —> D =:Uyg; hence Kk N U) — Uy,
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instead of the embeddings ¢p. A density p then assigns to every chart ¥ a continuous
function p, : U, — R such that

e = p(k o X' F)) [det Dk o K™HF)| (¥ € Ug N (K ok~ H(U,)).

Note that k¥ o ¥~ is the transition mapping from the last Remark in Section 4.3.

We now want to free ourselves from the requirements in (7.1) and (7.3) that the
support of f be contained in ¢» (D), or even in the intersection of several such image
sets. Therefore we have:

Definition 7.1.2. — Theorem. Let V be a C* submanifold, with ¥ > 1, in R”
of dimension d. Let f : V — R be a bounded function with compact support
supp(f) =: K. Let ® be a collection of C* embeddings ¢ : Dy — V with
Dy C R? open and with K C U{o(Dy) | ¢ € @'} Let{xy | ¢ € P} bea
continuous partition of unity on K subordinate to the open covering { Uy | ¢ € ¢}
of K (see Theorem 6.7.3); here ¢ (Dy) = V N Uy, with Uy open in R". Then f is
said to be Riemann integrable over V if for every ¢ € & the function

(Xp f)odp: Dy — R

is Riemann integrable over Dy. If this is the case, the integral of f over V with
respect to the density p, notation f v J (x)p(x) dx, is defined by

/ fFpdx =Y (16 1) 0 60) o) dy. (7.6)

ped

Here it is of course essential that the left-hand side in (7.6) is in fact independent
of the choice of the collection ¢ and of the partition { x4 | ¢ € ®}. Indeed, let
and { x5 | ¢ € @}, respectively, be another such choice. Then

> (X¢> £) 0 ¢() py(y)dy

ped

= Z/ Zm ©$() X 0 (V) [ 0 9() py(y) dy

ped

Z f X500 Xp 0 9 f 0 6(F) ps(¢p~" 0 (7))
$<T>

|det D(¢~" 0 p)(P)| dY

—Z/ Y Xo 08P x50 f 0 b pz() dF

ped D§ pea

-y f (G 1) 0 G o) d.

¢e<l>
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Here we have successively used ) | 3<% Xg = lon K; the substitution y = ¢! 05 B
and the Change of Variables Theorem 6.6.1; Formula (7.4); and, finally, } 4 ¢ X¢ =
lon K. O

The continuous density p is said to be positive if ps(y) > 0, for every embedding
¢ and all y € Dy. In this case p may be regarded as a continuous “ubiquitous”
mass density on V. In cases where a p, also takes values < 0, the physical analog
is a continuous charge density. @)

The following lemma gives a description of all continuous d-dimensional den-
sities on V in terms of one positive density.

Lemma 7.1.3. Let p be a fixed positive continuous d-dimensional density on V.

(1) For every continuous function f on V the mapping f p with fp : ¢ —
f o @ py defines a continuous d-dimensional density on V.

(i) The mapping f — f p is a bijection from the space of all continuous func-
tions on 'V to the collection of all continuous d-dimensional densities on
V.

Proof. (i). The function f o ¢ py satisfies (7.4), because
(f o)) = fod@ ™ cd() py(¢~" 0 () |det D($™" 0 §()-

(ii). This assertion follows if we can prove that f +— f p is a surjection. Thus,
given a continuous density p we have to determine a function f such that p = f p.
We define, for every embedding ¢, the continuous function fy : ¢ (Dy) — R by

Pp(@" (x))

o) = 6T )

(x € ¢(Dy)). (7.7)

Note that positivity of p is essential here. If x € ¢ (Dy) N a(Dg), one has, by (7.4),

@) _ Bp(97 0 33 ()
pp@7 () ps(97! 0 G9! (1))

fo(x) = = Jo(x).

Consequently there exists a unique function f on V such that f(x) = f,(x), for all
x in ¢ (Dy). Because the function f| ¢ (Dy) = fo 1s always continuous, it follows

that f is continuous on V. Furthermore, (7.7) implies that p = f p. d
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7.2 Absolute Riemann integrability with respect to density

In Definition 7.1.2 — Theorem a restriction was made to functions f : V — R with
compact support. As in Chapter 6, this is not without its drawbacks. Therefore we
imitate Lemma 6.10.2 and Definition 6.10.5 in the following:

Definition 7.2.1. Letthe notation be asin Section7.1. Let p be a positive continuous
density on V, and let f : V — R. The function f is said to be absolutely Riemann
integrable over V with respect to p if f is locally Riemann integrable in V, and if

sup fK |f(0)lp(x) dx < oo.

Keg(v)

For such an f one sees, as in Definition 6.10.5, the existence of the integral
f v f(xX)p(x)dx of f over V with respect to p, with the following property:

/ F@p(x)dx = sup / fr@p(x)dx — sup / f-(0)p(x) dx.
\4 K K

Keg(V) KegV)

A subset A of V is said to be Jordan measurable with respect to p if the
characteristic function 1, is absolutely Riemann integrable over V with respect to
p; in that case

vol,(A) :=/,o(x)dx :=/ Iax)p(x)dx
A 1%

is said to be the d-dimensional volume or the d-dimensional Jordan measure of A
with respect to p.

The set A is said to be negligible in V if vol;(A) = 0. Note that the question
of A being negligible or not is independent of the choice of the positive continuous
density p on V; this follows from Lemma 7.1.3. O

By means of the techniques from Sections 6.8 and 6.7 one easily proves the
following:

Lemma 7.2.2. Let K C V be a compact set which is negligible in V. Then there
exist, for every € > 0, a continuous function xx : V — R with compact support,
and an open set Uk in V such that

0<xx =<1, K C Uk, xxk = 1lon Uk, /XK(X),O(X)dX<€-
v

Proposition 7.2.3. Let U C V be an open subset in V and assume that oy U is
negligible in V. Let f : V — R be a locally bounded function. Then 1y f
is absolutely Riemann integrable over V with respect to p if and only if f|f; is
absolutely Riemann integrable over U with respect to p|y;. If this is the case, then

/V(lu FHx)px)dx =/U(f|U)(y)(/0|U)(y)dy-
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Proof. In conformity with the definition of absolute Riemann integrability over V,
consider arbitrary K € J (V). One has that (see Definition 1.2.16)

L:=KﬂavU

is compact in V; to see this, use the fact that the intersection of two closed sets
is also closed. Furthermore, L is negligible in V, because L is a subset of the
negligible oy U. Let € > 0 and let x, and Uy be as in the preceding lemma. Set
x = 1g (1 — xr). Because 1 — x,, vanishes in the neighborhood Uy, of 9y U N K, it
follows that x vanishes in a neighborhood of 9y U. Because 1x — x = 1k xr, one
has, as f is locally bounded,

f(lKluf)<x>p<x>dx —f(x Iy F)Op() dx
14 14

ssup|f)] [ xe)px)dx < € sup | f1-
v

xekK

A similar estimate holds if f isreplaced by | f|. But this shows that, in examining the
absolute Riemann integrability of 1 ¢ 1 f over V with respect to p, it is immaterial
whether or not one imposes on the set K € K (V) the extra condition that K C
U. And this last point corresponds to the examination of the absolute Riemann
integrability of f|;; over U with respect to p|g;. d

Definition 7.1.2 — Theorem suffers from the complication that f v JS()px)dx
is defined in terms of bump functions x4, if the manifold V' has to be described by
more than one parametrization ¢. Indeed, the functions x4 ensure that overlapping
subsets ¢ (Dgy) of V give proper contributions to the integral. The following theorem
demonstrates that when the case arises, the integral can be calculated without these
bump functions.

Theorem 7.2.4. Let p be a positive continuous density on 'V and let ® be a finite
collection of C' embeddings ¢ : Dy — V such that

() ¢(Dy) NP(DF) =0, if ¢ # b
(i) N:=V\ U¢E¢ @ (Dy) is a negligible set in V.

Let f : V. — R be a locally bounded function. Then f is absolutely Riemann
integrable over V with respect to p if and only if f o ¢ py is absolutely Riemann
integrable over Dy, for every ¢ € ®. If this is the case, it follows that

/Vf(x),o(X)dx = (f e )(¥)pg(y) dy. (7.8)

ped Dy
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Proof. One has
f= Zl¢(D¢)f+ Iy f.

ped

Because N is negligible in V, it follows that f is absolutely Riemann integrable
over V with respect to p if and only if this holds for

[ = Zl¢(D¢> e

ped

When this holds, f and f have the same integral over V with respect to p. For f
absolutely Riemann integrable over V with respect to p we then see, multiplying f
only by continuous functions x : V — R with compact support supp(x) C ¢(Dy),
that f| $(Dy) is absolutely Riemann integrable over ¢ (Dy) with respect to p. But

that is equivalent to the absolute Riemann integrability of f o ¢ ps over Dy.
Now assume, conversely,

f o @ pg absolutely Riemann integrable over Dy, for all ¢ € ®. (7.9)

Then
$(Dy) C W=V \ | 6(Dp);
P+
and so W, being a complement of open sets in V, is closed in V. Because ¢(D¢)V
is the smallest closed set in V' containing ¢ (D), it follows that ¢(D¢)V c W.

Because ¢ (Dy) is open in V, we have the disjoint union
—V
Iy (9(Dy)) U p(Dy) = ¢(Dy) .

Consequently

v (¢(Dy)) C W\ G(Dy) =V \ | (Dy) = N.

ped

Hence 9y (¢(D,)) is negligible in V. On account of the preceding proposition,
it follows from (7.9) that 14(p,) f is absolutely Riemann integrable over V with
respect to p, and that

/(1¢(D¢> Hx)px)dx =/
v ¢

Summation over ¢ € ® now leads to (7.8). d

fpx)dx = | (fod)(y)ps(y)dy.
(Dg) Dy

Remark. In practice, ® often consists of a single element ¢, that is, in such a
case there exists a C!' embedding ¢ : D — V such that V \ ¢(D) is negligible in
V. Then f is absolutely Riemann integrable over V with respect to p if and only if
f o ¢ py is absolutely Riemann integrable over D. If this is the case, then

/V F)p () dx = fD (f 0 ) ()95 () dy.
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7.3 Euclidean d-dimensional density

Let V be a C*¥ submanifold in R” of dimension d. Then V, by virtue of its being a
submanifold of R”, possesses a “natural” positive d-dimensional density w; this w
is said to be the Euclidean d-dimensional density on V, to be introduced below. It
will turn out that, if d = n, integration with respect to this w is identical with the
n-dimensional integration from Chapter 6.

From Example 2.9.6 it follows, for a mapping A € Lin(R? R"), that A’A €
End(R?) satisfies det(A’A) > 0. Accordingly we can now define

w:Lin(RY,R") - R by  w(A) = /det(A'A) = /det({a;, a;)).

We then have the following properties for w:

w(AB) = |detB|w(A) (B e End(R%)):; (7.10)

w(CA) = w(A) (C € O(RY)). (7.11)
Indeed, (7.10) follows from
det(AB)' (AB) = det B'(A"A)B = det B det(A’A) det B = (det B)? w(A)°.

According to Definition 2.9.4 any C € O(R") satisfies C'C = I, and (7.11) is
found from
det(CA)' (CA) =det A'(C'C)A = w(A)°.

Definition 7.3.1. — Theorem. Define, for every C k embedding ¢ : Dy — V, with
k > 1, the function w4 : Dg — R by
0y () = (D (y)) = v/det (DG (y)' 0 Dp(y)) (v € Dy).

Then w : ¢ +— w, is a positive d-dimensional C* density on V, the Euclidean
d-dimensional density on V. Indeed, let ¢ be another embedding; one then has, by
the chain rule,

D$(3) = D(po (¢~ 0 $)(F) = De((¢™' o H)(M) 0 D" 0 H)(I),
where D(¢~! o 5) (%) € End(R?). Using (7.10), one then finds
05(3) = o(DG(F)) = |det D¢~ 0 §)(7)| (DP(($™" 0 $)(3)))
= ws(¢™' 0 $(3) | det D@ 0 H)(T)I;
that is, requirement (7.4) for a density is met.

If f is Riemann integrable over V, then by Definition 7.1.2 we have the integral
of f over V with respect to the Euclidean density, with notation

/ f(x)dyx.
v

The subscript d in d;x emphasizes that we are dealing with integration with respect
to the Euclidean density on a d-dimensional manifold. @)
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Motivation for the preceding definition. In the special case of d = n one has,
on account of the Global Inverse Function Theorem 3.2.8, that ¢ : D — ¢ (D)
is a C* diffeomorphism of open sets in R". Additionally, because the matrix of
D¢ (y) : R* — R”" is square, one has in this case

w4(y) = /det (D (y)' o D (y)) = y/det D (y)' det D¢ (y) = | det D (y)|.

In view of the Change of Variables Theorem 6.6.1 it now follows for | $(D) f(x)dyx,
the integral of f over ¢ (D) with respect to the Euclidean density w on ¢ (D), that

FO) dyx = fD (o)) |det Do dy = | Fx)dx.

#(D) #(D)

In other words, integration with respect to the Euclidean density on ¢ (D) on the
one hand and n-dimensional integration over ¢ (D) on the other coincide.

(Thecased < n). If¢p : D — V with D C R? open and d < n, we should like
to imitate the foregoing and define f $(D) f(x)dyx, in accordance with the Change
of Variables Theorem 6.6.1, as

f(x)dgx =/(f0¢)(y)|det D (y)ldy. (7.12)
$(D) D

However, there is a problem in that D¢ (y) : RY — R”, and that as a result
det D¢ (y) is undefined. But we do know, from Theorem 5.1.2, if ¢ (y) = x, that

D¢(y): R > T,V C R

is a linear isomorphism onto the tangent space 7,V to V at x. But there exists
C € O(R") by which T,V is “laid flat”, that is, for which

C(T,V) = RY x {Ogn-a}.

Therefore C o D¢ (y) is a bijective linear transformation from R? to R? x {Ogn-d}.
On its image, the projection P; € Lin(R", R?) onto the first d coordinates is a linear
isomorphism, that is

D(y) := P;0C o D¢(y) € Aut(RY).

The correct version of (7.12) therefore is

Fwdsx = [ ( 0)) |det DOy dy. (7.13)
$(D) D
Since P) o P; € End(R") equals the identity on R? x {Ogn-a} = im(C), we find
(det D(y))* = det D(y)' det D(y) = det (D(y)' o D(y))
=det (D¢(y) o C~ 1o PloPjoCoDp(y))
= det (D¢ (y)' 0 D () = wy(y)*.
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And this in fact yields, by (7.13),

F) dax = / (f 0 ®)(3) wp(y) dy.
¢ (D) D

The Euclidean d-dimensional density w on V can therefore be characterized as
follows: w equals the standard volume factor in R? ~ R? x {Ogn-a} =~ T, V,if T,V
“lies flat”, and in addition w is invariant under elements in O(R").

(Area equals volume divided by length). It is possible to formulate the fore-
going in a somewhat different manner. The column vectors D¢ (y), ..., Dy (y)
in R” of the matrix D¢ (y) span T, V. Now dim(7,V)* = n — d, and we can
therefore choose vectors vy (y) through v, (y) in R” such that together they form
an orthonormal basis for (7, V)*. Define D¢ (y) € GL(n, R) as the matrix having
in the first d columns the column vectors of D¢ (y), and in the last n — d columns
the vectors v 11(y), ..., vu(¥),

d n—d
Dp() = n ( D) | var1(y) v () ) (7.14)
One then has
(det D¢ (y))* = det (D (y)' o Do (y))
d n—d

(Djd(y), Dig(y)) | (va+;j(y), Dip(y))
., : :
(Djp(y), Dadp(y)) | (vay;j(y), Dagp(y))
. (Djp(y), var1(y)) (Var ;i (¥), var1 ()
(Djp(y), va(y)) (Vat+j (¥)s va(y))
1<j<d I1<j<n—d
d n—d
o d (Djp(y), Dig(y)) ‘ 0
n—d 0 ‘ I _q4
= det (D@ (y)" o Dp(y)).
Therefore o
wy(y) = [det Do (y)], (7.15)
in other words, wy(y) is the n-dimensional volume of the parallelepiped in R" (see
Example 6.6.3) spanned by the vectors D¢ (), ..., Dy (¥), var1(¥), ..., v ()
in R”. This volume is independent of the choice of the vectors v 1 (y), ..., v,(¥),

provided only that they form an orthonormal basis for (7, V).
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7.4 Examples of Euclidean densities

I. Arclength. Letd = 1. If D C Risopenand ¢ : D — R" a C* embedding,
fork > 1,then V = im(¢)isaC k curve in R”, while, if we identify linear operators
and matrices,

o1 (y)
Do(y) =¢'(y) = : € Lin(R,R") (y € D).
o (y)

We have D¢ (y) o D¢ (y) = (( Dp(y), Dp(y))), and therefore

wp(y) = o(Dp(y)) =ID¢MI (v € D). (7.16)

The Euclidean density w in this case is said to be the arc length, and accordingly the
integration with respect to w is said to be the integration with respect to arc length.
Thus we have, for f Riemann integrable over V,

/medlx =/D(fo¢)<y>||D¢(y)|| dy.

In particular, the arc length of V is defined as

/ d]X,
14

if the integral converges. Note that the arc length of V has now been defined
independently of the parametrization of V.

Example 7.4.1 (Circle, ellipse and cycloid). The segment of the unit circle { x €
R? | ||lx|| = 1} lying between (1,0) and (cosx, sinx), for 0 < x < 2, is
parametrized by

¢(t) = (cost, sint) O <t <x).

Therefore the arc length of this segment is

/ V(=sint)? + cos?t dt = x.
0

We now define the angle between two intersecting lines in R? as the length of the
shortest segment, lying between those lines, of the unit circle about the point of
intersection. The result above implies that the angle between the positive direction
of the x;-axis and the line through the points (0, 0) and (cosx, sinx), (indeed)
equals x.
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k? 0 1 2 3 4 5 6 7 8 9

0.0 | 5708 5669 5629 5589 5550 | 5510 5470 5429 5389 5348
0.1 | 5308 5267 5226 5184 5143 | 5101 5059 5017 4975 4933
0.2 | 4890 4848 4805 4762 4718 | 4675 4631 4587 4543 4498
0.3 | 4454 4409 4364 4318 4273 | 4227 4181 4134 4088 4041
0.4 | 3994 3947 3899 3851 3803 | 3754 3705 3656 3606 3557
0.5 | 3506 3456 3405 3354 3302 | 3250 3198 3145 3092 3038
0.6 | 2984 2930 2875 2819 2763 | 2707 2650 2593 2534 2476
0.7 | 2417 2357 2296 2235 2173 | 2111 2047 1983 1918 1852
0.8 | 1785 1717 1648 1578 1507 | 1434 1360 1285 1207 1129
0.9 | 1048 0965 0879 0791 0700 | 0605 0505 0399 0286 0160

[lustration for Example 7.4.1
E(k) = l.a, table giving first four decimals of a (rounded off) with k>
increasing in steps of 0.01
2

o)

+ 35 =1}, witha > b > 0, 1s given by

2
il

The length of the ellipse { x € R?
4aE(e). Here

a?

/a2 — b2

a
is said to be the eccentricity of the ellipse, and

E() :/2 VI—k2sin?rdi O <k<1)
0

is Legendre’s form of the complete elliptic integral of the second kind with modulus
k. Indeed, the ellipse is the image under the embedding ¢ > (a cost, bsint).

The arc length of the segment of the cycloid ¢ : t > (¢ —sin#, 1 —cost) from
Example 5.3.6 lying between ¢ (0) and ¢ (27) is given by

21 21
/ \/(l—cost)z—i-sinztdt =ﬁ/ 1 —costdt
0 0

2 ¢ t 2
:2/ sin —dt = | —4 cos — = 8. X
0 2 2

0

e =

Special case. Letn = 2 and assume ¢ : R — R? has the form ¢ (¢) = (¢, f (1))
of the graph of a C* function f : R — R, for k > 1. Then the arc length of the
segment of the graph of f lying between (a, f(a)) and (b, f (b)) is given by

b b
/ (1, f'@))|l dt :/ V14 fr(1)?dt. (7.17)
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fa+dy=f®O)+ f@)di+--

Freydt + -

f(@)

Illustration for Example 7.4.1: Special case

Example 7.4.2. The length [ of a circle in R? of radius R is 27 R. Indeed, let
f(t) = +/R?>—1t2. Then

o -\ 2 R?
1+f(t) =1+(W) =1+R2—l2:R2—t2'

And therefore

R R ! 1
l=2/ —dt:ZR/
_RVR?—1¢2 1A/ —¢2

1
dt=2R[arcsint] =27 R. %
-1

Special case. Letn = 2. Many curves in R? are described in polar coordinates
(r, a) for R? by an equation of the form r = f (), for example

r=R (circle); r =2(1+cosa) (cardioid);

r = cos2u (rose with four petals).

Such curves therefore occur as images under mappings of the form ¢ : o +—
f(a)(cosa, sinw). If this is a Ck mapping, for k£ > 1, then

_( [l@)cosa — f(a)sina _\/—,
DO@ = (T ina + Fareora ) 1P9@I =V @+ @?
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Example 7.4.3. The length of a circle in R? of radius R is ffn Rdo =27 R; and
of the cardioid

T T
2[ \/(1+cosa)2+sin2adoz =22 V14 cosada

:4/ cos%doe:l& X

by

Example 7.4.4 (Parametrization by arc length). Assume the C! embedding ¢ :
la,b[ — R" has an arc length of /. We then have the corresponding arc-length
function (compare (7.16))

A:la,b[ = 10,1[ with Alt) = / o' Ml dy.

Because A'(t) = ||¢’(¢)|| > 0, the function A is strictly monotonically increasing
on ]a, b [; therefore A has a differentiable inverse function A~! : 10,1[ — Ja, b|[.
If L(¢) = s, then by the chain rule

AN @® =1, thatis, A7) =07
Consequently, we find for the curve
v :10,0[—> R with () =o' () = ¢ ().
by means of the chain rule

1 )1 =1’ ENIAY O = llg' Ol lg' Ol = 1.

That is, the curve ¥ : 10,/ — R"isa C! parametrization of V. = ¢ (] a, b[) with
the arc length as a parameter, and the tangent vector ¥'(s) to V at ¥ (s) is always
of unit length. PA ¢

II. Area. If d = 2, then V is a C¥ surface in R”, while, if we identify linear
operators and matrices, for y € D,

o1 09,

o ) 7, )
Do (y) = ( Di¢(y) Drp(y) ) = ; : e Lin(R%, R").
Lo 0y

P &) 7y, )
‘We obtain
ID1gl*(y)  (Di¢, Do )(y)
D¢ () o Dp(y) = :

(D2, D1g)(y) D2l (y)
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and consequently

wp(y) = VID1§|2 D292 — (D1 D2gp)? (y) (y € D). (7.18)
If « is equal to the angle between the vectors D¢ (y) and D¢ (y), we find

(D19 (y), D2g(y)) .
= y = ||D D .

In this case the Euclidean density w is said to be the Euclidean area; accordingly, the
integration with respect to w is said to be the integration with respect to Euclidean
area. Thus, for f Riemann integrable over V,

/ f(x)dox = / (f 0 VD11 D29 1> — ( D1p, Dagp)? (v) dy.
14 D
In particular, the Euclidean area of V is defined as

f dzx,
Vv

if the integral converges. Note that the area of V is now defined independently of
the parametrization of V.

¢ (y) +dy1dy, Di¢(y) x Drg(y)

¢ (y) +dy: D2 (y)

¢ (y) +dy1 D1¢(y)

! Y2
S R +(0,d
Sy y +(0,dy)
Y1 2
y + (dy1,0)

[lustration for 7.4.11. Area
Area of parallelogram spanned by dy; D¢ (y) and dy, D>¢(y) equals

(D1 x D2gp)(y)| dyrdy, = (D1 x D) (y)ll dy

Special case. In the case where n = 3, Formula (7.19) takes the form, see the
remark on linear algebra in Section 5.3,

wy(y) = [[(D1¢ x D2g)(¥)]. (7.20)
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Example 7.4.5 (Torus). According to Example 5.7.2, the toroidal surface 7 C R?
has the parametrization ¢ : | —7, 7 [ X | —m, [ — T, with

¢ (a, 0) — ((2+cosB)cosa, (2+ cosh)sina, sinh),

while
cosa cosf
d a
a—¢(oz, 0) x a—(g(a, 0) =2 +cosf)| sinacosb
« sin 6

Therefore, from (7.20),
wg (o, 0) =2+ cos0.

Consequently the Euclidean area of the torus equals

Vg

T
/ (2+cos9)dad9:/ doz/ 2d0 =2 - 4w = 87>
[—m, mwx[—m, 7] — -

This result leads to the following remark. Intersect the toroidal surface with a
plane through the x3-axis. We slit the toroidal surface open along one of the circles
thus created. Next, we straighten the toroidal surface, in such a way that the central
circle retains its length, and we obtain the form of a right cylinder. This cylinder
then has a ruling of length 477, and a perimeter of length 27 ; therefore the Euclidean
area of the cylinder equals 8772 (check this). Evidently, the total area is not altered
by this deformation from torus to straight cylinder.

Furthermore, the average of the Gaussian curvature K from Example 5.7.2 over
the torus V equals

1 1 cosf
Kx)dx = — —— (2 +cosf)dadd =0.
areaV Jy 872 Ji—x wix—m. ] 2+ cOSE

Mlustration for Example 7.4.5: Torus

Example 7.4.6 (Cap of sphere and kissing number). Let V be that part of the
sphere {x € R? | ||x| = R} lying inside the lateral surface of the cone given by

the equation x3 = |, /xl2 + x% tan/, for 0 < ¥ < 7. In spherical coordinates for
R3

<0<

),

. . T
x =r(cosacosd, sina cosf, sinf) O<r, - m<a<m — )

S
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the set V is described as the image under the mapping
¢ : (a, 8) — R(cosacosf, sinacosf, sinf),
where —7 <a <mand ¢y <6 < % Now

99

a—(a, 0) = R(—sinwa cosf, cosa cosf, 0),

o

d¢ . .

B_G(a’ 0) = R(—cosasinf, —sina sinf, cosh),

d d

a—¢ X %(a, 0) = R*(cosa cos’ 6, sina cos> 6, cosd sinh),
o

36 9
H—¢ « 2 . 9)” — R cost.
da . 90

And so

m z
area(V) =/ R?>cosfdadd = sz doz/ cos O db
[—m 7w Ix[¢, 5] v

—TT
=27 R*(1 — siny).

In particular, for v = 0, we find that the Euclidean area of a hemisphere equals
27 R?; therefore that of the entire sphere equals 47 R.

We now give an application of the preceding calculation. Consider two spheres,
say S; and S, in R? of radius 1 that have one point in common. The lines through
the center of S that are tangent to S, form a conical surface, and the maximum
angle between two of these tangent lines equals 5. The solid angle subtended by
S, from the center of S; therefore equals 27 (1 — %ﬁ) This implies that in R? a

maximum of

4
4<—" _8+43<15

7(2—/3)
unit spheres, pairwise having at most one point in common, can be tangent to a unit
sphere.

The actual maximum number, the so-called kissing number, equals 12; a proof
of this is not altogether simple to give.! A configuration in which this number is
realized is obtained by taking the 12 vertices of a regular icosahedron (sixoowv =
twenty) of diameter 4 as the centers of spheres of radius 1. Then all of these 12
spheres are tangent to the sphere of radius 1 about the center of the icosahedron. Note

that the (% = 30) edges of this icosahedron are of length . /8 — % =2.1029.--.
In this configuration, therefore, the 12 spheres are not tangent to each other. PR

ISee Chapter 12 in Aigner, M., Ziegler, G. M.: Proofs from THE BOOK. Springer-Verlag, Berlin
and Heidelberg 1998.
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Example 7.4.7. Let V be the surface in R* that occurs as the intersection of the
ellipsoid ~ {x e R* | x] +x3 + x5 +3x; = 1},
with the
cone {x eR*|x] +x3+x; —x;=0}.
Subtracting the equations we see that x € V satisfies
1
Xy =%, hence Xi4 x5+ x5 =
2 4
It thus emerges that V is the disjoint union of two spheres (of dimension two). We
now have parametrizations

T T
d)i:]—ir,vr[X] > 2[—>V
¢+ (o, 0) = —(cosozcos@ sina cosf, sinf, £1).

Then, for ¢ = ¢,

8(1) 1 .
( 0) = 5(— sina cos 8, cosacosd, 0, 0),
8¢ 1 ) . .
( 0) = 5(— cosasinf, —sina sind, cosd, 0),
cos? 6
ool =<5 [Gen] =
¢ o)
@@ 0,20 > —0.
(57 @ 0). 55 0)
Consequently, one finds from (7.18)
Lo} cos@
ot ) = [0 0 | e 0] =
Therefore it follows that V has Euclidean area
0 1 [ 7
2/ cos dadez—/ d(x/ cos d = 2. e
[—mrix-5.51 4 2Ja Jg

Example 7.4.8 (Newton’s potential of a sphere). We employ the notation of the
preceding Example 7.4.6 and that of Example 6.6.7. The Newton potential ¢4 of
the sphere A = {x € R? | ||x|| = R} is the zero function, because A is a negligible
set in R®. However, if we now define the Newton potential ¢4 as an integral with
respect to the Euclidean density w on A, then, for x ¢ A,

1 1
Palx) = ——
Allx =yl

dry.
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In view of the rotational symmetry of A we may assume that x = (0, 0, @), with
a = ||x|| # R. Upon introducing spherical coordinates we obtain, for y € A,

y = R(cosa cosf, sinacosf, sinb).

Hence

ly — x|l = VR2cos26 + (Rsinf — a)? = v/ R? + a? — 2aR sin 6.

Therefore

) =— [ /7 R cosd o) d
—ba(x) = — a
A 4w J 2 \J-z2 V/R?+a®> —2aRsin6

2

_R_[_\/R2+a2—2aRsin9]% —5(—|R—a|+R+a)
~ 2aR -1 2a

R
2—(—(R—a)—|—R+a)=R (a < R);
a
R R?
—(—@—R)+R+a)=— (@ > R);
2a a
with the result that

—R, if x inside A;

$alx) = R?
———, if x outside A.
llx 1l
Note that ¢4 can be continuously extended over A. Pk

Example 7.4.9 (Geometrical interpretation of Gauss curvature). The notation
employed is that of Section 5.7. Let V be a C? surface in R®. Let x € V be fixed
and let B, be the closed ball in R? about x and of radius . Then, with K (x) the
Gauss curvature of V at x and n : V — S? the Gauss mapping, we have
. arean(VNB,)
K (x)] =lim ——. (7.21)
10 area(V N B,)
Indeed, let ¢ : D, — V N B, be a parametrization of V N B,. Note that, by
restriction, this gives a parametrization of V N B,, for ' < r. Then

no¢:D, - n(VNB,)

is a parametrization of the image set n(V N B,). The tangent space to V N B, at
x = ¢(y) is spanned by the tangent vectors D¢ (y) and D,¢ (y), while the tangent
space ton(V N B,) at n(x) = n o ¢(y) is spanned by (see Formula (5.12))

Dj(no@¢)(y) =Dn(x)Dj¢p(y)  (1=j=2). (7.22)
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If A € Aut(R?), one has for u, v, w € R?,
(Au x Av, Aw) =det(Au AvAw) =detA det(uvw) =detA{u xv, w)
=detA(uxv, A 'Aw) =det A ((A™)' (u x v), Aw).

That is
Au x Av =det A (A7) (u x v). (7.23)

Because we regard Dn(x) as element of End (7, V') and because K (x) = det Dn(x),
it follows from (7.22) and (7.23), with A : R} — R? defined by A|TXV = Dn(x)
and Al(T V)L = 1, that

X

Di(no@)(y) x Da(no@)(y) = K(x) (D19 x D29)(y).

‘We obtain

arean(V N B,) = / K oW I(D1¢ x D2p)(V)Ildy, — (7.24)

area(V N B) — / 1(D1é x D) () dy.
D,

The assertion (7.21) now follows by application of an argument analogous to that
of the Mean Value Theorem of integral calculus to the integral in (7.24). PAe

III. Hyperarea. (See also Example 5.3.11.) Letd =n — 1, then V = im(¢) is a
C* hypersurface in R". According to Formula (5.3) one has

det (D¢ () 0 DP(y)) = (D1 x -+ x D1 ) ()|

Therefore
wy(y) = [[(D1p X -+ X Dp1)(Y)|| (y € D). (7.25)

Inthe case whered = 2 (and son = 3), note the agreement between Formulae (7.20)
and (7.25).

In the case d = n — 1 the Euclidean density w is said to be the Euclidean hyper-
area, and accordingly the integration with respect to w is said to be the integration
with respect to Euclidean hyperarea. Therefore, for f Riemann integrable over V,

/Vf(X)dn_wc = /D(f o P)WII(D1¢ x -+ X Dy19) ()| dy.

In particular, the Euclidean hyperarea of V is defined as
hyperarea(V) = / d,_1x,
14

if the integral converges. Note that the hyperarea of V is now defined independently
of the parametrization of V.
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Special case. Let D C R"~! be an open set and let ¢(y) = (y, h(y)), for a C*
function 4 : D — R. One then has, on account of Formula (5.7), for every y € D,

ws(y) =1+ DRy

Note that the special case in (7.17) follows from this equation.

1

We have cos ¢ = A+ D)2

¢(y)+0. D

¢(y) + (=Dh(y), 1)

Yn

Y1

For the hyperarea wy(y) dy; - - - dy,—1 of an element of the hypersurface
v, — h(y) = 0 over a rectangle in R"~! with vertex y and edges of lengths
dyi, ...,dy,_1, one has approximately

4

dyi---dy,—
wy(y)dyy---dy,—1

1
= cos /; hence wy(y) = —— = (1 + | Dh(y)||*)"/?
cos

Mlustration for 7.4.111. Hyperarea
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Example 7.4.10 (Area of two-sphere). The unit sphere S? in R? is the union of
two surfaces, determined as indicated above by the functions 4. : B> — R, with
B? the closed unit disk in R? and

hi(y) =£y/1— |yl

‘We have

1 1
Dhy(y) = —7——V, VI+ DI = —.

h+(y) I —|yl?

The two surfaces have the one-dimensional equator in common; accordingly, for
the two-dimensional calculation of the area this is negligible. Consequently, by
Example 6.6.4,

1 T ! r
area<52)=2/ —dy:2/ dd)f T gr—dn %
B /1 — “y”2 - 0 /1 —r2

\
\

>0s9 da

[lustration for Example 7.4.11
The shaded volume approximately equals r cos @ da r d6 dr = r? cos 6 dr da df
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Example 7.4.11 (Hyperarea of three-sphere). The unitsphere S* in R*is the union
of two hypersurfaces, determined as indicated above by the functions /4 : B> — R,
with B the closed unit ball in R and

he(y) =£y/1— |yl

The two surfaces have the two-dimensional equator in common; for the three-
dimensional calculation of the hyperarea this is negligible. Therefore we now have,
as in Example 7.4.10,

hyperarea(S°) = 2

1
8 /1=yl

Parametrize B> with

W (r,a,0)— r(cosacosd, sina cosd, sinf),

b4 b4
O<r<l, - Tr<a<m, —— <0 < —).
2 2
Then
cosacosf) —sina —cosasinf 1 0 0
DV(r,a,0) =| sinacosf cosa —sinasinf 0 rcos6é 0
sin @ 0 cos 6 0 0 r

Hence det DU (r, a, 8) = r’cosé. By the Change of Variables Theorem 6.6.1,
therefore

T z
hyperarea(S>) =2/ da/ cos 0 do

b4

\/_

[ (G=-vi=r)e

N\:i

. 1
=87 |: aresnr E\/l — rZ] = 47 arcsin 1 = 272,

2 2 o

where use has been made of the computation of the antiderivative as in Exam-
ple 6.5.2. Pk

Example 7.4.12 (Spherical coordinates in R"). Let S" ' = {x e R" | ||x|| =1}
be the (n — 1)-dimensional unit sphere in R”. Assume that ¢ : D — S"~! with
D C R"! open is a C! parametrization of an open part of $"~! having negligible
complement (see Exercise 7.21.(vii) for explicit formulae). Then the mapping

¥v:R, xD—R" given by W(r,y)=roy)
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is a C! diffeomorphism onto an open dense subset in R”, with

DY (r,y) = (¢(y) | rDo(y)).

Therefore we find

|det DU (r, y)| = r" | det (¢ (y) | DP(y)| = "' det Dp (),

in the notation of Formula (7.14), because ¢ (y) is a unit vector perpendicular to
Tp(»»S"~'. But then, by Formula (7.15)

|det DU (r, y)| = r" ' ws(y).

Hence it follows, from the Change of Variables Theorem 6.6.1 and Corollary 6.4.3,
that for every f € C.(R") (compare with Example 6.6.4),

faydx = f P [ feyy ey
R” Ry sn—1
(7.26)
= / r"_lf(ry) drd,_1y. X
Sn—l R+

7.5 Open sets at one side of their boundary

The Fundamental Theorem of Integral Calculus 2.10.1 on R asserts that, for C'!
functions f on[a, b] C R,

b

fl—f(X) dx = f(b) — f(a).
« dx
This establishes a relation between the integral over the open set ]a, b[ of the
derivative of a function f on the one hand, and the values of that f at the boundary
points b and a on the other. It is a characteristic feature of this relation that Ja, b [
is bounded by its boundary points a and b, and that the boundary points b and a
are counted as positive and negative, respectively. In Section 7.6 we formulate an
analog for R” of the Fundamental Theorem, applicable for suitable open sets €2 in
R". Admissible sets in that respect are bounded open sets €2 which are bounded by
their boundary 92 (see Definition 7.5.2), and whose boundary 92 is a C' manifold.
At this point, recall that according to Formula (1.4) one has 0Q = Q \ Q, if Q is
open. Undesirable situations are outlined below. Note that in situation IV a point
x¥ € 9Q possesses an open neighborhood U in R" with

UnQ=U\aQ. (7.27)
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B oo & -

I: 9Q not C! II: 92 image under III: 2 unboundedIV: €2 not bounded
immersion, not by 0Q2
embedding

Notation. Let Q2 C R” be an open set that satisfies, in the terminology of Exam-
ple 5.3.11, the requirement

dQ is a C* hypersurface in R" k > 1).

According to the theory in that example, Q2 can locally be described as follows.
For every x” € 9 there exist an open neighborhood U of x° in R", an open subset
D c R"! and a C* embedding ¢ : D — R” with

IRNU =im(¢p) ={¢(y) |y e D}. (7.28)

Forx = ¢(y) € Q2 N U the column vectors D ;¢ (y) in the matrix D¢ (y), for 1 <
j < n —1, form a basis for T, (3S2), the tangent space to 32 at x. Let x* = ¢ (),
and let v € R" with v ¢ T,0(32) be chosen arbitrarily, then det (v | D¢ (y°)) # 0
because of the linear independence of the occurring vectors. Now define

W:RxD—>R' by Wty =1tv+¢0). (7.29)
One then has
DY(t,y) = (v | Do(y)) ((t,y) € R x D), (7.30)
and so
det DW(1,y°) £0 (1 € R). (7.31)

The Local Inverse Function Theorem 3.2.4 asserts that we can find § > 0 and that
we can shrink D and U if necessary, in such a way that

W:]-68,8[x D— U isaC* diffeomorphism of open sets. (7.32)

Note that IQ N U C W ({0} x D); on the other hand tv + ¢ (y) = ¢(y") € 9N U,
with |[t| < d and y, y’ € D, implies t = 0 and y = y’. As a result we have

aQNU =¥({0} x D). (7.33)

That is, 02 has now been flattened locally. Indeed, (7.33) asserts that in (z, y)-
coordinates 92 N U is given by the condition r = 0.
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Also, according to Example 5.3.11, there exists a C* function g : U — R with
Dg # 0on U and

IQNU =N(g)={x e U |gx)=0). (7.34)

Theorem 7.5.1. For an open subset 2 C R" the following three assertions are
equivalent.

(i) 9K is a C* hypersurface and for every x° € 92 there does not exist an open
neighborhood U of x° in R" such that U N Q = U \ 9Q (compare with
(7.27)).

(i) For every x° € 3Q and for every v € R" with v ¢ T,0(dR), there exist U, W,
8 and D as in notations (7.28), (7.29) and (7.32) with
QNU=V(-6,0[xD)={tv+¢(y)| -8<t<0,yeD} or
QNU =v(0, §[ x D).

(iii) For every x° € 92 there exist U and g as in notation (7.34), for which

QNU={xelU|gkx) <0}

Proof. (i) = (ii). Let U be as in (7.32) and write
Up={V(@O,y)|ye D}, Ur={WY(@y|lt|<é,120,yeD}

From (7.33) we know already that 02 N U = U); and because Q2 N 92 = @, it now
follows that QN U = (RN UL)U(LNU-). We will prove that either QNU = Uy
orQNU =U_.

We may assume that D is a convex set in R"~! (this may require U to be
shrunk). Because x° € Q one has Q N U # ¢J; and this leads to either QN U, # @
or QN U_ # (. We now prove

QNUL#0 = QNUL =Uyx. (7.35)

For the proof, let x = W(¢,y) € QN Uy, and assume x’ = W(¢',y") € Uy is
chosen arbitrarily; then # > 0 and " > 0. Next define, for s € [0, 1], the vector
x(s) € U by

x() =Wl —s)t+st', 1 —s)y+sy).
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In particular, then, x(0) = x and x(1) = x’. Because r > 0 and ¢’ > 0, it follows
that

(1—=s5)t+st'>0 (s e[0,1]; (7.36)
which implies x(s) € U,, fors € [0, 1]. If x’ ¢ ©, the point x(0) € U, with
o=sup{s €[0,1]]|x(s) € 2}

would be contained in 92 N U. But in view of (7.33) and (7.36) this forms a
contradiction, and so (7.35) does indeed follow. If the two sets Q NU, and QN U_
are nonempty, we obtain

UNQ=U,UU_=U\;

but this was ruled out in (i). As a result, one has either Q N U = U, or U_; and
this is precisely (ii).

(ii) = (iii). Define g = p; o W~!, where p; : x — x; : R” — R is the projection
onto the first coordinate. Then g(x) = ¢ if x = W(¢, y), and by Formula (7.31) it
follows that

Dg(x°) = py o (DW(z,y") ' #0.

Therefore g is a submersion in x°.

(iii) = (i). Let U C R"beasin(7.34). Considerthecurve y : t — x4 grad g(x°)
in R”. We then have in view of Formula (2.18)

goy(0) =0, (g o) (0) = | grad g(x?)|I* > 0.

Hencey(t) € Uand g(y(¢)) > 0,for0 < ¢ < 8§, where § > 0 should be sufficiently
small; and consequently y (t) ¢ 2 U 9€2; but this implies

y() e U\ 0 and y(t) ¢ UN K,

thatis, U \ 9Q # U N Q. Q
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Definition 7.5.2. We say that the open set  C R” at the point x° € dQ has a C*
boundary 092 and lies at one side of 9€2, if any one of the equivalent properties (i)
— (iii) in the preceding theorem is satisfied. If this is the case for every x° € 9%,
we say that Q has a C* boundary 32 and lies at one side of dS2. @)

Now let x € 9S2 be such a boundary point, let v € R" with v ¢ T,(9R2). In
terms of the function g in Theorem 7.5.1.(iii), there are two possibilities:

(i) (gradg(x),v) >0 or (i) (gradg(x), v) <O.

As in part (iii) = (i) in the proof of the theorem, we see that in case (i) there exists,
for every differentiable curve y in R” with y(0) = x and Dy (0) = v,a§ > O such
that

i) y@) e (=6 <t <0), y(t)¢§ 0 <t <),
in other words, y leaves 2 via the boundary. In case (ii) we have instead of (i)’
(i) y@) ¢ Q (=8 <t <0), y(t) e Q 0 <t <3d);

that is, y enters the set Q2 via the boundary. This makes conditions (i) and (ii)
independent of the choice of the function g in Theorem 7.5.1.(iii).
We recall the definition from Example 5.3.11 of a normal n(x) to 92 at x

nx) L T,(0K2) and lnx)|| = 1.

P

Ilustration for Definition 7.5.3: Outer and inner normals

Definition 7.5.3. Assume the open set 2 has a C* boundary 32 and that Q lies at
one side of 0Q2. If x € 92, v € R", v ¢ T,(0L2), we say that v points outward
from € if condition (i) or (i)’ above is met; or that it points inward in Q if (ii) or
(i1)" above holds. In particular, the outward-pointing normal to d€2 at x, notation
v(x), is said to be the outer normal to 02 at x; the other normal, —v(x), is said to
be the inner normal to 02 at x. Thus, these normals are defined independently of
the choice of the function g in Theorem 7.5.1.(iii). O
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Lemma 7.5.4. Let @ C R" be an open set having a C* boundary 9 and lying at
one side of 02. Let x € 02 and let v € R" with v ¢ T,(02) be pointing outward
from Q. Condition (ii) in Theorem 7.5.1 then takes the following form:

QNU=W(]—-8,0[xD)={tv+¢(y)| -8 <t<0,yeD).

The outer normal v(x) to 02 at ¢(y) = x, with the substitution of —y, for the
variable y, when applicable, is given by

V(@) = I(D1¢ X -+ X Dy i)W (D1 x - x Dy _1$)(y) € R". (7.37)

In what follows it will invariably be assumed that the outer normal is given by
Formula (7.37). Furthermore, then

det DV (1, y) = (v, (D1px -+ xDu19)(»)) >0 ((t,y) € Rx D). (7.38)
In the special case of x = ¢(y) = (v, h(y)), for a C* function h : D — R, one has
v(x) = (=" "1+ DRI (=Dh(y), 1) € R". (7.39)

If 02 is locally described as in Theorem 7.5.1.(iii), then

v(x) = || grad g(x)||’1 grad g(x) € R". (7.40)

Proof. By Formula (5.5), Equation (7.37) is correct to within its sign. When this
cross product yields the inner normal, we replace the variable y; in the embedding
¢ by —y1, as a result of which the cross product changes its sign. Formula (7.38)
follows from (7.30). Further, (7.39) is derived from (5.6). And finally, (7.40) follows
in a straightforward manner from Example 5.3.11, plus the fact that the direction of
grad g(x) is the direction in which, starting at x, the function g increases the most
rapidly, see Theorem 2.6.3.(i). l:l

Remark. In the considerations above, grad g(x), for x € a2 N U, plays an
important role. Note that Exercise 4.32 implies that, for all x € 02 N U, the vector
grad g(x), to within a scalar factor f(x) # 0, is uniquely determined by the set
aQNU ={x € U | g(x) =0}. Since the function f is continuous on 02 N U,
it further follows that the sign of f is constant on the connected components of
aQNU.

Remark on the description of a boundary. Given a point x° in an (n — 1)-
dimensional C¥ hypersurface 3Q in R", there are various customary ways to describe
a full neighborhood of x° in R”.
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(i) Describe 92 near x° as the image under a C* embedding ¢, and move away
from 92 following a fixed direction v € R” which at x° is transverse to 92
(this is the situation described in Lemma 7.5.4), that is

x=W(t,y)=tv+¢(y) with v ¢ T (0%2).

(ii) Describe 92 near x° as the image under a C* embedding ¢, and move away
orthogonally with respect to 9€2, that is (see Exercise 5.11)

x =W, y) =tv(p(»)+ o).

(iii) Describe 92 near x° as the image under a C¥ embedding ¢, and move away
from 92 by following a transverse C* flow, that is (see Section 5.9)

_ b
x=W(,y) =D (p(y))  with E(O,x ) & T0(9€2).

The situation in (i) is a special case of this.

(iv) Describe 92 near x° as zero-set of a C*¥ submersion g, and apply the Sub-

mersion Theorem 4.5.2.(iii); this gives

gx) =t = x =W, y).

In all of these cases W : R x R"~! 5>— R" is a C* diffeomorphism (except in (ii),
where one merely obtains C*~!). In case (iii) the proof is obtained, as for (i), by
using the Local Inverse Function Theorem 3.2.4.

Example 7.5.5. Assume a, b and ¢ > 0, and let V be the ellipsoid in R?
2 2 2
V={xeR |gm =" 4+243 _1-0)
a? b2 c2 )

Let d(x) be the distance in R?® from 0 to the geometric tangent plane x + T,V to V
at x. Then

1 1
a0 E(gradg(x), v(x)) (x eV). (7.41)

Indeed, Dg(x) = 2(3%, 73, 33), and so
xlhl X2h2 X3h3

1
heTV — E(gradg(x),h)z = + 2 + = =0.

Because k € x + T,V if and only if k — x € T, V, it follows that

X1k . xoko n x3k3

_ 3
YTV = (ke R =5 4 =t 4 =

—1). (7.42)
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Since v(x) is perpendicular to 7,V and has unit length, d(x) is determined by the
requirement
dx)vix) ex+T,V.

One has
1 X1 X2 X3 . 12 X% x32
v(x) = m(g—z, b ;) with c(x) = py + 3 +=

Therefore, according to (7.42),

d(x) (X_i x3 x%> _ 1L
a* bt

d(x)c(x) = %

Consequently, (7.41) results from

ch(x)zc(x)2$:<<x1 X7 x3>’ 1 (xl X2 x3)>. %

d(x) a2’ b2 ) c(x)\a?’ b2 2

7.6 Integration of a total derivative

Now we are prepared enough to prove the following:

Theorem 7.6.1 (Integration of a total derivative). Let @ C R" be a bounded
open subset having a C' boundary 3 and lying at one side of 2. Let v(y)' be
the outer normal to 02 at y € 92 considered as a row vector, and let d,_y be
integration with respect to the Euclidean (n — 1)-dimensional density on the C'
hypersurface 3Q. Let f : Q@ — R be a C' function such that f and its total
derivative Df : Q@ — Lin(R",R) >~ R”" can both be extended to continuous
mappings on Q. Then the following identity of row vectors holds in R", where the
integration is performed by components:

/Df(X)dX=/ FOM v dioty. (7.43)
Q 02

Remarks. According to Corollary 6.3.8, the boundary 92 is an n-dimensional
negligible set in R”, and therefore, by Theorem 6.3.2, Q2 is Jordan measurable.
Hence, the integral on the left-hand side in Formula (7.43) is well-defined.

By taking the j-th component in (7.43), for 1 < j < n, we find

f D, f(x)dx = f FO) v, dary. (7.44)
Q 082

Further, Formula (7.43) is equivalent to the assertion

/QDf(X)v dx = /m FOM v, v)diy  (veER, (7.45)
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and also to

/ grad f(x)dx = [ f(Y)v(Y)dp-1y.
Q a0

Letn = 1 and Q = Ja,b[. Then 0Q = {a, b}, v(a) = —1, v(b) = +1.
Integrating a function over a point (a zero-dimensional manifold) with respect to
the Euclidean zero-dimensional density is, by definition, tantamount to evaluating
the function at that point. Therefore the Fundamental Theorem of Integral Calculus
on R is a special case of (7.43),

bd
/ —f(X) dx = | f() (=1doy +/ f») D doy = f(b) — f(a).
a dx {a) b}

Proof. We first demonstrate that, for every point x € Q = Q U 92, we can find
an open neighborhood U, of x in R” such that Formula (7.45) holds for functions
f as specified in the theorem, if moreover these functions satisfy supp(f) C U,.
Since both sides of Equation (7.45) depend linearly on v € R”, it suffices to prove
that formula for vectors v belonging to a basis for R"”. Note that the choice of that
basis may depend on the point x considered.

CaseI. Assume x € Q. Because 2 is an open set in R", we can find vectors a
andb € Qsuchthatx e Uy :={y e R" |a; <y; <b; (1 < j<n)}CQ
and therefore U, N 92 = . We now successively choose v = ¢}, the standard
j-th basis vector in R”, for 1 < j < n. For a function f as in the theorem, also
satisfying

supp(f) C U, C L, (7.46)

Corollary 6.4.3 gives

/Djf(x)dx =/ D;f(x)dx
Q R"
(7.47)

=// /Djf(x)dxjdxl---dxj_ldxj+1---dxn.
On account of (7.46) one has, for fixed (x1,...,x;_1, Xj11,...,X,),
f(xl,...,xj_l,xj,xj+1,...,xn)7é0 — a.,~<xj<bj.

Therefore, application of the Fundamental Theorem of Integral Calculus on R to
the function x; — f(x1,...,xj_1, Xj, Xj41,...,X,), defined on [a;, b;], gives

/Djf(xl,...,xj,...,x”)dxj

=fxi,....,bj, ..., x) — f(x1,...,aj,...,x,)=0-0=0.
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Consequently, (7.47) implies

/ D;f(x)dx =0.
Q

On the other hand, f = 0 on 02 under the assumption (7.46), and therefore one
also has

/ fMvi»d,—1y =0,
aIQ

which proves (7.44) in this case.

Case II. Assume x € 0. In this case we select each of the basis vectors v
such that v is not included in 7, (9€2) and points outward from €2. This we do by
choosing a basis (hy, ..., h,_1) for the linear subspace T, (d€2) of dimensionn — 1,
and vg ¢ T,(0€2). The vectors v; = h; + vo, ..., Uy—1 = h,_1 + Vo, Vv, = vy then
form a basis of R". They are not contained in 7,(dS2), and after changing over to
their opposites if necessary, we may assume that they point outwards from Q2. Now
successively consider v = v;, for 1 < j < n. By Lemma 7.5.4, the pair (x, v)
defines an open neighborhood U = U (v) of x;let W : | =6, 0[ x D — QNU with
W (t, y) = tv+¢(y) be the corresponding C' substitution of variables. Application
of the Change of Variables Theorem 6.6.1 to a function f as in the theorem, with
f moreover satisfying supp(f) C Q N U, gives

/ Df(x)vdx = / Df(W(t, y)v|det DU (¢, y)|dt dy. (7.48)
Q 1-5,0[xD
Now, by the chain rule and Formula (7.29),
o 0(f oW
DA =i ) @ =D gag)

And by means of (7.38) we find
|det DU (2, y)| = (v, (D1 X -+ x Dy_19)(y) ) ((t,y) e R x D); (7.50)

note that the expression on the right—hand side is independent of ¢. Then use Corol-
lary 6.4.3, (7.49) and (7.50), subsequently the Fundamental Theorem of Integral
Calculus on [ -4, 0], plus the fact that (f o W)(—4, y) = 0, to write the right—hand
side in (7.48) as

09(f o W)
/ / 8—(t’ y)di (v, (D1¢ X -+ x Dy_19)(y))dy
D J-s t

= /D(f o U)(0,y) (D1 x -+ x Dy_19)(y), v)dy

=/(f0¢)(y)<(v0¢)(y), v)wy(y)dy = o FO) (v(y),v)d,1y.
D
(7.51)
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The penultimate identity follows because of Formulae (7.37) and (7.25). Combi-
nation of (7.48) and (7.51) now gives (7.45). By intersecting the neighborhoods
U(v;) of x, for 1 < j < n, we find the desired open neighborhood U, of x in R".

End of Proof.  is compact, according to the Heine—-Borel Theorem 1.8.17. By
virtue of Theorem 6.7.4 there exists a C! partition { x; | i € I} of unity on Q
subordinate to the open covering {U, | x € Q} of Q. Because Formula (7.43)
has been proved above, for f replaced by y; f, for every i € I, summation over
i € I gives Formula (7.43) for f, since ) ,., xi = 1 on Q and therefore also

D(Y ,c; xif)=Df on Q. a

Corollary 7.6.2 (Integration by parts in R"). Assume Q and f to be as in the
theorem above, and assume g satisfies the same conditions as f. Then, for1 < j <
n,

/QDjf(X)g(X)dX= (fg)(y)vj(y)dnly—/gf(X) Djg(x)dx.

Q2

Proof. Replace f by fg in Formula (7.44) and apply Leibniz’ formula D;(f g) =
gD;f+ fDjg. 3

QL+ tv

Ilustration for Remark in Section 7.6
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Remark. It is also possible to prove Theorem 7.6.1 starting from

/Df(x)vdx =/liml(f(x+tv)—f(x))dx
Q Qt%()t

1
:}Lr)r(l)?(/gf(x—i—tv)dx—/gf(x)dx)

1
=11m—( f(x)dx—f f(x)dx).
Q+tv Q

t—0 t

Here v € R" is a fixed vector and
Qttv={x+tv|x e}

Where 2 + v and Q2 overlap, the integrals cancel each other; what remains, there-
fore, is an integral over a strip along the boundary. To first-order approximation in ¢,
the thickness of this strip ata point y € 02 equalst (v(y), v ), where (v(y),v) <0
corresponds to a region where the strip is to be counted negative. If, finally, it can
be shown that the integral over a strip along the boundary, of thickness &, to first-
order approximation (for é | 0) equals § times the integral over the boundary with
respect to the Euclidean density, the proof will be completed (see the Motivation in
Section 7.3, and Exercise 7.35.(iii)). The advantage of this proof is that it is more
transparent geometrically, and furthermore that it provides an interesting additional
interpretation of integration over an (n — 1)-dimensional manifold with respect to
the Euclidean density. The price to be paid is, of course, that at several stages limit
arguments will have to be given, in which uniform convergence may be expected
to play an important role. A fully detailed proof along these lines will therefore be
of considerable length.

In our development of the theory the formula below will serve as justification
for this line of reasoning. Let the notation be that of Example 6.6.9. Let v € R",
and choose W' (x) = x + v, for (¢, x) € R x R"; then ¥/ (x) = v and div ¢ (x) = 0,
for x € R". By combining the transport equation (6.22) and Theorem 7.6.1 we find

d
dt

f(X)dX=/Df(X)vdX= FI(vy),v)duyry.  (7.52)
1=0 J Q+tv Q a0

7.7 Generalizations of the preceding theorem

In many of the applications envisaged, the conditions of Theorem 7.6.1, such as
those relating to continuity of f and Df on €, or those relating to smoothness of
the boundary 9€2, are not fully met.

The assumption concerning the continuity of Df on © may be relaxed. It
is sufficient to assume that f is continuous on , and that x — Df(x)v, with
v € R”, is continuous on €2 and absolutely Riemann integrable over €2. Indeed, in
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Formula (7.51) .
o(foW
[,

-
may be replaced by

A(foW)
[a T(t,y)dt

The arguments from the proof can be applied to this integral, and in the resulting
identity we finally take the limit for € | 0. This leads to (7.43), without the
continuity of Df up to and including the boundary having been needed.

In addition, the assumption that 92 is a C! hypersurface may be relaxed; it
is sufficient that the nondifferentiability of d<2 be localized in a “relatively small”
subset S of 2. Begin by assuming that S is a closed (and hence compact) subset
of €2 such that

W :=09Q\S

is in fact an (n — 1)-dimensional C' manifold, with Q at one side of W at each
point of W. The idea is to approximate f by functions whose support is disjoint
from S, because Theorem 7.6.1 does apply to such functions. In order to limit
the number of technical complications, we assume that f and D; f can both be
extended to continuous functions on €2, for 1 < Jj < n. Now assume the subset S
of d€2 satisfies the following condition:

for all € > 0 and for every open neighborhood Uof S in R”
there exist an open neighborhood U’ of S in R” and x € C'(R") with
U cU, 0<yx<l, x=1onU’, supp(x) C U,

/ x(x)dx < e, | grad x (x)|| dx < €.
n Rn
(7.53)
Because supp ((1 — x) f) N S = @, one has, by Theorem 7.6.1,
/ D;((1 = x) f)x)dx = / (1 =) fv)(y)dury. (7.54)
Q 114
Let || - || be the uniform norm on the linear space of bounded functions on €2, with

gl = sup{g(x)| | x € 2},

then, by Leibniz’ rule,

[ Dianwax| = [0pmiiswld+ [ xwiw;nwds

<1171 /QI(D,-X)(X)IderIIDijI /QX(X)dx

<e(lfi+1D;fID-
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As aresult, the left-hand side in (7.54) converges to fQ(D i f)(x)dx,if € | 0; and
the right-hand side in (7.54) converges to fW( fvi)(y)d,—1y,if U shrinks to S.

We now wish to replace condition (7.53) on S by one that is more easily verified
in practice. This problem has a new aspect in that we now also need to control the
magnitude of the partial derivatives of the bump function x, and the support of x
as well. A number of pertinent remarks follow; in fact, these are part of a theory of
simultaneous uniform approximation of a function and of its derivatives (see also
Exercise 6.103).

Choose a C! function ¥ € C.(R") (see Definition 6.3.6) such that
Y > 0; Y(x)=0 (lxll = 1); " Y(x)dx = 1.
Next define, for # > 0, the function ¢; : R” — Rby ¢, (x) =¢t™" Y (t~'x). Then
vix) =0 (lxl =1); . ¥ (x) dx = . Yt 'x)dt'x) = 1.

Subsequently define, for every g € C(R") and ¢ > 0, the function g; : R* — R by
(compare with Example 6.11.5 on convolution)

g (x) = g % Y (x) = / g =N UMdy = | wix—y)gndy. (1.5

n R”

Note that the integration in (7.55) is in fact over a subset of supp(i/;); that is why
g: is well-defined. It follows immediately that

lgr(x)] < lg(x =W Y:(y)dy < gl Y (y)dy = ligll (x e R");
Rﬂ Rll

that is
llg: N < lgll (t > 0. (7.56)

Using the Differentiation Theorem 2.10.4 or 6.12.4 and Theorem 2.3.4 one proves
that g, is a C' function on R", with

(Djg(x) = Rn(D,-ilfz)(x -8y dy.
Because (D) (x) =t D;(x = ¢ (t'x)) = +7""1(D;4¥)(t"'x), this leads to

I(Djg)(x)| <t} /R (D)t~ (x — y)I g dy
<t gl fR ) (D ¥ (x — y)Id("y)

<t 'llgl | leradylidy = 17" llgll k.
Rn
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Therefore
ID;gl <t 'lglk (A <j<n,t>D0). (7.57)

We now recall the sets S5 = { y € R" | there exists x € S with ||[x — y|| <4d},
for § > 0, defined in Lemma 6.8.1. Again, every Ss is compact in R". Suppose U
is an open neighborhood of S in R”, then by Lemma 6.8.1 there exists aé > 0 such
that S5 C U. Hence S C Ss C int(Sy5) C U, where int(S,5) is an open covering
of Ss. Applying Theorem 6.7.3 we find a continuous function ys; : R" — R with

0<xs=1, xs = 1 on Ss, supp(xs) C Sas. (7.58)

Next we define, for 0 < ¢ < § (compare with (7.55)),

X5, :(x) 1= (xs):(x) = A Vi (y) xs(x — y)dy (x e R").

Now let x € R" with ys,(x) # 0. This can only occur if there exists y € R" with
¥i(y) > 0, xs(x —y) >0; thatis,  [lyll <7, X —y € 8.
Consequently, there exists z € S with ||[x — y — z|| < 2§, and so
lx —zll=lx—y—D+yl =llx—y—zll + 1yl =28 +1¢.
That is

supp(xs.) C S2s4+ in particular, supp(D;xs5.:) C Sas4¢ (1 < j <n).
(7.59)
From (7.59), (7.57) and (7.58) it then follows, for 1 < j < n,

outer measure(Sys4;)
|(Dj xs,)(x)|dx < ||Djxs,||-outer measure(Ss,) < k =

R” t
Setting t = % one obtains

outer measure(Ss;/2)

D; dx < 5k 7.60
[ 101 < — (7.60)
Moreover, from (7.56), (7.58) and (7.59)

/ Xs,8/2(x) dx < outer measure(Sss,2). (7.61)

Definition 7.7.1. A compact subset S of R” is said to be (n — 1)-dimensional
negligible if

t S
outer measure(Ss) _o. o

im
80 1)
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One now obtains from (7.60) and (7.61):

Lemma 7.7.2. Let S C R" be compact in R" and (n — 1)-dimensional negligible.
Then S satisfies (7.53).

One readily verifies that S; U S, is an (n — 1)-dimensional negligible set if S; and
S, are; and further, that a compact subset S of an (n —2)-dimensional manifold in R”
is an (n — 1)-dimensional negligible set. Indeed, on the strength of Theorem 4.7.1
one has, locally at least,

S C{(m(y), ha(y),y) €R" | y e D CR"?open, h; € C(D,R) (1 <i <2)}.
Because

G, x2, ) — (xy, x5, YOIl < 8 = lxi — x{| <8, ly = ¥'ll <8,
one certainly has

Ss C{(x1,x2, ) eR" [ |xi =h;(»)| <8 (1 <i <2), ye Ds}.

This implies
hi(y)+38 ha(y)+8
outer measure(S;) < / dy f dx; / dx,
Ds hi(y)—$ ha(y)—38
= 48% vol,_»(Ds) = O(8*), 81 0.
As aresult

outer measure(Sy)
8

This also makes the finite union of compact subsets of (n — 2)-dimensional C'
manifolds in R" an (n — 1)-dimensional negligible set, for example, the edges of a
cube in R3.

The following generalization of Theorem 7.6.1 has now been proved. Note that
on the strength of this generalization (the interior of) all known figures from the
box of bricks (rectangle, part of cylinder, part of cone, bridge etc.) qualify as €.

=0(©), §|0.

Theorem 7.7.3. Let 2 C R" be a bounded open subset with boundary 0S2. Let
S be a closed subset of 02 such that S is an (n — 1)-dimensional negligible set,
0'Q = dQ\ S a C! manifold in R" of dimension n — 1, and S lies at one side of 3’ Q2
at each point of 3’ Q2. Let f : @ — R be a C' function such that f can be extended
to a continuous function on Q, and its total derivative Df : Q@ — Lin(R", R) ~ R”
is continuous and absolutely Riemann integrable over 2. Let v and d,,_y be as in
Theorem 7.6.1, but now defined with respect to 3'Q2. Then

fg Dfwdx= [ F)v() dyry.

'R
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7.8 Gauss’ Divergence Theorem

In vector analysis one applies variants of Theorems 7.6.1 and 7.7.3 to vector-valued
functions. Hence the following:

Definition 7.8.1. Let U be anopensubsetof R* andlet f = (fi,..., f,) : U - R”
be amapping. Such a mapping is often referred to as a vector field on U , particularly
when f is regarded as a mapping which assigns to x € U a tangent vector f(x) in
the tangent space 7, U to U at x, where, for all x € U, the latter space is identified
with R”. In other words, the image vector f(x) € R” is seen as an arrow in R”,
originating at x € U and with its head at x + f(x) € R". @)

Example 7.8.2. Examples of vector fields are
A C! diffeomorphism ® : U — V, with U and V open subsets in R”.

* The gradient vector field (see Definition 2.6.2)

grad g = Z Djge; : U — R",

1<j<n

associated with a C! function g : U — R. Note that the definition of grad g
seemingly depends on the choice of coordinates on R”. However, this is not
actually the case, in view of the characterization of grad g(x) as the vector in
R" that points from x in the direction of steepest increase of the function g, and
whose length equals the rate of increase in that direction (see Theorem 2.6.3).
Exercise 3.12.(iii) contains formulae for the gradient vector field with respect
to arbitrary coordinates.

¢ The tangent vector field of a one-parameter group of diffeomorphisms (®'),cg
on R”, as defined in Formula (5.21). PA Y

Let f : U — R"bea C' vector field; one then has the total derivative Df (x) €
End(R"), for every x € U. Further, we recall the trace tr Df (x) of Df (x), defined
as the coefficient of —A"~! in the characteristic polynomial, of Df (x)

det(AM — Df(x)) =A" = A" ' Df(x) 4+ ---+ (=1)"det Df (x).  (7.62)

The definition of tr D f (x) is most obviously independent of the choice of coordi-
nates on R”; with respect to the standard basis in R” we find

rDf(x)= Y Difj(x) (xel).

1<j<n
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Definition 7.8.3. Let U be an open subset of R”, and let f : U — R" be a C'!
vector field. Then we define the function div f : U — R, the divergence of the
vector field f, by
divf=wDf= Y D,f;
I<j=n

The operator V (this symbol is pronounced as nabla or del; the name nabla
derives from an ancient stringed instrument in the shape of a harp) is the n-tuple of
partial differentiations

8x1
V = Z Djej = =
1<j<n 9
8Xn Dn

In particular we have the formal notations, with g € C'(U), and f € C'(U,R") a
vector field,

Vg = grad g; (V. f)=V-f=((D1,.... D0, (f1,..., f)) =div f;

A:=(V,V)=V-V= > D

I1<j<n
Here A is the Laplace operator, or Laplacian, acting on g € C*(U) via
Ag =div(gradg) = )  Dig. (7.63)
1<j<n

(See Exercises 3.14 and 7.60, and 3.16 and 7.61, for formulae giving the divergence
and the Laplacian, respectively, with respect to arbitrary coordinates.) @)

Example 7.8.4 (Newton vector field). Define the vector field f : R" \ {0} - R”
by

X
x|

fx) = , thatis,  fj(x) =

T X I=j=n.
llx]l”

1 nxz

Using Example 2.4.8 we get D; f;(x) = T Hx”—n-’ﬁ, for1 < j < n. Consequently

2
n nlx|l

(B P e

Note that if n > 2 (see Exercises 2.30.(ii) and 2.40.(iv))

div f(x) =

=0  (x eR"\ {0O}).

1 1 1
fx) = grad(— 7>, and so A (W) =0 on R"\{0},

2—n |x|"?
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while forn = 2
f(x) = gradlog || x|, and so A(log] - 1) =0 on R? \ {0}

Indeed, combination of the condition f(x) = grad g(x) and the assumption g(x) =
go(|lx|]) gives, for 1 < j <n,

Xj / Xj
= goUlxID——;
i = SO )
hence
1
/! 1—-n rz_n’ n > 2,
gr)=r and go(r) = 2—n
logr, n=2.
The vector field

1
X = fx:R"\{O}eR"
[S™=H ]

is said to be the Newton vector field; in this connection, see Exercise 7.21.(ii) for
|S"~1| := hyperarea, ,(S"7!). A

We employ the notations of Section 7.6. Henceforth consider a C! vector field
f : 2 — R”, instead of a function f : 2 — R, as we did in Section 7.6. For
y € 9 we introduce (f v')(y) € End(R"), the matrix of which is equal to the
matrix product of the column vector f(y) € R" and the row vector v(y)" € R";
that is

Sivi(y) - fi(y) va(y)
(fvHy = : : € Mat(n, R).
fn(y)vl(y) fn(y)vn(y)

This implies tr( f v') = (f, v) : 3Q — R. Applying Formula (7.43) we find the
following identity of elements in End(R"), or matrices in Mat(n, R), where the
integration is performed by coefficients:

f Dfwdx = [ (Fv)G)dyory.
Q 02

Forming the traces on the left and on the right, we obtain the following:

Theorem 7.8.5 (Gauss’ Divergence Theorem). Let 2 C R” be asin Theorem 7.6.1
or7.7.3. Let f : Q — R" be a vector field whose component functions f;, for
1 <i < n, satisfy the conditions from Theorem 7.6.1. Then

/Qdiv f(x)dx = f(f, v)(y) dn-1y,

where the integration on the right—hand side is performed over 02 or W, respec-
tively.
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y+v(y)

y+ £

(f,v(»)

Ilustration for Gauss’ Divergence Theorem
( f(y), v(y))d,_1y is the volume of the cylinder whose base plane has area
d,_1y, and whose height equals the length of the normal component of the vector
field f(y), thatis, equals the length of the component of f(y) orthogonal to the
base plane; this is an approximate description, of course

Definition 7.8.6. Let V C R" be a C! hypersurface for which a continuous choice
y = v(y) of a normal v(y) at the points y € V has been made. Let f : V — R”
be a continuous vector field. Then the flux of f across V with respect to the choice
of v is defined as (see Formula (8.32) for additional details)

f(f, V)(¥) dp—1y. O
v

The Divergence Theorem can be formulated in words as follows. The integral
of the divergence of a vector field over an open set €2 equals the flux of the vector
field through the closed hypersurface 0<2 with respect to the outer normal. The
Divergence Theorem explains why the divergence of a vector field is also known as
the flux of the vector field across closed surfaces per unit enclosed volume.

7.9 Applications of Gauss’ Divergence Theorem

Example 7.9.1. Let Q = {x € R" | ||x|| < 1}, then Q = B" and 9Q = S" !,
and v(y) = y is the outer normal to $"~! at y € §"~!. Consider the vector field
f :R" — R" given by f(x) = x. Then div f(x) = n, and Gauss’ Divergence
Theorem yields (compare with Exercises 7.21.(iv) and 7.45.(i1))

nvol,(B") = / div f(x)dx = [ d,_1y = hyperarean_l(S"_l).
Bn s

n—1
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More generally, let 2 C R” be an open set that satisfies the conditions of The-
orem 7.6.1 and is contained in a ball of radius . Then placing the origin at the
center of the given ball and noting that |( f, v )(y)| < r, for y € 92, we obtain
nvol(2) < r hyperarea,_,(9%2). pAY

Example 7.9.2. We return to Example 7.5.5, that is

3 xp x3 X
Q={xeR’|gkx) = _2+ﬁ+_2 <1},
and d(y) is the distance from the origin to the geometric tangent plane y + 7, (3€2).
From Formula (7.41) it follows that

1 1 . 4w rab  bc  ca
——dhy = 3 dlvgradg(x)dxz —(—+_+_)'
i c

o d(y) 3 a b
Indeed,
Ag(x) = 2<1+1+1) L(Q) dmabc
= — VO = ;
& ) 3 3

for vol3(£2) use the substitution
Y (r,a,0)— r(acosacosf, bsinacosf, csinb),

satisfying det DV (r, o, 8) = abc r2cos6. In particular, if a = b = ¢ = 1, then
Q=B30Q = 5%andd(y) = 1, forall y € Q. Thus follows (compare with
Example 7.4.10)

4
area(S?) =/ dyy = ?”(1 F141) =4, X
aQ

Example 7.9.3. Let f : R — R3 be the vector field with
f(x) = (13, x{x2 — X3, 2x1X%2 + X3x3),

leta > 0,andlet V be the half sphereinR3*withV = {y e R* | ||y| = a, y; > 0}.
Then the following applies to the flux of f across V with respect to the choice
v(y) = éy, fory e V:

2na’

5

fv o) () dyy = (7.64)

Indeed, we have
div f(x) = x32 + x12 + x% = |Ix|1°.

Therefore, let  be the open half ball in R?

Q:{x€R3|||x||<a, x3>0}.
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Then 02 = V; U V, U S, with
Vi=V, VZ—{y€R3|y1+YQ<a vz =0},
S={yeR |y +y;=d* y3=0}.

Then S is a one-dimensional submanifold in R>, and therefore a two-dimensional
negligible set in R*. One has accordingly, with v(y) now the outer normal to 92

aty,
Z/ (f.v) (y)dz)’—/ Ix 112 dx.

i=1,2

Now we may write (see Example 7.4.11)

T z a T 54 2mra’d
/||x||2dx=/ da/ZCOSQdQ/ r4dr=27r[sin9]2 |:r_] el
Q -7 0 0 o5 1o 5

Concerning the calculation of the integral over the subset V, in the plane x3 = 0,
we note that for y € V, one has v(y) = (0,0, —1), and further dy = dy, dy,. It
follows, therefore, that

f o)) dry = / vy dy dys
Vs {yeR?|y}+y3<a?}

a2—)
= —2/ %! / y2dy>dy; =0,
—a a? —y

because the integrand in the inner integral is an odd function. This yields (7.64).
Note that we have avoided calculating the integral over V by means of a parametriza-
tion of V. B

Example 7.9.4 (Flux of Newton vector field). Let f : R" \ {0} — R” be the
Newton vector field from Example 7.8.4, with f(x) = m x,and div f = 0.
Further, let 2 be an open set in R” that satisfies the conditions of Theorem 7.6.1 or
7.7.3. Then (see Example 8.11.9 for a generalization)

1, 0eQ;
/ o)) daery = { -
0 0, 0¢ Q.

Indeed, if 0 € €, there exists a number » > 0 such that the sphere $"~!(r) in R”
about 0 and of radius r is entirely contained in Q. Let Q' C 2 be the open set
bounded by $"~!(r) and 9. Because 0 ¢ Q', we may write

O:/ lef(X)d.x:f <fvv>(y)dn1y+[ (f’ V)(y)dn—IJ’-
174 s1=1(r) FI9)
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1

We now have, for y € S"~!(r), that v(y) = —niY and so
S0 = (o ey ) = e = e s o)
[yl Iyl Iyl -
Therefore
1
/Snl(r)(f» VYW dp—1y = TSt et fsnl(r) dp1y = —1. PAY

Example 7.9.5 (Heat equation). In physics the transfer of heat to a body Q C R?
of constant mass density m, whose temperature at point x € 2 and time t € R
equals T (x, t), is described, in first approximation, by the following laws.

®

(i)

(iii)

The amount of heat, A Q, required to raise the temperature of the part x + Ax
of €2, during the interval of time from ¢ to t + Az, from T (x,t) to T (x, t) +
AT (x,t), s proportional to the mass m Ax of x 4+ Ax, and to the temperature
difference AT (x, t). That is, there exists a constant ¢; > 0 such that

AQ =cim Ax AT (x,t).

Let y + Ay be a part of the boundary 02 of €2, with outer normal v(y) at y,
and of area A,y. Then the amount of heat, A Q, moving inward during the
interval of time from ¢ to ¢ + At across the part y + Ay of €2 is proportional
to the following three quantities:

(a) the interval of time Af,

(b) the variation of T in the direction of v(y), thatis, to

Dy T (y,1) = DyT(y,)v(y) = (grad, T(y, 1), v(y)).

(This is because the flow of heat is caused by temperature differences,
and then takes place from hot to cold, its magnitude being proportional
to the component orthogonal to d€2 at y of the opposite of the gradient
with respect to the spatial variable of T'),

(c) the area A,y.

That is, there exists a constant ¢, > 0 with
AQ = ¢ At(grad, T(y. 1), v(y)) Aszy.

The total amount of heat, O, absorbed by €2 during an interval At¢, equals
the total amount of heat, Q,, which has moved inward in the course of the
same interval At across 9S2.
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According to (i), therefore

Q1=c1m/AT(x,t)a’x.
Q

And according to (ii),

0r = A fm<gradyT(y,r>, v(y)) day.

Assertion (iii) tells us that O = Q,. Thus we find the following equation for the
temperature T (x, 1):

AT(x,t) c

| S an = 2 [ (grad, (0. v .
Q At C1nm Jyq ;

Taking the limit for Az | 0 and applying the Divergence Theorem, we obtain, with

k Py—)
. cym?’

oT
/E(x,t)dx=k/divxgradx T(x,t)dx.
Q Q

Because this is valid for any body  C R?, one infers the heat equation for the
temperature T,

o )=k AT (1) k<82T+82T+82T)( )
~ xv == X x7 == xv )
ot ax;  9x3  0x3

where A, is the Laplace operator with respect to the spatial variable from (7.63).
This is an example of a partial differential equation for T, defining a relation
between different partial derivatives of T'. pAe

Example 7.9.6 (Green’s identities). Applying Corollary 7.6.2 concerning integra-
tion by parts in R", with f replaced by D;f : @ — R, for1 < j < n, then
summing over j, we obtain Green’s first identity,

a
[wanmar= [ (¢L)wdy - [ (e edgicrar. 169
Q a0 v Q

Here ‘3—{ the derivative of f in the direction of the outer normal v, is defined by

P
a—{(y) = Dy f(y) = Df(y)v(y) = (grad f(y), v(y)) (y € 092).

Subtracting a similar identity from Formula (7.65), but with the roles of f and g
interchanged, we obtain Green’s second identity,

af

_ 9
[rag—ganwax= [ (£135-2)md.

In the theory of the Laplace operator this identity is an important tool. PA
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Example 7.9.7 (Dirichlet problem). Let g and 4 be given continuous functions on
Q and 0€2, respectively. The partial differential equation

Af =g on €,
together with the boundary condition

flag =h,

is said to be a Dirichlet problem on 2 for a C? function f. We state without proof?
that, for functions g and 4 that can be differentiated sufficiently many times, and
for sufficiently well-behaved 0€2, the Dirichlet problem on €2 has a solution f. See
also Exercises 6.99, 7.65, 7.69.(iii), 7.70.(v) and 8.23. What will be proved here
is the uniqueness of a solution f whose partial derivatives of order < 2 can be
continuously extended to Q. Indeed, suppose that f is another such solution. Then

Af=PH=Af=Af=0 on @  f—f=0 on dQ.
Therefore consider a function f which is harmonic on €2, that is, which satisfies
Af(x)=0 (x € Q);

and for which, in addition
flagg =0. (7.66)
For such f one has, by Formula (7.65),

/ Il grad f (x)||*dx = 0.
Q

Because the integrand is continuous and > 0, we conclude that grad f(x) = 0, for
x € Q. Therefore f is constant along any line segment contained in 2; conse-
quently, from (7.66) follows f(x) = 0, for every x € . PA

2See, for example, Chapters 27 and 12, respectively, in: Treves, F.: Basic Linear Partial Differ-
ential Equations. Academic Press, New York 1975; and Loomis, L. H., Sternberg, S.: Advanced
Calculus. Addison-Wesley Publishing Company, Reading 1968.






Chapter 8

Oriented Integration

For an open set at one side of its boundary one has a natural prescription for the
direction of the normal. However, this is not the case for a manifold of lower
dimension (consider a surface in R?, for example), and an orientation must then
be chosen. This choice plays a role in the oriented integration over the manifold,
introducing a dependence on the sense in which the manifold is swept out. The
generalization to R" of the second aspect of the Fundamental Theorem of Integral
Calculus on R, antidifferentiation of a function of several variables, leads to the
concept of curl of a vector field. Oriented integration and curl together form the
ingredients for the integral theorems of vector analysis and the theory of complex
functions. Antidifferentiation of a function of several variables culminates in the
theory of differential forms. Through systematic use of linear algebra an orgy of
indices and partial derivatives is avoided.

8.1 Line integrals and properties of vector fields

The divergence is one of the infinitesimal invariants of a vector field. There are others
that are also needed in vector analysis. For an understanding of their meaning it
is of advantage to be familiar with the concept of line integral, which we therefore
introduce at the outset; the notion is also important for intrinsic reasons.

Definition 8.1.1. Let / C R be a closed interval, y : I — R" a C! curve, and let
f :im(y) — R” be a continuous vector field. Define fy ( f(s),d;s), the oriented
line integral of f along y, by

f(f(S),ChS) = /(fOV, Dy )(2)dt. 8.1
Yy 1

537
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The integral on the right—hand side contains the inner product of the vectors f(y (¢))
and y’(r) in R". If y is a closed curve, the integral on the left is sometimes referred
to as the circulation of f around y. O

Example 8.1.2. Letx € R” anddefiney, : I =[0,1] - R" by y,(t) = tx. Then
Dy, (t) = x, for all t € I, and accordingly we have, for every f € C(R", R"),

1
/(f(S),a’ls}:/ (f(@tx), x)dt. %
yX 0

The term oriented line integral is used because the value of the line integral
changes sign when the curve is traced in the opposite direction, as is shown in the
following:

Lemma 8.1.3. The right—hand side in (8.1) does not change upon a reparametriza-
tion of the interval I that preserves the order of the endpoints. That is, let J =
[j_, jilandlety : J — I be a C' mapping with I = [ (j_), ¥(j;) 1. Then

/ <f(S),d1S)=/(f(S),d1S>-
yoy y

If, however, I = [¥(j+), ¥ (j-) ], then

/ (F(s),dus) = —f<f<s>,d1s>.
yoy

14

Proof. On account of the chain rule, D(y o ¥)(t) = (Dy) o ¥ (¢t) DY (t) =
¥/ (t)(Dy) o ¥(t), and thus, by the Change of Variables Theorem 6.6.1 on R,

/ <f(s>,d1s>=/<fo(yow>, Dy o)1) di
your J

J+ ¥(+)
= [T (Femov. dnoviaw i = /w(_ ey, DY@
J- J-

We now introduce some other invariants of a vector field, first giving motivations
and definitions, and then filling in the background.

Theorem 7.6.1 is a generalization of the Fundamental Theorem of Integral Cal-
culus on R, but there exists another variant which will also be needed. In the integral
calculus on R, one of the possible formulations of the Fundamental Theorem (see
Theorem 2.10.1), valid for continuous f on[a, b], is

d X
f(x)=d—/ fyde  (xela,b)).
X a
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Consequently, on an interval every continuous function f has an antiderivative, that
is, every continuous f is the derivative of a differentiable function g on that interval.
The n-dimensional analog would be that a continuous vector field f : U — R”
possesses an antiderivative, integral, or scalar potential g : U — R, thatis, f is
the total derivative of a differentiable real-valued function g; another way of saying
is that f is a gradient vector field,

f =gradg, or, equivalently, fi=D;g (1<i<n). (8.2)

Assume that this is the case for a C? function g : U — R, while n > 1. By
Theorem 2.7.2, the order of differentiation of the C? function g is interchangeable;
hence

D;fi=DjDig =D;D;jg = D; f; (I<i, j=n. (8.3)

Thus, in contrast to the case n = 1, continuity of f as such is not sufficient for the
existence of an integral: f also has to satisfy the integrability conditions in (8.3),
which can be rewritten in matrix form as

Af(x)=0 with Af(x)ij = D; fi(x) — D; f;(x). (8.4)

Therefore the nonvanishing on U of the infinitesimal invariant Af of the vector
field f is an obstruction for finding an antiderivative for f on U; moreover, it turns
out that the geometric properties of the set U C R" also play a role in this problem.
The most general result we shall formulate is Theorem 8.2.9.

Definition 8.1.4. Let U C R” be an open subset, and let f : U — R" be a C!
vector field. According to Lemma 2.1.4, for every x € U, the derivative Df (x) €
End(R") of f at x can be additively and uniquely decomposed into a self-adjoint
operator %S f(x) € End"(R"), with real eigenvalues, and an anti-adjoint operator,
%A f(x) € End” (R"), with purely imaginary eigenvalues; this is known as the
Stokes decomposition, or the (infinitesimal) Cartan decomposition of Df (x),

Df(x) = %(Df(X) + Df(x)") + %(Df(X) — Df(x)") = %Sf(X) + %Af(X)-
(8.5)
Here Df (x)" is the adjoint linear operator of Df (x) with respect to the standard
inner product on R”; its matrix with respect to the standard basis is given by the
transpose matrix Df (x)" of Df (x). O

Thus the definitions of Sf(x) and Af(x) are independent of the choice of
coordinates on R", whereas they do depend on the choice of the inner product on
R". We note in addition

div f =tr Df = %trSf. (8.6)

For the cases n = 2 and 3 we now take a closer look at the anti-adjoint operator
Af (x) from the Stokes decomposition (8.5). We see immediately:
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Lemma 8.1.5. For n = 2 we have, in the notation used above,

_ 0 D fi — D1 f> T
Af0=(ppp )@ =divi HE .
with —J = ( (1) _(1) )

Here J is the matrix of the rotation in R? by % in the positive direction.

Definition 8.1.6. Let U C R? be an open subset and let f : U — R?> be a C!
vector field. Define the function curl f : U — R, the curl of the vector field f, by

curl f =div(J' f) =D o — Do fi = (Af ey, er). @)

Example 8.1.7. In the definition of curl f one has to make a choice for the sign
(this is done by introducing J). From the mapping A f (x) itself one can only deduce
det Af(x) = (D; f» — D> f1)*(x). Under our convention, curl J = 2 for J : R*> —
R?, because J'J = I. Inother words, the curl of the vector field J : x > (—x2, x;),
of rotating in the positive direction, is positive. If f : R*\ {0} — R? is given by
fx) = W]x, then J' f(x) = Wx; hence it follows by Example 7.8.4 that

curl f =0onR?\ {0}. A

We now deal with the case n = 3.

Lemma 8.1.8. Let A = (A;;) € Mat(3, R) be an antisymmetric matrix. Then there
exists a unique vector a € R* with

Ah=axh (h e R3), namely a = (Az, Az, Adp).

Furthermore, (Ah, k) = (a, h x k), for h, k € R>.

Proof. The uniqueness of a follows immediately. We further have

0 —Ay Az
A= Asy 0 —Axn
—Aiz Apn 0

But this is seen to be the matrix of the linear mapping > a x h : R> — R3 witha
as above. The second equality follows from the identity (k, a xh ) = det(k a h) =
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det(a h k) = (a, h x k), which holds for any triple of vectors a, 4 and k € R?
(see Formula (5.2)). |

Application of Lemma 8.1.8 in the case where A = Af(x) from the Stokes
decomposition (8.5) gives a vector a € R? with j-th component given by

a; = Af(x)j42,j+1 = Df(x) 42, j41 — DF(X) 41, j42
= Dji1fj+2(x) — Djsa fi1(x),

where the indices 1 < j < 3 are taken modulo 3.

Definition 8.1.9. Let U C R3 be an open subset and let f : U — R3 be a C!
vector field. Then define the vector field curl f : U — R3, the curl of the vector

field f,by
curl f = (Dyf3 — D3 fy, D3fi — D1 f3, Difo—Dyf1) =V X f, (8.7)

where V is the nabla operator from Definition 7.8.3 and where the cross product is
formally calculated. O

Corollary 8.1.10. Let U C R? be an open subset and let f : U — R? be a C!
vector field. Then, in the notation of (8.5) and (8.7), for x € U, h and k € R3,

Af(x)h =curl f(x) x h, (Af(x)h, k) = (curl f(x), h x k).

Example 8.1.11 (Curl of infinitesimal rotation). See Example 5.9.3 for the no-
tation. In particular, let ¢, = r, : R> — R? be the tangent vector field from that
example, that is

¢a(x) = (a2x3 — asxy, a3x; — a|x3, ajx; — ax) (x e RY).

Since r;, is an anti-adjoint operator, the Stokes decomposition reads D¢, (x) =
T = %rm, for all x € R3. Therefore

curl ¢, (x) = 2a (x € RY). A

Remark. We have the following relation between the curl of a vector field in R?
and one in R3. If f : R? — R?is a C! vector field, define f : R® — R3 by

F@) = (fitx, x2), folxr, x2), 0).

Then
curl f(x) = (0,0, curl f(x, x2)). (8.8)
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Remarks of an analytical nature, motivating the definitions above. Let U C

R" be open and f : U — R" a C! vector field. Let x € U and h, k € R", then we

obtain from the definition of differentiability, for # > 0 sufficiently small,
(fx+1h) = f(x), tk) = *( Df (X)h, k) + o (1), 140,
(fx+1th) = f(), th) =t (Df()'h, k) +o@), 10

Subtracting these identities we find

(f), th) + (f(x+th), thk) —(f(x +1k), th) — (f(x), tk)
=t>(Af(x)h, k) +o@?), t]0.

In terms of Definition 8.1.1 we recognize the expression on the left as an approxi-

mation of
/ (f(s),dys),
y (x,h.k,1)

the oriented line integral of the vector field f along y(x, A, k, t), the boundary of
the parallelogram based at the point x and spanned by the vectors ¢ & and ¢ k. In
other words, v (x, h, k, t) equals the union of: the line segment in R” from x to
X +1 h, the line segment from x +¢ & to x +¢ h 41 k, the line segment from x +¢ k to
x +t k41t h traced in the opposite direction, and finally, likewise, the line segment
from x to x 4 ¢ k. Thus we find an interpretation of Af (x), namely

.1
(Af(x)h, k) = ltlg)lt—2 y(x,h,k,t)<f(S)’d1S>' (8.9)

The arguments above are infinitesimal; in the following proposition, which for
n = 3 is a special case of Stokes’ Integral Theorem 8.4.4, they are made global.

Proposition 8.1.12. Let I = [0,1], let U C R" be open, and assume I" €
C'(I*,U) has continuous mixed second-order partial derivatives D,D\T" and
DD, : I?> — R". Then the following holds for a C' vector field f : U — R":

J

Here 3(1?) is the boundary of the square 12, given by, successively, with x1, x, € I,

(£(s), dis) :/ ((Af)oT - DT, DT )(x) dx. (8.10)
12

lacr2y

x1 = (x1, 0); x2 = (1, x2); xp = (1 —x, 1) x2 > (0, 1 —x2).
The expression on the left—hand side in (8.10) equals, by Definition 8.1.1,

/(fol", D]F)()C],O)dxl —i—/(foI‘, DzF)(],Xz)dXz

I 1

—/(foF, DI')(x, 1) dx; —/(foF, D,I" )(0, x2) dx;.

I I

Furthermore, the notation - on the right—hand side in (8.10) signifies application of
a linear mapping to a vector.
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Proof. On I? we have the following identities of functions:
Di(fol', DI') =((Df)ol'- D", DoI') +(fol', DiD,I'),
Dy(fol', DiIT'Yy=((Df) o' - D\, DT+ (fol, D,D{T").

One has, by Theorem 2.7.2, that D; D,I" = D, D,I". Subtraction therefore yields
Di{(fol, D'y —Dy(foTl, DiT')=((Af)ol" - DiT", D,I").

Integrating this identity over /2 and using Corollary 6.4.3, we find

//Dl(fol", DoI" ) (x) dx, dxg—/ /Dz(foF, DT")(x)dx>dx,
1J1 1J1

:f ((Af)OFDlr, DQF)(X)CZX
12

When we apply the Fundamental Theorem of Integral Calculus 2.10.1 on R to the
left—hand side we obtain

f«for, DaT)(1, x2) — (f o T, DaT' )0, x2))dxs
1

—/((fof‘, DiI')(xy, 1) = (f o', DiI")(x1, 0))dxy. a
1

Remark. By means of differentiation under the integral sign and of integration
by parts we find the following result, which is related to Formula (8.10):

DI/<foF, DaT ) (x) dxz =f<<Af>or-Dlr, DaT)(x) dxz
I I (8.11)

+(fol, Dil')(x1, 1) = (f o', DiT")(xy, 0).
This formula gives the derivative of a line integral along a curve x; — I'(xy, x2)

that has an additional dependence on a parameter x, with respect to that parameter.

Remark in preparation for Section 8.6. In the preceding proposition curves
y : I — U were seen to play a role, and, in addition, scalar functions y +>
((f oy)(»¥), Dy(y)), which occur as a result of pairing the vector f(y(y)) € R”
and the tangent vector Dy (y) € T, U, fory € I (see Definition5.1.1). Obviously,
then, the vector f(x) € R" induces the mapping

wx)=wrx):h (f(x), h) in Lin(T, U, R).

The mapping w(x) then is an element of

1
N\ T:U :=T;U := Lin(T,U,R),
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the linear space of all linear mappings from the tangent space 7, U to R, which
is isomorphic with R". A mapping @ which assigns to every x € U an element
w(x) € /\1 T*U is said to be a differential 1-form on U, and one writes w € Q'(U)
(see also Exercise 5.76).

Likewise, Af (x) € End(R") induces a mapping

w(x) = wpr(x) € Lin*(T,U,R)  with  war(x)(h. k) = (Af(x) h, k).

This mapping w (x) then is an element of

2
NTU = (1 € LinX(T,U.R) | n(h. k) = (k. h) }.

by definition the linear space of all antisymmetric bilinear mappings from the Carte-
sian product of T, U with itself to R. Indeed, Af (x)! = —Af (x) implies

w(x)(k,h) = (Af(x)k, h) = (k, Af(x)'h) = —(x)(h, k).

A mapping o which assigns to every x € U an element w(x) € /\2 TU is said to
be a differential 2-form on U, and one writes w € Q(U).

In this context the differential 2-form w4y is said to be the exterior derivative of
the differential 1-form w ;. The linear mapping ws > way : QUU) - Q) is
said to be the exterior differentiation, and is often denoted by d : Q' (U) — Q2(U)
instead of A (from antisymmetric) as we have done, that is, d w; = wuy. The
condition Af = O for f thenbecomesd w; = 0 forwy, and w  is said to be a closed
differential 1-form. Conversely, a closed differential 1-form w is not necessarily of
the form g4, for a function g; but if it is, w is said to be an exact differential
1-form.

Remarks of a geometrical nature, motivating the definitions above. The no-
tation is that of Section 5.9. Assume that (®');cg is a one-parameter group of
diffeomorphisms of R" with tangent vector field ¢ : R* — R”". For fixed x € R",
we wish to study the images ®'(x + v), for small values of r € R and v € R".
Let w € R” be arbitrary and define f : R> — R" by f(t,u) = ®'(x + uw).
Then we have D, Dy f(0,0) = D¢ (x)w, if we assume that D¢ (x) € End(R"), the
total derivative of ¢ at x, exists (note that ¢ does not depend on ¢). The identity
lim y)—0.,0) 7 (t, u) = Dy D; £(0, 0) from Formula (2.19) now implies

1
lim —(®'(x +uw) — &' (x) —uw) = Dp(x)w.
(t.1)—(0,0) fu

Hence, setting uw = v we obtain, for small values of r € R and v € R",

CBEC(U) =0 (x+v) =D (x) = +tDp(x))v+ o(t|v]) = (I +tDp(x))v.
~ (8.12)
This @ is said to be the local effect near x of the flow P!,
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The Stokes decomposition of D¢ (x) from Formula (8.5) asserts

D¢ (x) = %Sd)(x)-l—%Aqb(x), S¢(x) € EndT(R"), A¢p(x) € End” (R").

(8.13)
In view of the Spectral Theorem 2.9.3 the operator S¢ (x) can be diagonalized,
having eigenvalues Ay, ..., A, € R, and corresponding eigenspaces spanned by
eigenvectors vy, ..., v, € R", say. Therefore S¢(x) is an anisotropic (# tpons| =
change) linear dilatation in R"; in the direction of the eigenvector v; its action is
that of multiplication by A;, for 1 < j < n. (In other words, S¢ (x) maps a ball
about O to an ellipsoid.) According to Example 2.4.10 we have €259 ¢ Aut(R"),
for r € R. It is an anisotropic dilatation in R” with eigenvalues et e e%’\"; and
under this transformation volumes change by a factor e?M ... e2*n Tt now follows,
by Formula (8.6) (also compare with Formula (5.33)), that

dete%S¢(x) — e%()~1+"'+)~n) — e%tqu&(x) — pldive) (8.14)
Since A¢(x) is anti-adjoint, Exercise 4.23.(iv) implies that e249() ¢ Aut(R"), for
t € R, is a rotation in R”. In particular, therefore, this transformation is volume-
preserving. Formulae (8.12) and (8.13) now yield

= (I + % Sép(x))(I + % Ap(x)) = €259 W 14000, (8.15)

This means that the local effect &z near x of the flow ®’, in the approximation of
small values for 7, can locally be written as a composition of the rotation 24
in R" and the subsequent anisotropic dilatation ¢25¢() in R". The local effect 51
is approximated by a linear mapping; denoting the latter also by 5@ we have, by
Formula (8.14),

B — divex)
det & = ¢/ I,

Thus, this formula gives the geometrical interpretation of div ¢ (x), for a tangent
vector field ¢ associated with a one-parameter group (®'),cg acting on R”: it equals
the rate of change of volume at time ¢ = 0, resulting from the local effect CI’SZ near
x of the flow ®’. This conclusion also follows from Formula (5.31), that is

d
—|  det D®'(x) = dive(x).
d t=0
In particular, for n = 3 it follows from Corollary 8.1.10 and the theory of
rotations in Exercise 5.58 that ¢ > ¢249) is the one-parameter group of rotations
t > R, 1 g Of the space R, about the axis spanned by curl¢(x) € R and

with angular velocity % | curl ¢ (x)||. In combination with Formula (8.15) this leads
to the geometrical interpretation of curl ¢ (x), for a tangent vector field ¢ associated
with a one-parameter group (®'),cg acting on R?, that is, curl ¢ (x) determines the
“rotational component” of the local effect CEEC near x of the flow @.
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Example 8.1.13. In the terminology of Section 5.9, the vector fields J and f
from Example 8.1.7 both are tangent vector fields of one-parameter groups of dif-
feomorphisms of R?, having concentric circles about the origin as orbits. Now
1)) = llx]l, while || f(x)]| = ﬁ Thus, as x moves away from the origin, the
orbits under the flow associated with f are traced at decreasing rates. Evidently,
curl f = 0 implies that this phenomenon exactly compensates the rotation of x

under the influence of the flow associated with J. PAe

8.2 Antidifferentiation

We return to the problem of finding an antiderivative (see Formula (8.2)).

Definition 8.2.1. Let U C R" be an open subsetandlet f : U — R" bea C! vector
field. We say that f satisfies the integrability conditions if (see Formula (8.4))

Af =0,  thatis, D;fi=Dif; (1<i, j<n).

The vector field f is said to be divergence-free, source-free or incompressible on
U if div f = 0. Furthermore, f is said to be harmonic on U if both Af = 0 and
div f = 0.

In particular, letn = 3. Then f is said to be curl-free, vortex-free or irrotational
on U if curl f = 0 (and therefore also Af = 0). @)

Example 8.2.2 (curlgrad and divcurl). Let U C R” be an open subset and let
g € C?(U), then (see Formula (8.3))

A(grad g) = 0. (8.16)

Indeed, D(grad g)(x) is self-adjoint due to the symmetry in the indices of the
second-order partial derivatives of g (see Theorem 2.7.2). A gradient vector field
grad g therefore satisfies the integrability conditions. The gradient vector field
grad g of a harmonic function g, that is, a function with div grad g = 0, is harmonic.
The component functions of a harmonic vector field are harmonic functions. The
Newton vector field from Example 7.8.4 is harmonic.

One has in particular, forn = 3andh : U — R? a C? vector field with U C R3,

curlgradg =V x (Vg) =0 and divcurlh =V - (V x h) =0. (8.17)

Indeed, the matrix of D(curl #)(x) is antisymmetric, for every x € U. PA
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Definition 8.2.3. Let U C R” be an open subset and let f : U — R”" be a
continuous vector field. A C! function g : U — R is said to be an antiderivative,
integral, or scalar potential for f on U if f = grad g.

And, if n = 3,a C! vector field h : U — R? is said to be a vector potential for
fonUif f =curlh. O

From (8.16) and (8.17) it follows that Af =0 (ordiv f = 0ifn =3)on U is
a necessary condition for the existence of a scalar potential (or a vector potential,
respectively) for f on U. And, under an additional condition on U, these conditions
on f are also sufficient, as shown in Lemma 8.2.6 below. The necessity of additional
conditions on U is apparent from the following. Assume that the continuous vector
field f : U — R”" possesses a scalar potential g : U — R. Further,letx andy € U
be fixed. Then, for every C' curve t > y(¢t) : I — U from x to y, the integral
f y ( f(s),d,s ) is independent of the choice of the curve y, as long as the latter runs
from the fixed point x to the fixed point y. Indeed, the value of the integral is given
by the potential difference

d(g o
/I<(gradg) oy, Dy )(t)di = /I LD yar = g0) - g0 B18)

For a closed C' curve y one has in particular fy( f(s),dis)=0.

Example 8.2.4. Let U = R? \ {0}, and consider the vector field f : U — R?
from Example 8.1.7, given by f(x) = W] x; then we know that curl f = 0
on U. Define y : |—m, n[ — U by y(t) = (cost, sint). Then Dy(t) =
(—sint, cost) = Jy(t) and therefore

Jy@®|?
(fov, Dy)(ﬂz%zl; hence /(f(S),dls)=27T-
ly @l y
This result can also be derived from Example 7.9.4, because J' f : x +— Wx is

the Newton vector field on U (neglecting the constant 277).

As a consequence, f can not have an antiderivative on U. On the other hand, f
does have an antiderivative on U’ = R?\ (] —oo, 0] x {0}), because f = grad arg on
U’, where arg : U’ — R is the argument function, defined by (see Examples 3.1.1
and 2.4.8)

(x) = 2arct ( e )
arg(x) = 2arctan | —— ).
1+ [l

Note that U’ is the maximal domain of definition for the function arg.
According to Example 7.8.4 the vector field J’ f has an antiderivative on U,
and so

/(J’f(S),dw):O. 2
Y
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Definition 8.2.5. A set U C R”" is said to be star-shaped if there exists a point

x? € U such that for all x € U the line segment from x° to x lies in U, that is,

im(y,) C U withy, : [0, 1] — U defined by y, () = X0+ t(x — x9). @)

Lemma 8.2.6 (Poincaré). Let U C R" be star-shaped and open, and let f : U —
R" be a C' vector field. Then the following two assertions are equivalent.

i) Af =0o0nU.

(ii) There exists g € C*(U) which is a scalar potential for f; for example the
following, with vy, as in Definition 8.2.5:

g(x) =/ (f(s),dis)  (xel). (8.19)
Vx

For n = 3, other equivalent assertions are as follows.
@iii) divf =0on U.

(iv) There exists a C' vector field h : U — R® which is a vector potential for f;
for example

1
hx) = /O (foy) x p)Wdv  (x € U).

Here the integration is carried out by components.

Proof. In order to simplify the formulae we assume that x* = 0.

(i) = (ii). According to Example 8.1.2 one has g(x) = fol k(v, x) dv, where
k:[0,1]xU — R with k(v,x) = ( f(vx), x) = f(vx)'x.

From Af = 0 and Formula (8.5) it follows that D f (vx)’ = Df (vx), and therefore,
if grad, is the gradient with respect to the variable x € U,

grad, k(v,x) =vDf(vx)'x+ f(vx) =vDf(vx)x + f(vx)
d d
=v— f(vx) + f(vx) = —( f)(vx).
dv dv
By means of differentiation under the integral sign we find

d
erad g(x) = / S Hx v = F0).
0 v

(iili) = (iv) is proved in an analogous manner. Begin by h(x) = fol m(v, x) dv,
where

m:[0,11xU — R® with m@,x) = f(vx) x vx = —v(ry o f)(vx).
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Here r, € End(R?) is given by r,(y) = x x y. This yields

Dim(v,x) =vrpupy — vzrx o Df (vx).
Because r ¢,y and r, are anti-adjoint operators, it follows that

Am(,x) = D,m(v,x)— D,m(v, x)'

= 20T fqy) — V(ry 0 Df(vx) + Df (vx) ory).
Application of the remark below, with L = Df (vx), gives
Axm(v, X) =2v rf(vx) + Uzer(xu)x = r2vf(vx)+u2Df(ux)x-

Consequently, if curly is the curl with respect to the variable x € U,
2 d o
curl, m(v, x) = 2vf(vx) + v"Df (vx)x = d—(v f)(vx).
v

By differentiation under the integral sign we find

1
curl 71(x) =/ di(v2 fwx)dv = f(x). Q
0 v

Remark. Let L € End(R?), with tr L = 0. Then, for all x € R?,
reoL+Lor, =—rp,.
Indeed, the fact that tr L = 0 implies, for all &, k € R3,
det(Lx h k) + det(x Lh k) + det(x h Lk) = 0.
This can be shown by calculating the coefficient of A in (see Formula (7.62))
det(Lx — Ax Lh — Ah Lk — Ak) = det(L — A1) det(x h k).

In view of det(pgr) = (p x q,r), for p, g and r € R? (see Formula (5.2)), this
becomes

(Lx x h,k) 4+ (x x Lh,k)+ (x xh,Lk) =0.

Therefore
((rpxy +reoL+Lory)h, k) =0.
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Remark. From Lemma 8.2.6 it follows immediately that a harmonic vector field
on R3 possesses a scalar potential that is itself a harmonic function.

We now formulate the property of U being simply connected, which is weaker
than that of being star-shaped (see Definition 8.2.5), but which will still guarantee
that a vector field satisfying the integrability conditions on U possesses a scalar
potential on U (see Theorem 8.2.9). This concept originates from homotopy theory,
a subject in algebraic topology.

Definition 8.2.7. An open set U C R” is said to be simply connected if, for every
point x € U and every C' curve y : I — U beginning and ending at x € U, there
exists a C' homotopy between y and the constant curve y, : I — {x}, that is, if
there exists a C! mapping (with I = [0, 1], for simplicity)

r:1>°-u with 'ao,t =y(@), ',y =r¢,0=I,1)=x,

for which the mixed second-order partial derivatives D, D" and D1 D,I" : [ 2 5> R"
exist and are continuous. O

For example, R”, as well as every star-shaped open set U C R”, are each simply
connected, because I'(s, ) = sx + (1 — s)y(¢t) € U, in view of the definition of
being star-shaped. Note that Dy DI (s, t) = D, D' (s, t) = —y'(¢).

Lemma 8.2.8. Let U C R”" be simply connected and open, and let f : U — R”"
be a C' vector field with Af = 0. Then, for every closed C' curve y : I — U,

/(f(S),d1S>=0-
14

Proof. Assume that y begins and ends in x € U, and let I' be the corresponding
C! homotopy. On the strength of Definition 8.1.1, the conclusion follows from
Proposition 8.1.12. Indeed, D,I"'(0, t) = Dy (¢), while D,I"'(1,¢) = DiI'(s,0) =
DI'(s,1) =0because I'(1,7) =I'(s,0) =I'(s, 1) = x. |

Theorem 8.2.9. Let U C R”" be simply connected and open, and let f : U — R"
be a C' vector field with Af = 0. Then there exists a C? function which is a scalar
potential on U for f.

Proof. Let x° € U be fixed. By analogy with Formula (8.19), we define the function
g:U — Rby

¢(x) =f CF(s)sdus )
Yx
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here y, : I — U is an arbitrary C! curve in U from x° to x € U. Then g is
well-defined on U. Indeed, two different curves y, and 7, meeting in C'! fashion
at x, together form a closed C! curve y which begins and ends at x°. Application
of Lemma 8.2.8 to y then yields the result that the oriented line integral of f along
v, equals the oriented line integral of f along ;. One then notes that, for all y,
xeU,

g(y)—g(X)=/ (f(s),dis),
Vxy

where y,, is a curve in U from x to y. But now one immediately concludes that
grad g(x) = f(x),forallx € U. |

8.3 Green’s and Cauchy’s Integral Theorems

Gauss’ Divergence Theorem 7.8.5 can be used to prove other integral theorems:
that of Green for open sets in the plane R?, that of Cauchy for open sets in the
complex plane C, and that of Stokes for surfaces in R.

We now introduce the concept of a positive parametrization of the boundary of
an admissible open set in R2. First we consider an example. The unit circle S'
equals 92, with Q the bounded open subset {x € R? | ||x|| < 1}. Consider
the C* parametrization | —m, 7 [ — S'\ {(—1,0)} of S given by ¢ > y(t) =
(cost, sint). One then has v(y(¢)) = y(t) = (cost, sint), for the outer normal to
S'at y(t), and Dy(t) = (—sint, cost) (see Theorem 5.1.2), for the tangent vector
to S' at y(¢). Accordingly, the direction of the tangent vector is obtained from that
of the outer normal by application of J, the rotation in R? by % in the positive
direction, whose matrix with respect to the standard basis in R? is

0 -1
J= ( Lo ) (8.20)
In addition we find

det(voy | Dy)(l‘):‘ cost —sint ‘

. =1=>0.

sint cos?

In linear algebra this is precisely the condition for v o y(¢) and Dy(¢) to form a pair
of positively oriented vectors in R2. The geometrical equivalent of the positivity of
the determinant is that the point y(#) € 92 moves counterclockwise in the plane
R? when ¢ in R ranges from — to 7. As this goes on, Q constantly lies “to the
left”, that is, in the direction of the inner normal, and the complement of €2 lies “to
the right”, that is, in that of the outer normal. This suggests the following:
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Definition 8.3.1. Let © be a bounded open subset of R? having a C' boundary
0% and lying at one side of 3Q. Assume that I — 9dQ with ¢ — y(t) isa C!
parametrization of d€2 by the disjoint union / of intervals in R, with

detwoy | Dy)#) >0  (tel).

We then say that ¢ +— y(t) is a positive parametrization of 0S2, or, alternatively,
that the parametrization ¢ — y(¢) endows 02 with a positive orientation. O

Remark. If ¢ — y(¢) is a positive parametrization of d€2, the direction of the
tangent vector Dy(¢) to €2 at y(¢) is uniquely determined by the outer normal
v o y(t) to 0L2 at y(¢), by means of

IDyOI™' Dy@) = Jv(y@®) (€. (8.21)

Here J is the matrix from (8.20). In particular, there is no longer a freedom of choice
as regards sign. In other words, every positive parametrization of d<2 induces the
same unit tangent vector field T on 9€2, namely

t=Jov:9Q — R2. (8.22)

Example 8.3.2 (Annular domain). Let 0 < r < R and consider the annular
bounded open set @ = {x € R? | r < ||x|| < R}. Then 3 is the (disconnected)
set {x € R? | x| = r}U{x € R* | |lx|| = R}. Furthermore, t — y(¢) is a
positive C* parametrization of 92 if

R(cost, sint), 0 <t <2m);
y) = _

r(cost, —sint), 4r <t < 6m).
Omitting from €2 the points on a fixed line through the origin, one obtains two sets
2 and 2,. Check that both 92, and 92, are connected sets. Now assume that
positive parametrizations are chosen for both of these. Then the line segments in
the intersection 092; N 3£2,, considered as subsets of 921, are traced in a direction
opposite to that in which they are traced as subsets of 9£2,. PA

We repeat the definition of line integral (compare with Definition 8.1.1) in the
present context.

Definition 8.3.3. Let @ C R? be as in Definition 8.3.1, and let ¢ > y(t) be a
positive parametrization of Q. Let f : 32 — R? be a continuous vector field.
Then define |, sal f (), d1y), the oriented line integral of the vector field f along
0%, by

f39<f(y),d1y> _ /I<foy, Dy) (1) dt. (8.23)
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Here the right-hand side contains the inner product of vectors in R2. The expression
on the left is also known as the circulation of f around 02 with respect to the choice
of T (see (8.22)). @)

Lemma 8.3.4. Let Q C R? be as in Definition 8.3.1, and let t — y(t) be a positive
parametrization of 9S2.

() A parametrizationt — (1) : I — 0Qisa positive parametrization of 0€2
if and only if
detDOyY oM@ >0 (Fel).

(ii) The integral on the right in (8.23) does not change when a different choice is
made for the positive parametrization t — y(t) of 0S2; therefore the integral
on the left is defined independently of the choice of a positive parametrization.

Proof. Let y(t) = ¥(7), witht € I and7 e T;thent = (o) (F) =: ¥ (7). Appli-
cation of the chainrule to §' = yo W on I therefore gives DY (1) = det DW (1) Dy(t)
for7 e I andt = W(7) € 1. Assertion (i) now follows from

det(voy | DY)(1) = det DW(7) det(v oy | Dy)(¢).

To prove (ii) we apply the Change of Variables Theorem 6.6.1 with W : I — I
then we obtain

B o~ |det DU(D)|
/I<foy,Dy>(t)dt—/T(foy,Dw(?}W a

Remark. See Lemma 8.1.3 for another formulation of Lemma 8.3.4. Further-
more, Lemma 8.3.4.(ii) can also be proved in a different way. Formulae (8.21) and
(8.22) yield

/m<f(y),d1y> =/<foy(r>, 1Dy~ Dy ()| Dy ()]l di

1

(8.24)
:/ (f Jv)(y)dlyZ/ (f, T)() diy.
Q2 a2

Thus the oriented line integral of the vector field f along €2 is seen to equal the
integral over 02 with respect to the arc length on 92 of the function y — ( f, 7)(y);
and according to Definition 7.1.2 — Theorem the latter integral is independent of
the choice of the parametrization.
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Theorem 8.3.5 (Green’s Integral Theorem). Let @ C R? be a bounded open
subset having a C' boundary Q2 and lying at one side of dQ2. Assume thatt > y(t)
is a positive parametrization of Q. Let f : @ — R? be a C! vector field such
that f and its derivative Df : Q — End(R?) can both be extended to continuous
mappings on Q. Then

/ (f(y),diy) = / curl f(x)dx. (8.25)
a0 Q

Proof. Note that it follows by Formula (8.24) that

fm<f<y>,d1y> =f (' f0 )3 dyy.

Q2

Here J' is the transpose of the matrix J from (8.20). Formula (8.25) now follows
by means of the Divergence Theorem 7.8.5, because div(J” f) = curl f, according
to Definition 8.1.6. EI

Example 8.3.6 (Descartes’ folium). From Example 8.1.7 we know that curl J = 2.
We therefore immediately conclude

1 1
area(S2) zf dx = —/ (Jy,diy) = _f(YI Yy — Y2y (1) dt
Q 2 02 2 1
(8.26)

1
= f —det(y | Dy)(t) dt.
12
Note that %det(y | Dy)(t) is the area of the triangle with vertices 0, y(¢) and
y+ Dy(@).

Descartes’ folium (compare with Example 5.3.7) is the curve in R? defined by

3at
3 +1

y(t) = (1) (—co<t<oo, t#—1),  with y(Eoo)=0.

We know that its points satisfy the equation yf + yg = 3ay;y;. One has

y(t) ) _ 9a%?

o / _ 2
O Yo =2 yl)(t) =y (y1(l) - (l3 + ])2'

Let Q C R? be the bounded subset which is bounded by the part of the folium
parametrized by ] 0, oo [. We have

3a%2 [ 3¢ 3a%> (™1 3a? 17 342
area(f2) = — ——dt = — —du=— | — = —.
2 Jo #B4+1)? 2 J u? 2 u | 2
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This result can also be obtained by means of the following C'! diffeomorphism
WV — Q. Here V is the triangle

V={yeRl|y +y <3a}, Q={xeR2 |x}+x] <3axix},

2/3 1/3 1/3 2/3
W(y) = (y/ /,yl/ }’2/ ).

Then det DY (y) = % and hence area(Q2) = [, %dy = %3a Sa _ 3a? Ph e

As preparation for Cauchy’s Integral Theorem we make the following remarks.
We identify C with R? as in (1.2). In this context, the matrix J from (8.20) is also
known as the complex structure on R?, because this linear mapping yields the action
of multiplication by i = 4/—1 on C identified with R%. As in Formula (1.2) we
identify a function f : C — C with the vector field f = (fi, f») : R> — R? by
means of

fxi+ixy) =Re f(x+ixy)+iIm f(x1+ixy)  <«—  (filxr, x2), fo(x1, x2)).

Definition 8.3.7. Let Q € C ~ R? be as in Definition 8.3.1, and let r — z(¢) be
a positive parametrization of 92. Let f : 92 — C be a continuous function. In
view of the equality

(f o)) Dz(1) = (fi +if2)(z(1)(Dzy +iDz)(1),

we define f sq J (2) dz, the complex line integral of the function f along 9€2, by

/ f(z)dz=/ (7(2),d12>+i/ ((JNH@), diz), (8.27)
Q2 Q2 Q2

where f = (fi, — f») is the complex conjugate function of f; and therefore J f =
(fZa fl ) . @)

As in Lemma 8.3.4.(ii), one proves that the expression on the left does not
change upon choosing another positive parametrization of 9€2.

Example 8.3.8. If z = x| + ix;, then g(z) := 1 = % < (55, 52%). Thus,

|z X +x2 X +x2
with f as in Example 8.2.4,

1 _
= ——x=Jf, and so Jg=f;
llxl
and from the integrals in that example we obtain at once, where y denotes the unit
circle with positive orientation,

oql

1
/—dz=2ni. PA e
J/Z
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As in complex analysis we have the following:

Definition 8.3.9. Let @ C Cbe open and let f : 2 — C. Then f is said to be
holomorphic or complex-differentiable on Q2 if f is continuously differentiable over
the field R and the following limit exists, for every z € Q:

fz+w)— f(2)

w

f'(z) = lim
w—0
The next lemma essentially follows from the definitions.

Lemma 8.3.10 (Cauchy—Riemann equation). For f = fi +if, : @ — C and
(fi, f») : @ — R?, respectively, one has the equivalent assertions.

(1) f is holomorphic.
(ii) The C' vector field (fi, f>) satisfies the Cauchy—Riemann equation

(Df)oJ = J o Df € End(R),
that is, D]f] = D2f2 and D]fz = _D2f1-

(iii) The C' vector field f = (fi, — f») is harmonic (see Definition 8.2.1), that is
curl f =0, div f = curl(J f) = 0.
In other words, Af = A(J f) = 0.
(iv) The real-differentiable C' function f satisfies

of
07

0 1
0, where == §(D1+iD2); that is, iD\f = D,f.

Proof. (i) < (ii). The identity, valid for & € R,

i f(z+h)—f(z)_ . f@+ih)— f©@
im = lim :
h—0 h h—0 ih

corresponds to Dy fi 4+ i Dy fo = Da fo — i Dy fi (since 1(fi 4+ ifs) = fo—if1);in
turn, this is equivalent to (Df) o J = J o Df. 4

The notation in part (iv) of the lemma above is explained as follows. For
z=x1 +ix; € C wehave x; = %(z +7)and x; = —%(z —2) € R. Regarding 7
and 7 as though they were independent variables, we find

Bxl . 8x1 1 8XQ . 8)62 i

9z 0z 2 9z 9z 2
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Then the chain rule implies

8f 8x1 8)62 1 .

L =D f— 4+ D f—=—(D,—iD))f,
52 1f oz + Dy f 5z 2( 1 —iDy)f
8f 8x1 8x2

1
=D f—+Df— = —(D D) f.
P 1 f P +Dyf P 2( 1 +iDy)f.

Theorem 8.3.11 (Cauchy’s Integral Theorem). Let Q@ C C ~ R? be a bounded
open subset having a C' boundary 32 and lying at one side of Q2. Let f : @ — C
be a holomorphic function such that the vector field f and its derivative Df : Q —
End(R?) can be extended to continuous functions on Q. Then

f(x)dz =0.
a0

Proof. The conclusion follows immediately from Lemma 8.3.10.(iii) and Green’s
Integral Theorem. 0

By means of Definition 8.1.1, a version of (8.27), Lemma 8.2.8, and finally
Lemma 8.3.10.(iii) we find the following variant (see Exercise 8.11 for another
proof):

Theorem 8.3.12 (Cauchy’s Integral Theorem). Let U C C =~ R? be a simply
connected and open subset. Let f : U — C be a holomorphic function. Then, for
every closed C' curvey : [ — U,

/ f(z)dz =0.
¥
In fact, the theorem is valid for every closed piecewise C! curve y : I — U.

8.4 Stokes’ Integral Theorem

We now prepare the formulation of Stokes’ Integral Theorem. Let Q C R? be
as in Green’s Integral Theorem, and let t +— y(¢) : I — 9K be a positive C!
parametrization of 0€2. Further, let

p: Q>R  with ym ¢(y) =x,
be a C? embedding whose image is the C? surface in R?

E = ¢(Q).
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According to Formula (5.5),

vod(y) = [(Di¢ x D)W~ (D1¢p x D2gp)(y) € R

is a normal to E at ¢(y). We assume that ¢ and the total derivative D¢ : Q —
Lin(R?, R?) can be extended to continuous mappings on Q. In particular, we may
then define

08 = ¢(092).

The extension of ¢ to €2 is not necessarily injective on 92, thatis, a subset S C dE
may exist with S = ¢(V}) = ¢(V,) for V| and V, C 92, while V| # V,. A part
S such as this does not contribute to d E, if under the positive parametrization of
a€2 the sets ¢ (V) and ¢ (V,) are traced in opposite directions (these parts of 0 E
then “cancel each other out”). One has that 9 E, less the above-mentioned sets, is
a piecewise C! submanifold in R? of dimension 1 that does indeed play the role of
the boundary of E. The mapping

yit—=> (poy)t): 1 — dE,

is a parametrization of dE. Considering Theorem 5.1.2, we see that Dy (¢) is a
tangent vector to d 2 at y (¢).

Remark. Let the notation be as above. Let f : 32 — R? be a continuous
vector field. In Definitions 8.1.1 and 8.3.3 we have introduced f sel f(s),dis ), the
oriented line integral of the vector field f along d E, by

| (rerdsy= [(rovpiwar (828)
The integral on the left is sometimes referred to as the circulation of f around 9 &
with respect to the choice of t, the unit tangent vector field along d 2. The right—hand
side in (8.28) does not change when a different positive C! parametrization of 92
is chosen, nor does it change when another choice is made of a C? parametrization
qb Q — E, provided det D(¢~! o gb)(y) > 0, forall y € Q. Consequently, the
integral on the left is defined independently of the choice of the parametrization y
of 0 &, provided the positivity conditions are met.

Proposition 8.4.1. In the notation used above we may write

(F(s)dis) = /3 (DB (o). diy), (8.29)

a8

where D¢ (y)' € Lin(R3, R?), for y € 9K, while - means application of a linear
mapping to a vector. Thus we have here the vector field

(D@)' -(fod) 1y = (fod)(y) = DH()' (fod)(y) : 32 — R® — R*. (8.30)
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Proof. By virtue of Formula (8.28) we find

/3<f<s>,d1s> =f<(fo¢)oy, (D) oy - Dy ) (1) di
08 1

_ f1<(<D¢>>f {(fod)oy. Dy)(0)d,

where we have taken the adjoint. According to Formula (8.23), the expression on
the right equals that in Formula (8.29). a

Formula (8.29) tells us that the line integral along d E can be “pulled back” to
a line integral along 0€2. We then wish to apply Green’s Integral Theorem to the
latter, to convert it into a surface integral over 2. Accordingly, we calculate the curl
of the vector field in Formula (8.30) by means of the following:

Lemma 8.4.2. Assume that f : 8 — R®is a C' vector field. In the notation above
we have the following identity of functions on Q:

curl (Dg)" - (f 0 ¢)) = ((curl f) o ¢, Di¢ x D2¢).

Proof. For the vector field in (8.30) we have

Do, fo
(D19, f ¢>>:Q—>R2.

— (D) - (f o) =
§ / <<Dz¢>,fo¢>>

Therefore
Dg=S+(D¢) - (Df)odp-D¢  with  S=((D;Di¢, fog)).

Theorem 2.7.2 implies that S(y) € End(R?) is self-adjoint, for y € Q. Furthermore,
the adjoint of (D¢)" - (Df) o ¢ - D¢ equals (D¢)" - (Df)" o ¢ - D¢; and so

Ag = Dg — (Dg)' = (D) - (Df — (Df))o¢- D¢ = (D) - (Af) o ¢ - Dg.
Using Definition 8.1.6 and Corollary 8.1.10 we then find

curlg = (Agey, e2) = ((Af)ogp-Dper, Dpey) = ((curl fog, DipxDr¢).Q

With the help of Lemma 8.4.2 we now apply Green’s Integral Theorem to the
right-hand side of (8.29); this gives

| sy = [ (@t oo, D x D)y, 53D

Finally, because the left-hand side of this formula is expressed in terms of E, we
want to recognize the surface integral over €2 on the right as a surface integral over
& which has been “pulled back”; hence the following:
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Definition 8.4.3. Let g : € — R? be a continuous vector field. Then define
/. =(8(x), dax ), the oriented surface integral of the vector field g over E, by

/;(g(x),dzx)=/s2(g0¢, D1¢xD2¢><y>dy=/Qdet(go¢ | D$)(y) dy.O

The right-hand side does not change when we make a different choice 5 :
Q — E for the parametrization of &, provided that det D(¢~! o 5) () > 0, for
y € . Indeed, the second integral in Definition 8.4.3 is recognized by means of
Formulae (7.37) and (7.20); this yields

=

/H<g(x),de> =f§z(go¢, vo¢>(y)w¢(y)dy=/<g, v)(x)drx, (8.32)

where the last integral is the integral with respect to the Euclidean area on E of

the function x — (g, v )(x) on E. Formula (8.32) also shows that fE(g(x), dyx )

equals the flux of g across & with respect to the choice of v (see Definition 7.8.6).
Formula (8.31) and Definition 8.4.3 imply the following:

Theorem 8.4.4 (Stokes’ integral theorem). Let Q@ C R? be as in Green’s Integral
Theorem, let t — y(t) be a positive C' parametrization of 9K, and let ¢ : Q —
¢ (Q) = B be a C* embedding in R? such that ¢ and the total derivative D¢ can
be extended to continuous mappings on Q. Let f : 8 — R3 be a C! vector field
such that f and the total derivative Df can be extended to continuous mappings
on E. Then

| (s = [ tew p. e

Stokes’ Integral Theorem can be worded as follows. The circulation of a vector
field around the closed oriented curve dE C R? equals the flux of the curl of that
vector field across the oriented surface & C R?. The theorem explains why the curl
of a vector field is also known as the circulation of the vector field around closed
curves per unit enclosed area.

Further note that Formulae (8.9) and (8.10) for n = 3 immediately follow from
Stokes’ Integral Theorem.

Remark on compatible orientations. A phrase commonly encountered is the
requirement that the orientation of the surface E and the orientation of the boundary
d 8 be compatible with each other. Here we give an exact formulation. According
to Lemma 7.5.4 we may assume

QNU={yeR*|y <0}NU.

Then v(y) = ej,fory € QN U, and y : f > te; is a positive parametrization of
92N U. Consequently, D;¢(y(t)) is a tangent vectorto E at x = (¢poy)(t) € 08
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—

“pointing away from” E, that is, a differentiable curve & in R" with §(0) = x
and D§(0) = D ¢(y(t)), leaves E via the boundary. Furthermore, D;¢(y(t)) is
a tangent vector to E, tangent to d E at x, while E “lies at the left of” D,¢(y(2)).
Now the vectors

Dig(y(1)), Drp(y (1)), (D1¢ x D) (y(1))
form a positively oriented triple in R3. Thus it is evident that, in the formulation
of Stokes’ Integral Theorem given above, the orientations of E and of dE are
compatible in the following sense:

* atangent vector to &, pointing outward from E,

* the “positive” tangent vector to d E (determined by the positive orientation of
0E),

¢ and the normal to E,

form a positively oriented triple of vectors at every point of d E.

8.5 Applications of Stokes’ Integral Theorem

Example 8.5.1. Define the vector field
f:R> R F(x) = (x3, x1, x2), then curl f(x) =(1,1,1).

IfQ=]-m n[x]¥, Z[ CR? one has, less four points, that 92 equals

(=7 [ ) U () < 9, 3 DU =mw [ (50) U (= < T 3D,

where under positive orientation this set is traced counterclockwise. Further, let
E =V = ¢(R) C R? be the spherical surface from Example 7.4.6, described by

¢ : (a,0) = R(cosacosf, sinacosd, sinb) ((a, 0) € Q).

It follows that

0 0
—¢ X —¢(o¢, 0) = R*(cosacos’ 6, sinacos’8, sinf cosh),
da 00
ad ad
<(cur1 f)oo, 8—¢ X % >(a, 0) = Rz((cosa + sin ) cos? O + sin 6 cos 0).
o
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Therefore

/(curlf(x), drx )

= R2/ ((cos o + sina) cos? 6 + sin @ cos ) do db
[—m, 7 1x[y, 51

2

b1
=R’ (cosa + sinw) da /

z 2 2 T
cos“0df + 27 R / sin @ cos 6 d6
¥

v

-7

T
2

= R? [sin29 ]w = 7w R*(1 —sin® ) = w R* cos® .
On the other hand, ¢ (] =7, 7 [ x {¥/}) C 0 & has the parametrization

y o > R(cosacosy, sinacosy, sinyr) (—7 < a <m).

And thus

foy(x) = R(siny, cosa cosy, sina cos ),
Dy(a) = R(—sinacosy, cosacosyr, 0),
(foy, Dy )(a) = R*(—sinacosy siny + cos® o cos® ¥).
Furthermore, we have ¢ (] —7, 7 [ x {%}) = {(0, 0, 1)}, and because this is a zero-

dimensional manifold, this part of d 8 does not contribute to the line integral along
d 8. Finally,

¢({n}x]w,%[) ={xeR’|x;1 <0, x =0, x3>siny, |x]|=1)}

= ¢(1=m) x ], 3 ],

but the points x = ¢ (y) of these two image sets under ¢ are traced in opposite
directions when y ranges counterclockwise over the boundary 0€2. Therefore, these
parts of d E do not contribute to the line integral along d E. As a result

/<f(S),d1s) = R? n(—sinoccosgl/singlf—i—coszacoszl//)doz
Flo

—TT

_ ey [ L 2.2
= R”cos“ 2(1+0052a)da_nR cos” ¥,

-7

as expected on the basis of Stokes’ Integral Theorem. PA
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Remark. In certain applications of Stokes’ Integral Theorem, or of Gauss’ Di-
vergence Theorem, one is only given a closed C' curve C, or a closed C' surface
D, in an open subset U C R3; it then remains to determine a suitable C! surface 2,
or an open set 2, in U such that C = 9E, or D = 92, and such that the theorem
can be applied to the pair (&, C), or the pair (€2, D), respectively. Whether or not
this can be achieved is a subject of study in homology theory, which is a branch
of algebraic topology. In addition, one has to be careful in defining the integrals,
especially with regard to the orientations of curves and surfaces.

Formula (8.28) recalls the definition of the oriented line integral of a continuous
vector field f along a C' curve in R? forming the boundary of an embedded C?
surface in R3. In that case the data define a preferential direction for a unit tangent
vector field along the curve. But the same definition is also meaningful for an
arbitrary embedded C' curve y : I — R?3, if we fix a continuous choice for a
tangent vector to that curve; in other words, y is such that Dy () points in the
prescribed direction, for all ¢t € 1.

This also applies, mutatis mutandis, to Definition 8.4.3 of the oriented surface
integral of a continuous vector field g over an embedded C! surface in R®. There
the data also define a preferential direction for a normal to the surface. And again
this definition is meaningful for an arbitrary embedded C' surface ¢ : D — R3, if
we fix a continuous choice for a normal to that surface; in other words, ¢ is such
that (D¢ x D,¢)(y) points in the prescribed direction, for all y € D.

In both cases we say that we have oriented the curve, or the surface, by choosing
the direction of the tangent vector field, or the normal vector field, respectively.

We therefore need, in addition, the following:

Definition 8.5.2. Let D C R""! be open, let ¢ : D — R”" be an oriented C'
embedding, and assume f : im(¢) — R” to be a continuous vector field. Define
f ¢( f(x),d,—1x ), the oriented hypersurface integral of f over ¢, by

/¢<f<x>,dnlx> _ / det (f o ¢ | DS)(y)dy. o
D

The definition is independent of the choice of the embedding, provided the
total derivative of the reparametrization has a positive determinant. Indeed, if
$(») = $(). with y € Dand § € D, then y = (¢~ 0 $)(5) =: W(), see
Lemma 4.3.3. Application of the chain rule to the identity 5 =¢oWon D now
yields D (5) = D¢(y) DU (3). Given 5 € D, the function End(R""!) — R
given by

DU () > det(f o ¢ | DP)(Y) = det (f o ¢(y) | Dp(y) D¥(Y))

is antisymmetric and (n — 1)-linear in the n — 1 column vectors in R"~! of DW ().
It is therefore given by DW (Y) — c¢(y) det DW(Y), where ¢(y) = det (f o ¢ (y) |
D¢ (y)). This yields

det(f o ¢ | DP)(F) = det DW(Y) det (f o ¢ | D) ().
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Applying the Change of Variables Theorem 6.6.1, with W : D — D, we now find

| det DV ()] I

/D det (f o | DP)(y) dy = /Bdet<f°¢ DO G Dwes)

Ilustration for Example 8.5.3: Mobius strip

Example 8.5.3 (Mobius strip). A C! surface in R? cannot always be oriented; as a
case in point, consider the Mébius strip. This can be obtained as 2 with E = im(¢),
where ¢ : Q — R3 is the following C* embedding:

=]—§,5[X]—7T,7T[,
o, a) = (cosa(l + cos %) sina(1 + 7 cos %) t sin %)

For a positive parametrization of €2, the boundary 0 E is successively parametrized
by

1 1
¢, —m) =(—1,0,-1) (—5 <t< 5),
1
¢(§’ a) = yi(a) (-7 <a <m),
1 1
1
¢(—5,a) =y (o) (7 > o> —m).

The surface Z itself is orientable. The nonorientability of Z is a consequence of
the fact that different parts of 92 (that is, ] —%, % [ x {—m} and ] —%, % [ x {m})
have the same image under ¢ in d E (that is, the “vertical part” of d E), whereas the
orientations on these images are equal (both are traced from the top down). As a
result, these parts “do not cancel each other out” (in contrast to what happens when

d€2 is glued in such a way as to form a cylinder).
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Stokes’ Integral Theorem can be applied to E, provided one does not equate the
overlapping parts of d E with each other, but considers each with its own orientation.
For example, consider the vector field

1
fi{xeR | xi+x3#0} > R’ with  f(x) = 5——(—x2,x1,0).
Xy + x5

By means of Formula (8.8) and Example 8.1.7 we see that curl f = 0. By virtue
of Stokes’ Integral Theorem,

[ o)+ [ (rornds) =0,
Y+ —
because the integral over (twice) the vertical part of 0 E vanishes.
On the other hand, consider the C* embedding ¢ : 2 — R? with the property

=, if & = im (¢()), given by

o1

Q:]O,%[x]—%r, 27 [, b(r, @) = ¢ (r, a); then

b(r,—27) =(1—r0,0) 0<r< %),
5(%, o) =:y(a) (27 < < 2m),
é(r,27) = (1-r0,0) (% >r>0),
$(0, @) =: yo(a) Qnr > o > —2m).

Here yy(a) = (cosa, sinw, 0). In this case the nonorientability of Z is evident
from the fact that the “central circle”, the image under yy, is traced twice in the
same direction. Because the integrals over the “horizontal part” of o E cancel each
other out, we find

/(f(S), dis) =4m, since / (f(s),dis) = —4m.
Y Yo

Now im(y) is the disjoint union of im(y;) and im(y-); and, furthermore, y and
v+ have the same orientation on their intersection, whereas y and y_ have opposite
orientations on their intersection. Consequently

f(f(s),d1s>=f (f(s),d1s>—/ CF(s),dus ),
Y Y+

y—
and so / (f(s),dys) = X2m.
s

This example shows, moreover, thata closed C I curve in R3 that is not “knotted”,
to wit y, can be the boundary of a nonorientable C ! surface, to wit 2. P
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Remark. We now study the global properties, as opposed to the local ones from
(8.16) and (8.17), possessed by a vector field in the presence of a potential.

Assume that the continuous vector field f : U — R”" has a scalar potential
g : U — R. Further, let x and y € U be fixed. Then we know that for every C'
curve t — y(t) : I — U from x to y, the integral fy( f(s),d;s) is independent
of the choice of the curve y. According to Formula (8.18), its value is given by the
potential difference

/(f(S), dis) =gy —gkx).
Y

Now assume that n = 3 and that f possesses a vector potential 4 : U — R?;
further, let the closed oriented C' curve y in U be fixed. Let 2 C U be an oriented
C? surface with 92 = y, while at every point of y a tangent vector pointing
outward from E, the tangent vector to y in the positive direction (determined by the
orientation of y), and the normal to & (determined by the orientation of E), form a
positively oriented triple of vectors. Then, by Stokes’ Integral Theorem

ﬁ<f<x>,d2x> _ /(h(s),d1s>.

14

That is, the oriented surface integral of f over E is independent of the choice of

the surface E, provided the latter has the fixed curve y as its boundary, and the
orientations on E and y are compatible.

Definition 8.5.4. Let U C R" be open and let f : U — R”" be a continuous vector
field.

Then f is said to be conservative on U if, for any two points x and y € U, the
oriented line integral of f along a C' curve y in U from x to y is independent of
the choice of .

Furthermore, f is said to be solenoidal (6 ocwhfv = tube) on U if the oriented
hypersurface integral of f over every compact oriented C! submanifold in U of
dimension n — 1 equals 0. @)

The terminology solenoidal is related to the fact that for every f having that
property the oriented hypersurface integral over hypersurfaces is preserved if those
hypersurfaces can be “connected” by a hypersurface I' C U “consisting of stream-
lines for f”, that is, for which the normal to I" at every point of I" is perpendicular
to f. In other words, the integral of f over a hypersurface is preserved if that hy-
persurface has transverse intersection with the same “stream tube”. More precisely,
f is solenoidal on U if the oriented hypersurface integral of f over &; is equal
to the opposite of that over E,, for all C' hypersurfaces E; and 5 in U with the
following properties: there exists a C! homotopy I : I x I""! — U such that
imI'(0,.) = E;,imI'(1, -) = E,, moreover d(im ") \ (E; U &,) is a C' submani-
foldin U of dimensionn — 1, and f(x) € T,(d(imTI))ifx isin a(im ")\ (E; U &),
while the orientations on E; and E, coincide with the outer normal on d(im I').
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Theorem 8.2.9 and Lemma 8.2.6 now yield:

Proposition 8.5.5. Let U C R" be open and let f : U — R" be a C' vector field.

(1) Then f is conservative on U if U is simply connected and Af = 0, in
particular, for n = 3, if f is curl-free.

(i1) Letn = 3. Then f is solenoidal on U if U is star-shaped and f is source-free.

For arbitrary n € N it is nontrivial to prove that a connected compact oriented
C* submanifold E in R” with k > 1 of dimension 7 — 1 is the boundary of a bounded
open set €2 that lies at one side of its boundary (see Example 8.11.10 below on the
Jordan—Brouwer Separation Theorem). Moreover, it depends on the properties of
U whether Q2 can be found lying inside of U. If all of this is the case for every &
as above, Gauss’ Divergence Theorem 7.8.5 implies that a divergence-free vector
field on U is solenoidal on U. Here the relation between these two notions will not
be discussed systematically.

Example 8.5.6. It is possible for a vector field to be curl-free, or source-free, on an
open set U C R3, while the oriented integral along a closed oriented curve, or over
a closed oriented surface in U, respectively, differs from 0. We limit the discussion
to a few characteristic examples only.

The set U; = R?\ {0} is not simply connected. Let f; be the vector field f
from Example 8.2.4; that example then tells us that fs' (f1(s),dys) =2m # 0, if
S' C Uy is the unit circle with positive orientation.

Likewise, U, = R*\ {0} is not simply connected either. Let f> be the Newton
vector field on U,. According to Example 7.8.4, the vector field f is source-free on
U,, but, by Formula (8.32) and Example 7.9.4, one has f32< Hx),dyx)y=1+#0,
if S> C U, is the unit sphere oriented according to the outer normal.

On the other hand, it can be shown that every closed oriented C? curve y
in U, is the boundary of an oriented C ! surface E in U, with 98 = y and with
compatible orientations on E and y ; therefore, Stokes’ Integral Theorem then yields

[, fals).ds ) = 0. b

8.6 Apotheosis: differential forms and Stokes’ Theorem

() dnobéwoic = deification). The theory of differential forms is an extension of
the foregoing, and provides a natural framework for the theory of integration over
oriented manifolds. Moreover, this generalization leads to unification, because
Gauss’ Divergence Theorem 7.8.5 and Stokes’ Integral Theorem 8.4.4 are special
cases of Stokes’ Theorem 8.6.10 below.

Infinitesimal changes dx of a variable x are described by vectors in the tangent
space at x to the space of those variables. Now let f be a function of x. The
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differential df (x) of f at x is the linear part of the infinitesimal change in f when
an infinitesimal change dx occursin x. This implies thatd f (x) should be interpreted
as a linear function acting on tangent vectors at x. Thus df itself can be regarded
as a function that gets evaluated along parametrized curves, by averaging over x on
the curve the values of df (x), acting on the tangent vector that is determined by
the parametrization, at x to the curve. Indeed, we know that the rate of increase
of a function along a curve depends linearly on the tangent vector to the curve.
By integrating we obtain differences between values of the function as oriented
line integrals. In the development of the calculus for differentials, one introduces
differential forms, that is, linear combinations of differentials, having functions
as coefficients; and an expression of that kind can only be the differential of one
function if integrability conditions analogous to those from Definition 8.2.1 are met.

Higher-order differentials, products of differentials of functions, occur as ob-
structions against the integrability of the differential forms above. In fact, in the
Remark following Proposition 8.1.12 we saw that A f (x), the obstruction at x against
the integrability of a vector field f, led to an antisymmetric bilinear mapping acting
on two infinitesimal changes. In analogy with the situation for df, this property
enables the function Af to be evaluated along parametrized surfaces, by averaging
over x on the surface the values of Af(x), acting on the pairs of tangent vectors
that are determined by the parametrization, at x to the surface. Thus we see that
higher-order differentials, that is, products of differentials of functions, occur in
particular in the measurement of oriented volumes of infinitesimal parallelepipeds
spanned by tangent vectors. One desires these volumes to linearly depend on those
tangent vectors, and to vanish when the tangent vectors become linearly dependent.
Together these considerations render it plausible that the higher-order differentials
are generally defined as antisymmetric linear functions of the infinitesimal changes,
that is, acting on collections of tangent vectors.

In order to arrive at a rigorous formulation of the foregoing we begin by defining
differential forms. Then we give the proof of Stokes’ Theorem, where we also
introduce the exterior derivative of a differential form; this concept thus finds a first
justification in the fact that it plays an important role in Stokes’ Theorem. In addition
we develop some multilinear algebra in order to derive the usual expressions for
the exterior derivative. Our treatment heavily uses properties of determinants of
a matrix, but other approaches are possible, at the cost of more abstract algebraic
constructions.

Given a vector space V we write V* for the dual linear space of V consisting
of the linear functionals on V, that is, V* = Lin(V, R). Note that R** := (R")* is
linearly isomorphic with R" in view of Lemma 2.6.1.

Definition 8.6.1. Let V be a vector space. Define /\0 V* =R. Fork > 0 we define
/\k V*, the k-th exterior power of V*, as the linear space of all antisymmetric k-
linear mappings of the k-fold Cartesian product V* of V with itself, into R, that is,
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w In /\k V* if and only if, in the notation of Definition 2.7.3,
w € Link(V, R), @ Wo(1), - - -» Vo)) = sg(a) w(vy, ..., Vg) (o € 8).

Here Sy is the permutation group on k elements, and sgn(o) is the sign of o, that
is, sgn(o) = (—1)" if 0 = o7 - - - 0y, is the product of m transpositions. O

Note that /\1 V* = V*. Considering (v, ..., v +Vj, ..., 0; + Vi, ..., V)
we see that the condition of @ € Lin*(V, R) being antisymmetric is equivalent to
the condition, where v € V occurs in i-th as well as in j-th position,

o, ...,v,...,0,...,) =0 (1<i<j<n).
Definition 8.6.2. Assume oy, ..., o to be arbitrary elements in V*. One readily
seesthat oy A -+ Ay € /\k V*, if we define, forall vy, ..., v, € V,
(ar Ao A, e, v) = det (@ (V)<< O
Definition 8.6.3. Let1 <i; <--- <iy <mandv;,...,v;, €V, then we use the
notation
I =(y,....0), e ={G1,....0) |1 Zip <---<ip<n}
vy = (v,-l, ...,v,-k) € Vk.

From now on the notation ~ indicates that the variable underneath is omitted. In
particular, if k =n — 1 we set

To=,.. 0, ) ed
o=@ ) eVl (I <i<n). ©
Lemma 8.6.4. Let dimV = n and let (ey, ..., e,) be a basis for V. Further, let

(e}, ...,e) be the dual basis for V* given by e} (e;) = 6;;, for 1 <i, j < n. Then
the elements
A AE (I € dy) (8.33)

i ik

form a basis for /\k V*. In particular, dim /\k V* = (Z); and so dim /\k V* =0,
for k > n. Furthermore, dim \" V* = 1; and for € /\" V* we have

* oo
e =e

n) det. (8.34)

,,,,,
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Proof. The linear independence of the vectors in (8.33) readily follows from the
fact that, for / and J € J;

1, ifl =J;
ejley) = . (8.35)
0, in all other cases.

Now let w € /\k V* be arbitrary, and write w; = w(e;). We assert that

=) we. (8.36)

Iedy

Indeed, both members of (8.36) have the same value on all k-tuples e, for J € Ay,
and thus on V*, since w and the e7 are all contained in NV, a

Example 8.6.5 (Relation to cross product of vectors). Let V = R”" and let
(e1, ..., e,) be the standard basis. In this case, the cross product of n — 1 vec-
tors in R” (see the Remark on linear algebra in Example 5.3.11) is closely linked
to the results in Lemma 8.6.4. Since dim ' R = dim A\"~' R™ = n, we can
introduce an isomorphism between R” and each of these two exterior powers. In
fact, with v € R" we may associate bjv € /\1 R™ = R™ as in Lemma 2.6.1, that
is, we define (b;v)h = (v, h), for all h € R". For the other isomorphism we set

n—1

butv =iy det € \ R™, (iydet)(vy, ..., v,_1) =det(Vvy - vu_y),

for any choice of vectors vy, ..., v,—; € R". Here i, det is called the contraction of
det € /\" R™ with the vector v. It is a direct consequence of Formula (8.36) that
b,—1v is completely determined by its action on the e7, for 1 <i < n. Expanding
the n x n determinant by its first column we see (b,_jv)(e;) = (i, det)(ep) =

det(ve; --- & --- e,) = (—1)""'v;. Thus we have obtained
n—1
barv =Y (=D 'vef e \R™. (8.37)
1<i<n

(The relation between b,,_; v and contraction with v explains the minus signs in this
formula. For more details on b; and b, _; see Example 8.8.2.)
Now we claim, for arbitrary vy, ..., v,—1 € R”,

bivg A+ s Ab1us— =Dy (Vg X -0 - X V).

Indeed, testing both sides of this equality on e;, for 1 < i < n, and applying
Definition 8.6.2, we obtain
det((vp, /) 1< = (=D detle; vy -+ vum1) = (=17 (Wi XX V1),

l<j=n j#i

which agrees with Formula (5.2) for the components of the cross product. This
proves the claim. PA
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In the following we pointwise apply Definition 8.6.1.

Definition 8.6.6. Let U C R” be an open subset and 0 < k < n. We consider

k
AR

xeU

the disjoint union over all x € U of the k-th exterior powers A" T*U of the dual
spaces 17U associated with the tangent spaces 7, U = R" to U at x. The fact
that 7, U = R" follows from Theorem 5.1.2, because dim U = n. Here we ignore
the fact that all these exterior powers actually equal the same space /\k R™, taking
for every point x € U a different copy of this. A differential k-form @ on U is a

mapping

k k
o:U—>[JATU  with oxe \T;U (el

xeU

A differential k-form on U therefore acts on a k-tuple (vy, ..., vx) of vector fields
v; : U — R”, if the v; are considered as mappings U > x — v;(x) € R* =T, U.
Hereafter, a differential k-form on U will frequently also be made to act on a k-tuple

of vectors (vy, ..., v); these v; € R” then are to be regarded as translation invariant
vector fields on U, that is, as constant vector fields U 3 x — v; € T, U.
We write
Q)

for the linear space with respect to the pointwise operations of differential k-forms
on U. Further, w is said to be a C! differential k-form on U, with I > 0, if
x> o), ...,v) : U — Risa C function on U, for all vy, ..., v € R".
The derivative of this function is an element of Lin(R"”, R) that we denote by

vg = Dw(x)(vg)(vi, ..., v). (8.38)
O

Definition 8.6.7. Assume D C R? and U C R” are open subsets and 0 < k < n.
Letgp € C'(D,U) and w € Q¥(U). Then ¢*w € Q¥(D) is defined by, for y € D,
V; € T}D ~ Rd,

(@ D) () (1, ..., ) = @(@)DP(Y)vi, ..., DP(y)ve).

The mapping ¢* € Lin (QX(U), Q¥ (D)) is said to be the operator of pullback under
the mapping ¢. @)
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LetV C RPbeopenandlet f € C'(U, V). Applying the chain rule one readily
proves

(fod) =¢ o [~ (8.39)
A generalization of Definitions 8.1.1, 8.4.3 and 8.5.2 is the following:

Definition 8.6.8. Assume 0 <k <n,and D Cc R*and U c R” are open subsets.
Let ¢ € CY(D, U) and let € Q¥(U) be a continuous differential k-form. Then
define [ » @, the oriented integral of w over ¢, by

/ 0= / @) W(en...p) dy = / o@D (). ... Ded())dy,

provided the integral in the last term converges. Here (e, ..., e;) is the standard
basis for R¥. @)

Remark. The value of the oriented integral of @ over ¢ does not change upon a
reparametrization with positive orientation of the set D. Thatis,if ¥ : D — D is
a C! diffeomorphism with det DW¥ > 0, then

/a):/ w. (8.40)
¢ poW

Indeed, application of Formula (8.34) to n(W(y)) € /\k Ty, D yields

»

vn(y)eq...n) =n(POIDIW(Y), ..., DY (y))
= n(¥(y))(eq,..x)| det DW(y)|.

Thus the assertion follows from the Change of Variables Theorem 6.6.1.
Further, let V. C R” be open, let f € C'(U, V), and w € Q*(V) a continuous
differential k-form. An immediate consequence of Definition 8.6.8 and (8.39) then

is
/ w:/f*a).
fod ¢

Finally, assume in particular that ¢ is a C' embedding. Then X = ¢(D)isa C'!
submanifold in R" of dimension d, on account of Corollary 4.3.2. If é:D — R"
is another C! embeddlng with X = ¢(D) it follows from Lemma 4.3.3.(iii) that
U =09¢'lo ¢ is a C! diffeomorphism, with d) = ¢ o V. Under the assumption
det D(¢p~' o ¢>) > ( one verifies, analogous to the proof of Formula (8.40),

o=
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In this case, therefore, f « @, the oriented integral of w over the manifold X, has

been defined by
[o=[o
X ¢

We are now in a position to prepare the proof of Theorem 8.6.10 below, known
as Stokes’ Theorem; this proof is a direct generalization of the proof of Proposi-
tion 8.1.12.

Let k > 1; assume that D C R¥ and U C R” are open subsets, and that
¢ € C*(D, U); finally, let w be a C! differential (k — 1)-form on U. In the notation
from Definition 8.6.3 consider f; : D — R, for 1 <i <k, given by

fi(3) = @ @) (3)(e) = o(gMND1Y), ..., Dig(Y), ..., Dip ().
Then we have, with Dw defined in (8.38) and by using Proposition 2.7.6,

D; f:(y) = DM Dip (M(D1p (). ... Dip(). ... Deop(»))

+ > DG ... Dip(3). ... DiDjp(y). ... D ().

1<j<k, j#i

In the last sum the summation is over j € {1,...,i —1,i + 1,...,k}, while
D;D;¢(y) can also occur to the left of D;¢(y), specifically, if j < i. Applying
alternating summation over 1 < i < k in order to ensure antisymmetry, one obtains

> =DTIDfi()

1<i<k

= Y ~D' D¢ MDip (D1 ). ... Dip(y). ... Did(¥))

1<i<k

DT )

1<i<k <)<k, j#i

= > (=D' D¢ MIDip (D1 (). ... Dip(y). ... D (¥))

1<i<k

+ 3 (i

1<i<j<k

o(¢M)(DiD;p(y) — DiDip(y), D1 (), ..., Dip(¥), ..., Dep(»))

= Y (=D D(gMDip (D¢ ). ... Dip(). - ... Ded ().
1<i<k

(8.41)
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on the strength of Theorem 2.7.2. Note that
@1, ., v) = Do) W)W, -, Vi oo, k)

induces a mapping belonging to Lin* (7, U, R).

Definition 8.6.9. On account of Lemma 8.6.13 below, the mapping in Lin* (7, U, R)
given by

V1o Y (=D T Do @)1, B )

1<i<k
belongs to /\k T}U; we denote it by
(i, ..., ) > dox)(vy, ..., V).

Here dw € QF(U) is said to be the exterior derivative of w € Q*'(U). The
operator
d € Lin(Q*1(U), @XW))

is known as exterior differentiation. We say that € Q¥ '(U) is closed on U
if dw = 0. Furthermore, n € QX(U) is said to be exact on U if there exists an
w e QF1(U) with n = dw. @)

By the use of Definitions 8.6.9 and 8.6.7, Formula (8.41) may be converted into
the following equality of functions, valid for y € D:

d@* ) (ea...) = Y (=D Di(@* o) (»)(ep)
I<i<k (8.42)

=dw(p(N)D1¢(y), ..., Dkd(y)) = (¢"(dw))(¥)(eq,...k))-

Note that (8.42) implies the following identity of differential k-forms on D:
d(¢*w) = ¢*(dw); (8.43)

in other words, exterior differentiation and pullback to D C R* commute, acting
on Q*(U).

Now let I¥ = [0, 1]*, a closed k-dimensional hypercube in R¥, and assume that
¢ : I* — R"is the restriction of a C> mapping D — R” for an open neighborhood
D of I*. Integrating the equality between the second and the fourth term in (8.42)
over I¥, changing the order of integration, and applying the Fundamental Theorem
of Integral Calculus on R we obtain

> Y ) s = [ @I dy. B

I<i<k +
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Here we have

ls = / ($0)" @)D dys,  where
1k—l

1 _
¢i,j::y?'_>¢()’1,---»)’i—1, 0 ,yi+ls---syk):lk 1_)U

is a parametrization of the smooth parts 0; +¢ of the i-th (n — 1)-dimensional faces
of 3(¢ (I%)). Further, the direction of the outer normal to 0; +¢ is given by

+ sgn(det DG)(—1) "Dy x -+ x Dip x -+ x Di.

Indeed, the inner product of this vector with +D;¢ is positive (compare with Ex-
ercise 7.59.(ii)). This enables us to recognize the left-hand side in (8.44) as . 2 ©>

and the right-hand side as [ 4 dw; thus we have now obtained:

Theorem 8.6.10 (Stokes’ Theorem). Let0 <k <n, let I* =[0,1]* C RX, let U
be open in R", and let ¢ € C*(I*, U); in addition, let € Q=1 (U) be a C'-form.

One then has
/ w:/da).
¢ ¢

Note that, moreover, a limit argument yields:

Proposition 8.6.11. The definition of w — dw : QK1 (U) — Q¥(U) is indepen-
dent of the choice of coordinates in R".

The following theorem is a generalization of Formula (8.43). It is yet another
expression of the fact that the exterior differentiation d is invariant under coordinate
transformations; but it is more general, because the mapping f below need not be
a diffeomorphism.

Theorem 8.6.12 (d and pullback commute). Assume U C R" and V C R? are
open subsets, and f € C'(U, V). Let w € QK1 (V) be a C'-form. Then we have
the following identity of elements in Q¥(U):

d(f o) = f*(dw).

Proof. It suffices to show that, for all ¢ € C 2(I kU ),

/(dof*)a):/(f*od)a).
¢ ¢

By means of Definition 8.6.8 and Formulae (8.43) and (8.39) we find
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[@oro = [ ¢oworo=[ dowore
¢ Ik I*
=/ do(fo¢)*w=f<fo¢)*odw
143 1k

:fk¢*o(f*od)w:/(f*od)w. 0
I* ¢
The next lemma is a special case of Formula (8.50) below, which provides a

procedure for antisymmetrizing multilinear forms.

Lemma 8.6.13. Ler n € Lin*(V, R) be antisymmetric in the last k — 1 variables.
Then An € N' V*, if we define

AnQi,..ov) = ) DT T ). (849)
1<i<k
Proof. We prove An(vy, ..., Vi—1,V, V41, -« os U1, U, Upptt, - .-, V) = 0, for

1 <1 < m < k. Inview of the antisymmetry with respect to the last k — 1
variables, the summands in (8.45) with index i different from [ or m vanish in this
case. The summands with indices / and m, respectively, are of the form

(_])l_l 77(Ua vlv ceey vl—]a vl-‘rlv U[+2, ceey vm—la v ) vm+1’ ceey Uk)’
(8.46)

-1
(_l)m n(v9 U],...,Ulfl,v 7vl+19"'avmfzavmflavarlv"-’vk)'

Ignoring sign, the first term in (8.46) can be obtained from the second by transposi-
tions of neighbors; to achieve this, the element v has to be carried from the /-th posi-
tion to the (m — 1)-th position. This requires m — 1 — [ transpositions of neighbors;
consequently, the sign of the second term becomes (— ym—l=m=1=0 — _(—1)I=1.3

8.7 Properties of differential forms

We begin with a result in linear algebra. Let A € Mat(n, R). The computation
of det A using expansion by a row or a column of A is well-known. It is possible,
however, to expand det A by several rows, or columns, simultaneously.

Indeed, let 0 < k < n. For I = (iy,...,i;) € J; as in Definition 8.6.3,
introduce |I| = >y, ip, and I" = (if,.... 0, ;) € Ly by {i1,... ik} U
{i},....i,_} = {1,...,n}. Furthermore, for [/ and J € J;, write A;; €

Mat(k, R) for the matrix whose (p, g)-th entry equals iy jys forl < p,g < k;
then A,y € Mat(n — k, R). We now claim that there is the following expansion
by the rows of A labeled by I € J;:

det A = (=) Z(—l)“' det A;; det Ay . (8.47)

Jedy
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In order to verify this, denote by a; € R”" the j-th column vector of A. Next
deﬁnea e R” bya = a,J (1e the i- thentryofa,)lfz efit,...,ix}, anda =0
0therw1se Fmally, set a’l ; =aj — a’; ; € R". Observe that the linear subspace
spanned by the a and the a ,for1 < j < n,is of dimension < k and < n — k,
respectlvely Because det e Lin"(R", R) is antisymmetric, the decomposition
aj = aj; +aj leads to the decompositiondet A = 3, _, det A7, where the entries

a of AI I e Mat(n, R) are given by

- (ps Jg)s for some 1 < p,q < k;
a’ = aij if (l, ]) =
@, ji), forsomel <r,s <n—k;

and a” = 0 otherwise. In order to compute det A’/ let us shuffle the rows and
columns of A’/ so as to place A;; € Mat(k, R) as defined above in the upper left
corner. To this end we have to perform

=D+ +@G-+Gi—D+--+0Uc—k)=I[I|+|J]| mod?2

permutations. The lower right corner of A’/ then is made up by A/, while the
other entries equal 0.

Lemma 8.7.1. Let V be a vector space of finite dimension. Then there exists a
unique bilinear mapping

k+1

/\V*x/\V*—)/\V* with (w,n) = o A7,
which satisfies, for I € J; and J € J,,

* * o * .. * * .. * e * RIS * * RS *
epney=(e g NN )N N Nej)=e N~ Ney Nej AN Nej.
The operation A is known as the exterior multiplication. [t is associative and
anticommutative, which means that n A o = (—1)Mw A n.

Proof. In order to meet the conditions we define, for linear combinations of basis
vectors (see Lemma 8.6.4),

(Zw;e?) A (Zme’}) = Z wye; Nej.

Iedy Jed; I1edy, Jed;

The last assertion follows by successive application of 7 A ef = —e' A e}. What
is left to prove is that the definition of exterior multiplication does not depend on
the choice of the basis in V. To this end we obtain Formula (8.48) below for w A 1,
where w = e?‘l A /\e;’;( and n = ejfl ER /\ejf]. Consider vy, ..., vy € V. Then,
by Definition 8.6.2,

(wAn)(vy,...,vy) =detA,
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where the g-th column vector of A € Mat(k + [, R) is given by
(vilq""’vikq’vjlqv'"7vj1q)t (I<g=<k+D.

We compute det A using expansion by the top k rows as in Formula (8.47), thus we
find, with P =(1,...,k),and 1 <q; <--- <qr <k +1if Q € J;,

(@A, ..., vyy) = (_1)%k(k+l) Z (—l)lQI det APQ detAp/Q/
Qedy

1
= (—1)2kk+D Z(—U'Q‘w(v,ﬂ, V) N Wy ).
Qedy

(8.48)

This shows that the definition of w A 7 is in terms of @ and n only, and does not
depend on the choice of the basis (e, ..., e,) of V. |

Remark. The permutation

o :(l .k k+1 ... k+l)€Sk1
¢ g - g q q; o

where Sy is the permutation group on k +/ elements, is said to be a shuffle. Such a
permutation describes a possible way of shuffling a deck of k cards through a deck
of [ cards, placing the cards of the first deck in order in the positions ¢q1, ..., g
and those of the second deck in order in the positions g, ..., g,. The set of all

shuffles in Si,; is denoted by Si; and consists of (kzl) elements. Furthermore,

sgn(og) = (—l)%k("“H'Q'. Accordingly Formula (8.48) takes the form

(@AM, ..oy V) = Z sgn(o) (wo o) (v1, ..., ) (170 0) (Vg - - -, Vietr).
€Sk

(8.49)
Here o (v, ..., ) = (Voq1)s - - - Vo(k)), EEC.

The results above are used in the preliminaries for the proof of the next theorem.
We write /\k’l V* for the linear subspace of Lin* ™ (V, R) consisting of the mappings
that are antisymmetric with respect to the first k variables as well as the last /
variables, and similarly we introduce /\k’l’m V*. Next define (see Lemma 8.6.13
forthecaseof k =1, =k —1and m = 0)

k,l,m k+1,m

Aes eLin< AV N V*) by Aw= Y sgn(@)woo, (8.50)

oeSk1

where o(k + 1 +i) = k+1[+1i,for 1 <i < m. The associativity of the exte-
rior multiplication from Lemma 8.7.1 implies the commutativity of the following
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diagram:
k,l,m Al kl+m
A=A
Ak,ll lAk,Hm . That is, Agtim © Akt = Akigm © Al

(8.51)

Theorem 8.7.2 (d> = 0). Let U be open in R". For d acting on C? forms we have,
fork €N,
0=d*: Q" '(U) - Q"' (V).

In particular, in the terminology of Definition 8.6.9 we have that every exact differ-
ential form is also closed.

Proof. Consider a C2 form @ € Q'(U) and x € U. From w(x) € \*' T*U
it follows that Dw(x)v; € /\k_l T}U too, for a given v; € T, U. According to
Definition 8.6.9 we find dw(x) € /\k T}U by application of A; 4_; to

1,k—1
Dox) e N\ T;U. Do) w,....u) = Do) @)@, ..., v).

We may differentiate the resulting identity dw(x) = Aj -1 Dw(x)” at x in the
direction of a fixed vector v; € T,U. In view of Lemma 2.4.7 we have that
D(dw)(x)v; € /\k T}U is the result of application of A;;_; to the mapping in
/\1"‘71 T*U given by

(W2, ., ver1) P> (D20 () (WDV2) (3, . -, Vet
On account of Lemma 2.7.4 we may write this mapping as
D*w(x)": (v, ..., vks1) = D2 (x) (v, 1) (V3, ..., Veg),
where D*w(x) e /\1"”{_1 T:U.

Now it follows that Alyk_lDza)(x)v € /\l’k is the element which on evaluation on
(v1, -+ +) equals D(dw)(x)v;. Again by Definition 8.6.9, application of A ; to this
element gives d(dw)(x), that is

dza)(x) = Al,k o A]’k_lDza)()C)v = AZ,k—l o Al,lDza)(x)v,
where we used Formula (8.51). Finally, Theorem 2.7.9 implies
AL D*0(x) (V1 ..., Uky1)

= D20 (x)(v1, 1)V, ..., Vey1) — D20 (X) (2, V1) (3, . .., Veyy) = 0.
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Proposition 8.7.3. d is an antiderivation, that is, for C' forms o € Q¥(U) and
n € QLU) we have

dlwArn) =donn+ (—Dfw Adn.

Proof. As in Definition 8.6.9 and in the proof of Theorem 8.7.2 we have

1k+1
dwAn)(x) = A1 D@ A n)(x), where D(wAn)(x) e /\ T:U
(8.52)

is given by D(w A n)(x) (vy, ..., V1) = D(@ A n)(x)(v1)(v2, - .., Vggig1)-
Accordingly we now consider D(w A n)(x)v; € /\k+l T!U, for fixed vi € T}U,
and note that, on account of Proposition 2.7.6,

D(wo Am)(x)vi = Do(x)vi An(x) + w(x) A Dn(x)v
= Do(x)v; An(x) + (=D"Dn(x)v; A w(x),
the exterior multiplication being anticommutative by Lemma 8.7.1. Thus, we obtain
D(w An)(x) = Dwo(x)" Anx) + (=D Dnx) A wx). (8.53)

Because it is an exterior product of elements in A\ "* TU and N T:U, we have
Lk
Do (x)" An(x) = A (Do (x)” - n(x)), with Do) n(x) e \ T;U.

Formula (8.51) now implies

Al (Do (x) An(x)) = Al g 0 A (Do (x)" - n(x))
= Ajp11 0 A (Do (x)" - n(x)) = Agp1((dw)(x) - n(x)) = (dw)(x) A n(x).

Exactly the same arguments with the roles of k and / interchanged apply to the
second summand in (8.53); hence we get, using (8.52),

d(@An) = (dw) An+ (=D (dn) Ao = (dw) An+ (D Do A (@n).

Definition 8.7.4. We introduce a standard notation for differential k-forms on an
open subset U of R”. If x; : U — Rs the i-th coordinate function, Definition 8.6.9
implies that dx;(x) € TU is constant, equaling the i-th standard basis vector
ef € R™,forl <i <nandx € U. Formula8.36 therefore implies that w € QKU)
can uniquely be written as

w = Za); dx; with w; € QUU), x— wx)(er) : U —> R,
Iedy

dx; ZdX,'l/\"‘/\dxik if I=(i1,...,ik).
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Furthermore, we define (compare with Definition 8.6.3)

e =(er,...,en) € (R", e=(e1,....€,....e;) € R,
dx =dx; A--- Ndx, € Q'(U),
de: =dx; A---Adx; A+ Adx, € Q). O

Corollary 8.7.5. For U openinR" and f € Q°(U) a C! differential form, one has

df = Y Difdx; € Q'(U).

1<i<n

More generally, for w as in Definition 8.7.4 which is a C" differential form,

do=Y dondx; =) > Diwydx; ndx; € Q).

Iedy Iedy 1<i<n

Here dw; € QY (U) is the exterior derivative of w; € QU(U).

Proof. According to Definition 8.6.9 one gets df (x)(e¢;) = D; f(x),for1 <i <n,
and this implies the formulafordf. Successively using mathematical induction over
k € N, Proposition 8.7.3 and Theorem 8.7.2, one derives d(dx;) = 0, forall I € J;.
Hence the first equality in the formula for dw follows from Proposition 8.7.3, while
the second equality follows from the formula for dw;. A

8.8 Applications of differential forms

Example 8.8.1 (Exterior derivative of differential 1- and (n — 1)-form). For a
C' form

o= Y w;jdx;eQ'(U), onehas do= Y Dw;dx; Adx;.

1<j<n 1<i,j<n

In the notation of Definition 8.7.4 we have (—1)'~'dx; A dx; = dx. For w €
Q""1(U) we define (—1)'~'w; = w(e;), which yields

w = Z (- oy, dxs;, and so do = ( Z D,-a)i)dx. PA Y

1<i<n 1<i<n
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Example 8.8.2 (Relation between vector fields and differential forms). We apply
the results from Example 8.6.5 in order to define b,,_; and b; acting on vector fields.
Thus, to a C' vector field f : U — R" we may, on the one hand, assign the C !
form

bu_1 f = lf det € Qnil(U), (lj det)(vy, ..., v,—1) =det(f vy -+ v,—1),

for arbitrary vector fields vy, ..., v,—; on U. As in Example 8.6.5, we find

byt f =Y (=17 fidxr € Q"N (U);

1<i<n

SO
d®,_1f) =b,(div ) :=div fdx € Q"(U),

by the preceding example. Moreover, for y € 0; 1" (see the proof of Stokes’
Theorem 8.6.10), we see that

$*Gar D) = (7 de) @D, ... Dip(). ... Dud (1))
= det(f 0 () Dip() -~ Did(y) --- Dud(»))
=(fo¢. Dipx - x Dipx - x Dup)().

Furthermore, for x € 1",
$*(du1 )))X)(e) = div f($(0) dx(Di ), ..., Dy (x))
= (div ) 0 ¢(x) det(D1, . .., Dud)(x) = (div f) o ¢ (x) det D¢ (x).

Thus Gauss’ Divergence Theorem 7.8.5 is seen to be a special case of Stokes’
Theorem 8.6.10.
On the other hand, to a C! vector field f : U — R" we can assign the C' form

bif = fidx; € Q'(U).
1<i<n
Then, in the notation of Formula (8.4),

dbif) = > Djfidx;ndxi= Y (D;fi — Dif;)dx; Adx;

1<i,j<n 1<i<j<n

= > Afjidx; ndx;.

I<i<j<n
In particular, for n = 3,

db1f) = (D1fo— Dyf1)dxy ANdxy + (Dyf3 — D3 f2) dxa Adx;3
+(Ds3 f1 — D1 f3) dx3 A dx.
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That is

d(by f) = bay(curl f),
because ba(g) = g1dxy Ndxs + grdxs ANdxy + gzdxy A dx;.
Consequently, Stokes’ Integral Theorem 8.4.4 also is a special case of Stokes’

Theorem 8.6.10.
We summarize the situation in R? in the following table:

function g vector field grad g bi(gradg) =dg;
vector field f vector field curl f ba(curl f) =db1f); (8.54)
vector field f function div f bs(div f) =dbof).

These identifications are valid only in the standard coordinates on R* and use the
orientation of R3. We conclude that

by(curl grad g) = d’g =0, bs(div curl h) = d*(b1h) = 0;

therefore the identities from Formula (8.17) follow from the identity d*> = 0 (see
Theorem 8.7.2).

The classical notation for a vector field is v = v’ %, and for a differential form
w = w; dx!, where according to the Einstein summation convention the summation
is carried out over those indices that occur as subscript and superscript. Upon the
transition from v to  the indices ’ of the coefficients are lowered to ;; hence the
notation b (a character indicating a half step drop in pitch) for these “musical”

isomorphisms. PA

Example 8.8.3 (Special case of Brouwer’s Fixed-point Theorem). Assume that
U is openin R", that ¢ € C>(I", U), and that K := ¢ (I") has a nonempty interior.
Let g : U — 9K be a C? mapping. Then the restriction g|yx of g to 9K cannot
equal the identity on d K. This result implies, among other things, that a membrane
cannot be retracted onto its boundary without being punctured somewhere.

Indeed, let x = (x1, ..., x,) be the coordinate mapping on R"” and let g =
(g1, ..., &n). Consider the integrals

/xldxz/\---/\dxn and /gldgz/\---/\dgn.
09 a9

If g(x) = x, for all x € 0K, then the two integrals are equal. By Stokes’ Theo-
rem 8.6.10 and Corollary 8.7.5 it then follows that

V01(K)=/dx:/‘dxl/\-u/\dxn=/dg1/\---/\dgn.
¢ ¢ ¢
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This results in a contradiction, because the left—hand side does not vanish, whereas
the right-hand side does. Indeed, we have g; = x; o g = g*x;, for 1 <i < n. By
Theorem 8.6.12 we find dg; = d(g*x;) = g*(dx;). Thus, for x € U and for any

n-tuple of vectors vy, ..., v, € T, U ~ R",
(dgi A= ANdgy)(X) (v, ..., v) = (g5 dx1) A=+ A g (dx,)) () (vr, ..., Un)
=(dx; N Ndxy)(g(x)(Dgx)vy, ..., Dg(x)v,)

= det(Dg(x)v; --- Dg(x)v,) =0,

since the n vectors Dg(x)vy, ..., Dg(x)v, are elements of the (n — 1)-dimensional
linear subspace Ty () (0K ), and therefore linearly dependent.

Now assume K to be a convex open set, and let B be its closure. Every C?
mapping f : U — R” which maps B into itself has a fixed point in B, in other
words, there exists an x € B with f(x) = x. Indeed, if x # f(x) for all x € B,
one can assign to x the unique point of intersection g(x) with 0K = 9B of the
half-line from f(x) to x. The mapping g : B — 0K thus defined can be extended
to a C? mapping g : U — 9K for an open neighborhood U of B, but this leads to
a contradiction with the foregoing. PA ¢

Example 8.8.4 (Jacobi’s identity for minors). Let U and V be open in R”, let
¢ : U — V be a C? mapping and denote the (i, j)-th minor of the matrix of D¢ (x)
by ¢;;(x). Then we have Jacobi’s identity for minors:

Y /D=0 (A<iz<n)
1<j<n

Indeed, consider the standard volume form dy = dy; A--- Ady,_; € Q" /(R").
Fix 1 <i < nand write & = (¢1,..., P, ..., ¢,) : U — R" In the notation of
Example 8.8.1 we have

E(dy)= ) E@y)(epdx; € Q).

l<j<n
By Definitions 8.6.7 and 8.6.2,
£ (dy)(e) = dy(D&ey, ..., Déej, ..., DEiey)
=dy(Di&i, ... D&, ..., Do) = det(Di& - Dy&i - Do) = 4.
Now d(dy) = 0, since it belongs to Q"(R"~!), whence
0= §(d(dy)) = d(§(dy)) € Q"(U)

by Theorem 8.6.12. Thus the assertion follows from Corollary 8.7.5 and the identity
dxj Ndx; = (—1)/~'dx. Note that, for n = 2, Jacobi’s identity takes the well-
known form D D,¢; — Do D¢p; =0, for1 <i < 2. PAq
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8.9 Homotopy Lemma

The formulation of Lemma 8.9.1 below requires a certain amount of preparation.

Let U C R” be open. Assume (®');cr to be a one-parameter group of dif-
feomorphisms on U with C! tangent vector field v : U — R", that is (see For-
mula (5.21))

®'(x) (x e U).
=0

d
U(X) = E

Then we have the induced mapping L,, the Lie derivative in the direction of the
vector field v, acting on the C' forms o € Q*(U) (see Definition 8.6.7)

(P)*w € QKU). (8.55)
t=0

It follows, by Theorem 8.6.12, that for all C' forms w € QX(U) and n € Q'(U),
and C? forms w € QK (U), respectively,

L,(wAn) = (L,w) An+wA Lyn, and L,(dw) =d(L,w). (8.56)

We say that L, is a derivation.
We further introduce i,, the contraction with the vector field v, acting on Q*(U)
as follows. If f € QO(U), theni, f =0, andif 1 <k <n,

i, : QMUY - QL) with (@) (Vs ., 01) = @(V, Va2, ooy V).

(8.57)

By expansion according to the upper row of the determinant (df An)(v, vy, ..., V),
forall f € C'(U)and n € QK(U), where vy, . .., vy are vector fields on U, we see
lv(df A 77) = (lvdf)n - df A ivn- (858)

We claim that i, is an antiderivation (see Proposition 8.7.3), that is, for C° forms
w e QFU) and n € QY(U) we have

i@ AN =iywAn+ (—Dfo Adyn. (8.59)

Using Formula (8.58) we can prove this by mathematical induction over k € N as
follows, for f € C'(U):
W(df hno)An) =idf AoAn)=idf)onn—df Niyv(oAn)
=i, df)yo Ann—df Niyw A+ (=D Ao Ay
=i,(df Aw) A+ (DA Aw) Adyn.
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Lemma 8.9.1. We have the following homotopy formula as identity of linear op-
erators on C! forms in QkU):

L,=doi,+i,o0d.
In particular, the operators L, and d commute, because L,0od = doL, = doi,od.

Note that for @ € Q¥(U) one has i, € Q*"!(U), and hence di,w € Q*(U),
while dw € QF1(U), from which i,dw € Q*(U).

Proof. d is an antiderivation according to Proposition 8.7.3 and i, is an antideriva-
tion too according to Formula (8.59). But then D, := di, + i,d is a derivation,
since for C! forms w € QK(U) and n € Q'(U),

Dy(w An) =d(i,w A+ (—Dfo Aiyn) +iy(do An+ (=1 e Adn)
=diyw A+ (=D liyo Adn + (=D*do ANiyn + (=1%o Adiyny
+iydw A1+ (=Dfiyw Adn + (=D do A iy + (=D w Adydn
=D,wAn+wA Dyn.

Set k = 0; application of the chain rule to t — f o @’ then results in the homotopy
formula, for f € C'(U). Furthermore, for v = df € Q'(U) one then shows, by
(8.56) and using d?> = 0 (see Theorem 8.7.2),

Hence we know that L, and D, are derivations agreeing on the elements of Q)
and Q' (U), therefore they agree on those belonging to Q¥(U), for0 <k <n. 1

Example 8.9.2. Suppose a € Q"(R") is a C! form that vanishes nowhere and let v
be a C! vector field on R". Then there exists a uniquely determined function div,, v
on R", the divergence of v with respect to the volume form o, such that

Lya =divyva € Q"(R").

The homotopy formula from Lemma 8.9.1 then implies d (i,«) = (di, + i,d)a =
L,a = div, va. Further, suppose that v is the tangent vector field of the one-
parameter group of diffeomorphisms (®’);cg on R”, and consider arbitrary ¢ €
C%([0, 11", R"). Application of Stokes’ Theorem 8.6.10 to i,a € Q"' (R") now
leads to the following analog of Formula (7.52):

d . .
/ a:/dlvava:/ i,a.
t=0 J ®'og ¢ ¢

dt
Here the first identity follows from

i =l Lre= [
o = — o = J—
1=0 J @0 dt|,_o Jy pdt |,_

— (D) *a =/Lva. PAq
dt =0 ¢
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Example 8.9.3. The theory of differential forms sheds another light on Step IV on
differentiation in the third proof of the Change of Variables Theorem in Section 6.13.
As in Example 8.8.2, the function g o E* det DE" on V corresponds to the form
(E"*(gdy) € Q"(V). On account of the homotopy formula we then find, using
that d(g dy) € Q"T(V) = {0},

d o .
e (E")*(gdy) = Leg(gdy) =(doiz+igod)(gdy) =doig(gdy)
0

u=

= d(gicdy) =d( Y (—1)"'g& dyr) = div(gé) dy.
1<i<n
o (8.61)
Here we applied the formula from (8.37) that iz dy = Y, ., (=1)"'& dy; €
Q"~1(V), and Example 8.8.1. o
It is tempting to terminate the computation in (8.61) as soon as one encounters
d applied to an n — 1 form and to invoke Stokes’ Theorem; this, however, would
lead to a circular argument, because the proof of that theorem uses the Change of
Variables Theorem. Ao

Definition 8.9.4. Let U and V be open in R” and let ®; and &, : U — V be
two C! mappings. Then &, and &, are said to be C! homotopic mappings if there
exists a C! homotopy between @ and &1, thatis, a C! mapping "' : [ x U — V
satisfying

ra,-) = o, rda,.)=ao,;.

Now assume that &, and ®; are C'-diffeomorphisms. A C' homotopy I' between
®g and @, is said to be a C! isotopy if I'(¢,-) : U — V is a C! diffeomorphism,
forevery t € I. O

Lemma 8.9.5 (Homotopy Lemma). Let U and V be open in R" and let ®y and
@, : U — V be two homotopic C' mappings. Then, for 1 < k < n, there exists an
operator H = Hy, the homotopy operator, satisfying

H, € Lin (QK(V), Q< 1(0)), OF—df = doHy+Hiyod — on  QEV).

Proof. Suppose I' : I x U — V is a C! homotopy between &y and ®;. Further,
lett, : U — I x U be givenby (,(x) = (t,x). ThenT oy, = I'(¢,-) € CY(U, V),
fort € I. Let w € QK(V). Application of the Fundamental Theorem of Integral
Calculuson Rto 7 — (I o ¢,)*w € QK(U) (evaluated on k arbitrary vector fields
on U, if necessary, to convert it to a scalar function) now gives

Y X * 0 * 0 : d * k
Plw— Pyjw =T o))"w— (I'otg)’'w = T T o) 'wdt € QU). (8.62)
0
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Next we introduce ®" : I x U — I x U by ®"(t, x) = (t + h, x). Then

o ®"(t,x) = (1,0,...,0) =: ¢y € R x R".

h=0

Additionally we have ¢, , = ®" 01, : U — I x U, and so

d d

_L* —

Si= (@ = oL, : QU xU)— QU),

h=0

Uy =1 o—
0 1+ t d/’l
where L, is the Lie derivative in the direction of the vector field eg on I x U. Using
the homotopy formula from Lemma 8.9.1 in Q*(V) and Theorem 8.6.12, we find

dr"
=do(oiyol™) 4+ (foig,ol™)od : QKV)— QKU).
(8.63)

Formulae (8.62) and (8.63) then show that H is as desired, if we define H; €
Lin (Q4(V), 4-1(U)) by

d d
E(FOL,)* :( *)oF*:L;“oLeooF*:L;ko(doieo—l-igood)or*

1

H, = / (1] 0igy o T*)drt. (8.64)
0

a

For application later on, in the proof of Theorem 8.11.2, we note a consequence
of the Homotopy Lemma (compare this result with Step IV on differentiation in the
third proof of the Change of Variables Theorem in Section 6.13).

Proposition 8.9.6. Let U and V be open in R" and let &y and ©1 : U — V be
two homotopic C' mappings, by means of ' € C'(I x U, V). Consider a C' form
w € Q"(V) and a compact set K C U such that supp (I'(¢, )*w) C K, for all

t € I. Then we have
f Pjw = / dlw.
U U

Proof. In view of the Homotopy Lemma 8.9.5 we have ®jw — ®jw = d(Hw),
with Hw € QK 1(U). Hence Stokes’ Theorem 8.6.10 gives

/@Tw—/¢$w:/d(Hw): Hw =0,
U U U U

since supp(Hw) N U = . Indeed, the condition supp ((I" o ¢,)*w) C K and
Formula (8.64) imply supp(Hw) C K, while K N U = 0. d
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8.10 Poincaré’s Lemma

Next we prove the following generalization of Lemma 8.2.6: on contractible open
sets (see Definition 8.10.1 below), closed and exact differential forms coincide. In
addition, this result yields a different proof for the formulae from Lemma 8.2.6.

Definition 8.10.1. An open set U C R” is said to be contractible if there exists a
point x° € U such that the mapping x +> x° on U and the identity mapping on U
are C' homotopic. In other words, there is a C' mapping I' : I x U — U such
that '(0, x) = x®and ' (1, x) = x, forall x € U. O

Note that a star-shaped open set is contractible. A bounded open subset in
R3 bounded by two concentric spheres of different radii is simply connected (see
Definition 8.2.7) but not contractible.

Theorem 8.10.2 (Poincaré’s Lemma for differential forms). Assume U C R" to
be a contractible open set, and w € QK(U) to be a closed C! form, that is, dw = 0.
Then w is exact on U, that is, there exists a C' form n € Q¥"1(U) with o = dn.

Assume in particular that U is star-shaped and that x° = 0, in the definition of
being star-shaped. If

w = Z Wiy i dxig N - Adxg, (8.65)

1<ij<--<ix<n

then n = Hw is an example of a C' form having this property, where, for x € U,

1
Ho(x) = Z (/ lkilwh ,,,,, ik(fx)df)
0

1<ij<---<ix<n

S (=0 g dxg A Adxg A A,
I<j<k

Proof. We apply the Homotopy Lemma 8.9.5. In the case under discussion " o, €
CY(U, U), for t € I; in particular, T o ¢; is the identity on U, while T o (g is the
mapping on U with constant value x°. Consequently,

wo=To)'w— T o w=dHw)+ H(dw) =d(Hw),

as dw = 0. Hence we see that n = Hw satisfies dn = w.
If U is star-shaped with x% = 0, we can choose I'(r, x) = tx. For w as in
Formula (8.65) we have
(F*wil,‘..,ik)(t’ x) = Wjy,..., ik(tx)a

M*(dx;,) = d(T*x;,) = d(tx;,) = t dx;, + x;, dt.
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It follows that

(iey o THo(t, x)

=ie Y. @i (X)) Y (tdxi) A A (i dE) A A (Edx)

1<ij<--<ix<n 1<j<k
= Z Wi, ik(tx) Z (—l)jiltkilx,'j dx,'l /\---/\dx,-j /\"'/\dx,'k.
I1<ij<--<ix<n 1<j<k
Thus we find the desired formula for Hw. (|

Example 8.10.3 (De Rham cohomology). Differential forms are tools in the study
of topological properties of a submanifold in R”. Here we take no more than a first
step towards elaborating this observation.

Let f € C'(V), with V a submanifold in R”". If the values of f do not change
under small variations of the point at which the function is evaluated, then f is
constant on the connected components of V, see Proposition 1.9.8.(iv); and this
is the case if and only if df = 0 on V. Consequently, the number of connected
components of V equals the dimension of the vector space

H(V):={feQ%V)|df =0}.

One dimension higher, an analog of a function f as described above is a function
acting on curves, with the property that the values of the function do not change
under small variations of the curve along which the function is evaluated. In other
words, this now involves a C! form w € Q!(V) whose integral along a mapping
y does not change under small variations of y. Natural differential 1-forms w are
those of the form df with f € QO(V), that is, w is exact; and for these

/a) = / df = f(beginning y) — f(end y).
14 14

This value does not change under variations of y that leave the end points of im(y)
invariant. Henceforth we shall, for that reason, consider variations with fixed end
points. Or, rephrasing, we require fy o = 0 for “small” closed curves y. And if
we choose y = 3¢, Stokes’ Theorem 8.6.10 yields 0 = [, & = [, dw for “small”
surfaces ¢; and this is true of w if and only if dw = 0, that is, if w is closed. In
view of Example 8.8.1, exact forms w are always closed. As a consequence, the
vector space that codifies the information of interest with respect to this problem is
the quotient space

H'(V) ={weQ'(V) |do=0}/{we Q"(V)|w=df for f € Q'(V)}.

Continuing in this way, we define H k(V), the k-th de Rham cohomology of V, for
k € Ny, as the quotient vector space

H (V) ={we (V) |do=0}/{we Q“(V) |w=dnforne Q' (V)}.
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The H*(V) give a measure of the topological complexity of V. Thus, Poincaré’s
Lemma 8.10.2 asserts that H*(V) = (0) if V is a contractible open set. On the
other hand, dim H%(V) > 0if Visa compact orientable submanifold of dimension
d without boundary. Indeed, if w = dn € Q¢(V), then

fioe o foee
14 A% %

but we also have vol; (V) > 0. A

8.11 Degree of mapping

Definition 8.11.1. Let U and V be open in R”. A mapping ® : U — V is said
to be proper if the inverse image of every compact set in V is also compact in U
(compare with Definition 1.8.5). @)

We want to prove the following theorem.

Theorem 8.11.2 (Degree of mapping). Let U and V be open in R" and V be
connected, let ® : U — V be a proper C* mapping. Then there exists an integer
deg(®) € Z, the degree of the mapping ®, with the property that for every C' form
w € Q" (V) with compact support

/ CD*w:deg(CD)/ w. (8.66)
U v

We say that y € V is a regular value for ® if & is regular at every point
x € @ '({y}) C U, thatis, if D®(x) € Aut(R") (see Definition 3.2.6). A local
version of Formula (8.66) in a neighborhood of a regular value is easy to prove; this
proof also makes it clear why deg(®) is an integer. Note that y is a regular value
if y ¢ ®(U), and that, according to Sard’s Theorem (see Exercise 6.36), the set of
singular values for @ is a negligible subset of V.

Lemma 8.11.3. Let the notation be as in Theorem 8.11.2. Let y € V be a regular
value for ®. Then there exists a neighborhood Vyy of y in V such that Formula (8.66)
holds for every w with compact support contained in V.

Proof. On account of the Submersion Theorem 4.5.2, the set ®~!({y}) is a sub-
manifold of dimension < 0, and therefore a discrete set in U; and this set is finite
(say m € Ny elements) owing to & being proper. Because of the Local Inverse
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Function Theorem 3.2.4 there exist disjoint connected open sets U; C U and an
open set Vy C V such that

o (V) = U U;, ®|, : Ui — Vy C*diffeomorphism (1 <i < m).
1<i<m

(8.67)
If the support of w is contained in Vj, the support of ®*w is contained in O (V).

thus
O*w = b *w.
/U w= Y /U( )@

1<i<m

But in view of (8.67), the Remark following Definition 8.6.8 yields f U(CI>|U_)*a) =
oi [, @, where 0; = +£1, according as det D(®|,, ) 2 0. Hence we find

deg(®) = Y o1 € Z. (8.68)
1<i<m
In particular, therefore, deg(®) = 0if y ¢ ®(U). (N

Next we show, by deformation arguments and a partition of unity, that the general
case of Formula (8.66) can be reduced to the special case from Lemma 8.11.3. To
show this we first derive the Isotopy Lemma; here we recall the notion of isotopy
from Definition 8.9.4.

Theorem 8.11.4 (Isotopy Lemma). Assume U to be a connected open set in R",
and let x° and x' € U. Then there exists a C* isotopy T' : I x U — U with
I'0,x) = x, forall x € U, and T'(1,x°) = x!, while outside a fixed compact
subset of U the I'(t, -), for all t € I, equal the identity.

Proof. If the assertion holds for a pair x? and x! € U, we say these are isotopic. This
defines an equivalence relation between the elements of U. We shall demonstrate
that every equivalence class is an open set. Then U is a disjoint union of open sets,
and in view of the connectedness of U there can only be one such class. As a result,
it suffices to show that the assertion of the lemma holds for x! lying in a sufficiently
small ball B C U about x°.

We may assume that x = O and x! = (x], 0, ..., 0), which may require a prior
translation and a rotation in R”. Let x : U — I be a C? function which is 1 at x°
and which vanishes outside %B. Define, forx € U and t € I,

Ft,x)=x+tx@)&—x%=(x +tx(x)x11,x2,...,x,,) eU.

That is, I'(0, -) is the identity on U; in addition, I"(¢, -) is the identity on U outside
B;and I'(1, x%) = x'. We now have

DI'i(t,x) =1 +tD1)((x)x11,
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while x — Dj x(x) is a bounded function on B. It follows that we can arrange, by
taking |x11| small enough, that x; — I'{(¢, x) is monotonically strictly increasing,
forallt € I and x,, ..., x,. Consequently, all I'(¢, -) are C 2 diffeomorphisms.

Proof. (of Theorem 8.11.2.) Assume y° € V to be a regular value for the mapping
® : U — V and V, to be an open neighborhood of y°, as in Lemma 8.11.3.
Application of the Isotopy Lemma 8.11.4 to the connected set V yields, for every
y € V, a C? diffeomorphism W, : V — V such that ¥,(y°) = y and ¥, is C?
isotopic to the identity on V. The collection { W,(Vy) | y € V } forms an open
covering of supp(w). In view of the compactness of supp(w) there exists a C?
partition of unity { x; | 1 < j <[} subordinate to this covering. By changing over
to x;w we may assume the support of w to be contained in an open set W, (Vp),
for some y € V. Because the identity on V is C? isotopic to W,, the mappings
® and Wy 0 ® : U — V are C? homotopic. Furthermore, it follows from the
Isotopy Lemma and the properness of & that the condition on the supports in
Proposition 8.9.6 is satisfied. Hence, this proposition yields

/@*w:f(wyo©)*w:/ O (Viw).
U U U |

The support of Wi is contained in Vy, and so we find, by Lemma 8.11.3,

[ QD*(\II;‘a)) =deg(CD)f \Il;‘a).
U %

For the diffeomorphism W, : V' — V one observes that det DW, > 0, because V¥,
is C? isotopic to the identity on V ; hence, by the Remark following Definition 8.6.8,

/\P;wzfa). J
v %

Example 8.11.5 (Degree of polynomial and Fundamental Theorem of Algebra).
Let p : C — C be a complex polynomial function of degree n, that is

p@@) = Z 2, ¢ € C, cn # 0.

0<k<n

Then the degree of p as a polynomial equals the degree of p considered as a mapping
R? — R?. This is obvious for po(z) = ¢,z", on account of Formula (8.68) and
det Dpy(x) = | py(2)|* > 0 (use the Cauchy-Riemann equation), forz = x;+ix; #
0; and
F(t.2)=ct"+t Y ol
0<k<n

gives a C* homotopy between py and p. An immediate consequence of this is the
Fundamental Theorem of Algebra. According to this theorem there exists, for every
polynomial function p : C — C with positive degree, a z € C with p(z) = 0.
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Indeed, p not surjective implies that the degree of the mapping p equals O, but
then the degree of the polynomial p also equals 0. In fact, p possesses precisely n
different roots if 0 is a regular value for p. See Exercises 3.48 and 8.13 for other
proofs. PA

Definition 8.11.6. Assume X and Y are C¥ submanifolds in R” of dimension d,
and let ® : X — Y be a mapping of manifolds. We say that ® is a C* mapping if,
for every x € X, there exist C* embeddings ¢ : U — R" and ¥ : V — R" with U
and V open sets in R¢, for which

x € im(¢), O (x) € im(y), P = w_locboqs :U—>V acCk mapping.

Analogously we say that a bijective mapping ® : X — Y isa C* diffeomorphism
if, for every x € X, the mapping ®:U - VisaCk diffeomorphism. Let
w € QFR") be a C! form with supp(w) N'Y C im(y), then w,,, the restriction
of w to Y, is defined as the differential form ¥*w € Q¥(V). Finally we define
[y, == [, ¥*w, the integral of w over the submanifold Y . O

Using Lemma 4.3.3 one readily verifies that the choices of ¢» and v are irrelevant
in the first two definitions above. Furthermore, [, y @y = [ v ¥*w is independent of
the choice of v, provided det D(y~! o w) > ( for a ¥ with the same properties as
v

From the foregoing one immediately derives:

Theorem 8.11.7 (Degree of mapping). Let W be open in R", let X and Y be
compact oriented C* submanifolds of dimension k, and assume Y C W to be
connected. Let ® : X — Y be a C? mapping. Then there exists an integer
deg(®) € Z, the degree of the mapping ®, with the property that, for every C' form
w e QKW),

/CD*a)y =deg(<D)/a)y. (8.69)
X Y

In particular, deg(®) # 0 implies that ® is surjective. Furthermore, deg(®) is
invariant under C?> homotopy of ®.

In the notation of Definition 8.11.6, the compactness of X and Y implies that
® : U — V is proper. Formula (8.69) now means that, in fact, for n = ¥*w €

Qk(V),
/ d*p =deg(<1>)/ n
U \%4
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Example 8.11.8 (Hairy sphere of even dimension has a cowlick). There exists a
C? tangent vector field to $"~! without any zeros if and only if n € N is even (see
Exercise 6.22 for another proof).

Indeed, assume that f : S"~! — R" is a C? mapping with f(x) € T,S"~! and

f(x) #0,forall x € S"~'. Then let g(x) = ”f(l—x)”f(x), and define

:1x8" " g+! by ['(t,x) = (cosmt) x + (sinmt) g(x).

One sees that indeed we have I'(¢, x) € §"7!, since ||x|| = |lg(x)|| = 1 and
(x,g(x)) = 0, for x € $"!'. Furthermore, I'(0, x) = x and I'(1, x) = —x.
Thus Id|g,. is C 2 homotopic with —/d| gn-1> Which implies that the two mappings
are of the same degree. The degree of —Id|SH :x — —xis (—1)", because
(—I1d)*w = (—1)"w, with w as in (8.71). From (—1)" = 1 it follows that n is even.

An example of a tangent vector field f to S?*~! without any zeros is the fol-
lowing:

2n—1
fx) = (=x2, X1, —X4, X3, ..., —X25, X2p—1) (x € S770). A

Example 8.11.9 (Winding number and Kronecker’s integral). Let X C R”
denote a connected compact and oriented C? submanifold of codimension 1 (it
can be shown that orientability of X is a consequence of the other conditions), let
acR"andlet¢ : X — U := R"\ {a} be a C> mapping. Note that the compact set
Y := ¢(X) need not be a manifold. The number w(Y, a) € Z, the winding number
of Y with respect to a in R”, that is, the number of times the set ¥ winds around
a in R”, is defined as deg(®) with ® =mo¢p: X — §"'. Herewr : U — §"!
denotes the radial projection with respect to a given by 7 (x) = m (x —a). For
computing w(Y, a) we have the following generalization of Example 7.9.4, known
as Kronecker’s integral:
1

1
Y a) = [ —qdx € 1. 8.70
v D=1 | g (870

Here the integrand is a closed differential (n — 1)-form on U.

Indeed, we may assume a = 0 and we will apply Theorem 8.11.7 with w €
Q" 1(U) equal to a C* differential form whose restriction to $"~! determines the
hypersurface area on $"~!. Formula (7.15) implies that we can take w = i dx, the
contraction of dx € 2"(U) with the vector field x — x on U, which satisfies

/ o= |S7 1. (8.71)
N

The properties above of w also can be seen as follows. In the notation of Exam-
ple 8.8.1,

o= Y (D"'xdseQ'U);  and  do=ndxeQ"U).

1<i<n
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(The second identity also follows from the homotopy formula in Lemma 8.9.1.)
Because §"~! = 9B", we find by means of Stokes’ Theorem and Example 7.9.1

/ W= / dw = n vol,(B") = hyperarea(s"~!) = |§"7!|.
sn—1 n
Now, on the strength of Example 2.4.8,
1
Dm(x)v = —v 4 some multiple of x (xeU, veR"). (8.72)

[lx]l

Using the definition of w, Formula (8.72) and the antisymmetry of dx, we obtain

for x € U and any (n — 1)-tuple of vectors vy, ..., v, € T, U =~ R"
(o) (x) (1, ..., Vym1) = (T (X)) (D (x) vy, ..., DI (X)V,-1)
1 1 1 1
=dx<—x,—v1,...,—vn_1) = w(x)(Vy, ..., Vy_1).
lxll - flxll [l [l (1™

In other words,

o =ntw= Wixdx = 18" byor f € QIR {OD), (8.73)
where b, f is the differential form associated as in Example 8.8.2 with the Newton
vector field f(x) = m x from Example 7.8.4. A direct computation shows
that o is a closed differential form, contrary to . We may prove this also by means
of the homotopy formula from Lemma 8.9.1, using that / : R” — R" is the tangent
vector field of (®'),cg with ® : R” — R” given by ®’(x) = tx. Formula (8.70)

now follows from (8.73) since we have, on account of (8.71) and Theorem 8.11.7,

deg(®) : / 6 (1) = — / $'c. (874
w = w) = — 0. .
1) Jod @ T 51 511/,

For Y fixed the function a — w(Y, a) is a continuous function R" \ Y — Z,
and therefore it is locally constant. So it is constant on the connected components
of R" \ Y; and since lim,_, o w(Y, a) = 0, we have w(Y, a) = 0 for all a in the
unbounded component of R” \ Y. PR

deg(P) =

Example 8.11.10 (Special case of Jordan-Brouwer Separation Theorem). Let
V C R” be a connected compact C* submanifold of codimension 1 which is ori-
entable. (It can be shown that the last condition is a consequence of the preceding
ones.) Then the complement R"” \ V consists of two nonempty disjoint open con-
nected sets, and V is the boundary of both these sets. We will now prove this
result.

Let a ¢ V and consider w(V, a), the winding number of V with respect to
a, that is, in the notation of the preceding example we take X = Y = V and
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¢ = I. More precisely, we study what happens to Kronecker’s integral in (8.70)
when a crosses V. Write ax = Fe ey, for € > 0 arbitrary but fixed. On account
of Theorem 4.7.1.(iv) we then may assume that V, locally near the a4, is given by
{(0,y) | y € R" " near 0}. The main contribution to the difference

1 +1
+Tw((V,ay) = —/ —— i 4. dx
? |571] v; I —axl?

comes from the x € V closest to the a., that is the y near 0. In fact, for x far away
from the a, the integrand, being a difference, is small and the integral is small
too, the integration being over the compact submanifold V. Hence we may as well
assume that V = {0} x R"~!, manifestly ignoring the compactness of V. Now, for
x=(0,y) € V,wehave x —ay = (%€, y», ..., y,)" € R" and so

1 .
lx—asll = E+Iy1%)2,  ir—qudx(ea, ..., e,) =det(x—as e - €,) = %e.

We obtain, with the substitution y = €x in the third term,

+1 1
Tw((V,aq) = Iy—q. dx
2 25Ty e

2¢ 1 2 !
= n—1 ﬂdy: n—1 72261)6
ST Jror @+ IyDE T 15T et (1 22

on the strength of Exercise 7.23. In this case, of V being a manifold, we obtain that
the function a — w(V, a) jumps by £1 when a crosses V. (These approximate
calculations are rigorous because we are dealing with a Z-valued function.) In
turn, this implies that R” \ V has at least two connected components. Furthermore,
suppose [ is a ray emanating from a ¢ V, and let a’ € [\ V. Suppose that
k is the number of times that [ intersects V between a and a’. Conclude that
wV,a) —w((V,a’) =k mod 2.

Next we prove that there are exactly two connected components. To this end
note, analogously to Exercise 7.35.(i), that there exists a number § > 0 such that

’

®:]1-4,8[ xV—>R" with D(t,x) =x +1tv(x),

is a C? diffeomorphism onto an open neighborhood V; of V in R”. Here v is a
continuous choice for a normal to V. Then it follows from Theorem 1.9.4 that Vj
is a connected subset of R”, and this implies that Vs \ V = V., U V_, where the
V. both are connected subsets of R”. It now suffices to show that every connected
component C of R" \ V intersects either V, or V_. To this end, consider x € 9C.
If x ¢ V,then x € R"\ V, which is open; so x cannot be a boundary point of any
connected component of R" \ V. Therefore dC C V, which implies that C must
intersecta V.

Observe that of the two connected components of R" \ V, precisely one is
unbounded, call it Cy; and the other is bounded, call it Cy. If V is given the outward
orientation it gets as dCy, then

a€C; = w(V,a) =i O=<i=<l.
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Because V is differentiable, infinitesimally (via the normal to V') one has aready
criterion for deciding at which side of V a given point lies. The winding number
of V with respect to a point makes this criterion into a global one. The proof given
above can be adapted to the case of V being closed but not compact. The general
formulation of the Jordan—Brouwer Separation Theorem is valid for a set V.C R"
that is a homeomorphic image of $"~!. The proof must take into account that V
may then be much more irregular. PAe

Example 8.11.11 (Number of solutions of an equation). As a further application
of Example 8.11.9, we show how the number of solutions of an equation ¢ (x) = 0,
counted with signs, within an open set can be computed by means of Kronecker’s
integral taken over its boundary.

Let @ C R” be a connected bounded open set for which 92 is a compact
submanifold of dimension n — 1. Suppose that €2 is an open neighborhood in R”
of the closure  and that ¢ : Qy — R" is a C? mapping. Assume that ¢ (x) # 0,
for x € 3L, and that 0 is a regular value for ¢. Then ¢~ ({0}) N Q is a finite set, say
{a; |1 <i <m};and D¢(a;) € Aut(R"), for 1 <i <m. If 7 : R*\ {0} — §"~!
denotes the radial projection and o € Q" !(R" \ {0}) is as in Formula (8.73), we

have
1

1S~ Jaq

¢*c = > sgn(det Dg(ar)). (8.75)
1<i<m

In fact, ¢~ ({0}) N Q is a discrete set in . If this set were infinite, it would
have a cluster point in d2; by continuity, in this case ¢ would vanish at such a point,
contrary to the assumptions. Select an open ball V) about 0 of radius § > 0 such that
Vo N (02) = B, and further disjoint connected open neighborhoods U; C Q2 of 4;,
with 1 < i < m, for which the conditions in (8.67) are satisfied. Next, introduce
W, =UN¢! (% Vo); then the restriction of ¢ to each dW; is a C? diffeomorphism
from this manifold onto {x € R" | ||x|| = % }. The set U := Q\ Uj<;<,, W; is open
in R" and its boundary is the disjoint union of the (n — 1)-dimensional submanifolds
Q2 and dW;, for 1 <i < m. We may assume that ¢ has no zeros on Q \ Q. Hence
the differential (n — 1)-form ¢*o on the open neighborhood ¢\ {a; | 1 <i <m}
of U is closed, on account of o being closed and Theorem 8.6.12. Therefore we
may apply Stokes’ Theorem to |, y $*o and Formula (8.74) in order to obtain

1

1S~ Jaq

¢*o =deg (o (Plyg)) =— D deg(m o (Blyy.)).
1<i<m
But the orientation of dW; is the outward one with respect to €2, while ¢|8W~ :

W, - {x e R"| ||x]| = % } is a diffeomorphism where the sphere is oriented by
the outward normal. Therefore there is an extra minus sign when applying For-
mula (8.68), and this proves Formula (8.75). Note the similarity with the arguments
in Example 7.9.4. PA



Exercises

Exercises for Chapter 6

Exercise 6.1 (Not Jordan measurable, compact set). Let {r, | n € N} be an
enumeration of QN ]0,1[, and let 0 < € < 1 be chosen arbitrarily. For each
n € N we select an open interval I, C 10, 1 [ suchthatr, € I, and length(/,,) = %
Now define A = | J, .y In and K =[0, 1]\ A.

(i) Show that the inner measure of A cannot exceed €.

(ii) Prove that A is a dense subset of [0, 1], thatis, A = [0, 1]. Conclude that
the outer measure of A equals 1.

(iii) Prove that A is a not Jordan measurable, open set in R.

(iv) Prove that K is a compact set in R which is not Jordan measurable.
Exercise 6.2. Let B=[0,1] x [1,2]. Prove

/l;(xl + x2) "% dx = log <g)

Exercise 6.3. Demonstrate that % is the area of the bounded set in R? bounded by
the line { x € R? | x; = x, } and the parabola { x € R? | x22 =2x; }.

Exercise 6.4. Show that the volume of the solid in R? under the paraboloid { x €
R3 | xf +x22 — x3 = 0} and above the square K = [0, 1] x [0, 1] equals %

Exercise 6.5. Verify that the volume of the bounded solid in R bounded by the
parabolic cylinder {x € R? | xlz + x3 = 4} and the planes {x € R® | x; = 0},
xeR | x, =0}, {x eR*|x; =6}, {x € R | x3 =0} equals 32.

599
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Ilustration for Exercise 6.6

Exercise 6.6. Prove that the volume of the bounded solid in R? bounded by the

paraboloid {x € R® | x? + x3 — x3 = 0}, the cylinder {x € R® | x} + x3 = a?},

for a > 0, and the plane {x € R | x3 = 0} equals %na“.

Exercise 6.7. Let B be the unit disk in R%. Prove [, x{x3 dx = .

Exercise 6.8. Let B be the ball of radius R about the origin in R?. Calculate
fB X1X2x3||x ||2 dx.
Hint: Do not plunge into the calculation straight away.

Exercise 6.9. Let B = {x € R> | |x;| < 1, |xs] < 1}. Prove [, ||lx]| "' dx =
41og(1 + V/2).

Exercise 6.10. Define B = {x e R® | 1 < x| < €%, x, > x3, x] + x5 < 4}.

Prove
1 8 — 42
—dx = ——.
B X1 3

Exercise 6.11. Let f € C([a,b]),anddefine V = {x e R" | a < x; < x; <
- <x, <b}. Show

[ TT renax= ([ roar).

l<j=n

Exercise 6.12. Let B be a rectangle or a ball in R"” and suppose f € C(B). Prove
that there exists a point xo € B such that f g J(x)dx = f(xo) vol,(B).
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Exercise 6.13. Let U C R? be the open disk about 0 and of radius @ > 0. Prove

27‘[613 —llx )2 —a?
|x| dx = ; e dx =a(l—e ).
U 3 U

Exercise 6.14 (Needed for Exercise 6.28). Let a and b > 0. Using polar coordi-

2 2
nates prove that ab is the area of the ellipse { x € R? | z—‘z + Z—% <1}

Exercise 6.15 (Sequel to Exercise 2.73). Now we can give the background for that
exercise.

(1) Prove that, for all a € R,

a 2 T [oosa
(/ e*’c2 dx> = 2/ f e”zr drdoa = T_ /
0 o Jo 4 0

(ii) Conclude by means of the substitution o = arctan ¢ that, for all a € R,

a 2 1 —a%(1+1%)
([[era)+ [ =7
0 o 14122 4

T

__a*
e cos2e do.

N

Exercise 6.16. U C R? denotes the interior of the triangle having vertices (0, 0),
(1,0) and (0, 1). Prove
sinh(1)

/ eW1—x)/(1+x2) gy .
U 2

Hint: Consider the C* diffeomorphism ® : x — (x; — x2, x| + x2), and find the
triangle V for which V. = ®(U).

Exercise 6.17. Assume 0 <a < bandletU = {x € R* | a < |x|| < b}. Prove

/U Ixl~% dx = 47 log (g)

Exercise 6.18. Prove that 167 is the volume of the open bounded set in R* bounded
by the paraboloids { x € R? | x%-i—x% —x3=0}and {x € R? | x12+x§+x3 =8}

Exercise 6.19. Let C = {x € R* | ||x||*> < 2, x} +x; > 1, x3 > 0}. Cal-

culate |, cy/ 3% — x33 dx, by means of substitution of cylindrical coordinates x =
(rcosa, rsina, x3).
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L/
Vo

L]7 ~’..0:::.:.._

IMlustration for Exercise 6.18

Exercise 6.20. Let U C R3 be the open unit ball. Prove, for all y € R3,

4 .
/ cos(x, y) dx = _nz(sln Iyl
U Iyl Iyl

Conclude that vol3(U) = ;in.
Hint: Use the fact that the integral is invariant under rotations acting on y.

—cos lyll).

Exercise 6.21. Let U = {x € R2 | x; < 1, x, < 1}. Prove

2,0 2.2 (e —1)
/ et [ —xfdx = —.
U 4

Hint: Consider ®(x) = (x1, x4/1 — xlz).

Exercise 6.22 (No C' field of unit tangent vectors on even-dimensional sphere
- sequel to Exercise 3.27). We use the notation from that exercise. Deduce from
the definition of @, that r — det ®,(x), for x € R", is a polynomial function,
which is strictly positive if x € A and |¢] is sufficiently small. More precisely, show
det®,(x) =1+ .., t'a;(x), where the o; € C(R"). Conclude by integration
over A that o
vol,, (®,(A)) = vol,(A) + Z t / o (x) dx.
1<i<n A

On the other hand, deduce from Exercise 3.27.(iv) that
vol,, (@,(A)) = (1 + %) vol,(A).

For n € N odd, conclude that a mapping f satisfying all the conditions in Exer-
cise 3.27 does not exist.

Background. We have proved the result from Example 8.11.8 that a hairy sphere
of even dimension has a cowlick, that is, on the unit sphere in R” there exists a C'
field of unit tangent vectors if and only if n is even.
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Exercise 6.23 (Sequel to Exercise 1.15 — needed for Exercise 8.37). Let B" =
{y €R"||lyll < 1},and define W : B" — R" by W(y) = (1 — [ly[|>)""/* y.

(i) Using Exercise 1.15 prove that ¥ : B" — R" is a C* diffeomorphism, with
inverse ® := W~! : R" — B” givenby ®(x) = (1 + ||x||*>)~"/?x.

(i) Prove the following equality of functions on B":

DW= (1— | -7 + W W)).

If we regard x € R" as an element of Mat(n x 1, R), then xx’ = (x;X;)1<i j<n €
Mat(n, R).

(iii) Let A € O(n, R) (hence A’A = 1), let x € R", and write z = Ax. Then
prove det(/ + xx') = det(I + zz"), and conclude, making a suitable choice
for A, that

det( +xx") =1+ |Ix|? (x € R").

(iv) Show that, for every continuous function f or g with compact support on R”
or B", respectively,

1 dy
) d =/ ( 1 ) _
R”fx g »f (1—||y||2)7y 1= yl*z*

s o)
g0 N+ )z ) A+ D

Exercise 6.24. Letn > 2,let K € g(R") and let ® : R* — R" be the C! mapping
defined by

D1(x) =x1+a (a1 € R),

D;(x) =xi+ailxy,...,xi-1) (1 <i<n,a €C'R™)).

Prove that ®(K) € g(R"), and that vol, (®(K)) = vol,(K).

Exercise 6.25 (Solids of revolution — sequel to Exercise 4.6). Let f € C([a, b))
be nonnegative and let y : [a, b] — R be the curve given by y (t) = (f(1), 0, 1).
Let V be the surface of revolution in R? obtained by revolving im(y) in R? about
the x3-axis, as in Exercise 4.6. Let L be the compact set in R? bounded by V and
the planes {x e R* | x3 =a}and {x e R® | x3=b}.

(i) Prove that L is Jordan measurable in R?, and that vol3(L) = 7 fab f(t)?dt.
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Assume K C R? to be a compact subset in the half-plane {x € R® | x, =0, x; >
0} and which is Jordan measurable in R?, if the plane {x € R® | x, = 0} is
identified with R2. Construct, in a way analogous to that in Exercise 4.6, the solid
of revolution L in R? obtained by revolving K in R? about the x3-axis.

(i) Prove that L is Jordan measurable in R? and that vol3 (L) = 27 / x X1dx; dxs.

Exercise 6.26 (Archimedes’ Theorem). Prove that the volumes of an inscribed
cone, a half ball, and a circumscribed cylinder, all having the same base plane and
radius, are in the ratios 1 : 2 : 3.

Exercise 6.27. Two cylinders are inscribed inside a half ball in the following fashion.
The lower face of one of the cylinders is in the plane face of the half ball, and the
circumference of the top face of that cylinder lies on the round surface of the half
ball. The lower face of the other cylinder lies in the upper face of the first cylinder,
and the circumference of its top face lies on the round surface of the half ball. How
should the heights of the two cylinders be chosen for the sum of their volumes to
be maximal ?

Exercise 6.28 (From Newton to Kepler — sequel to Exercises 5.24 and 6.14). Let
the notation be as in Example 6.6.8 on Kepler’s second law. In particular, suppose
t — x(t) is a C? curve in R? such that the position x (¢) and the acceleration x” ()
are linearly dependent vectors, and more precisely, that there exists 0 # k& € R such
that

k
X"(1) = —k|lx(@) | 3x (1) = — grad ( - ”x(t)”) (t € R).

This corresponds with an inverse-square law (for the magnitude of x”(¢)) as studied
by Newton. The acceleration is centripetal for k > 0, and centrifugal for k < 0. In
the following we often write x instead of x () to simplify the notation, and similarly
x" and x”. We will determine the geometric properties of the orbit { x(¢) | # € R}
and we begin by computing the velocity of the normalized position vector.

(i) Assuming x # 0, use Example 2.4.8 to prove
el = =l 7 e, x)x 4 flx =%
= [lx )72 (=, x)x + (x, x)x") = [lx ]| o,

Show (v, x) = 0 in order to obtain v = AJx, with . € Rand J € SO(2, R)
as in Lemma 8.1.5.

(i1) On account of Example 6.6.8 there exists / € R with [ = det(x x') =
(Jx,x"y = —(Jx', x). With X as in part (i), verify A (x, x) = det(x AJx) =
det(x v) = (x, x)det(x x’) = I[{(x, x), and conclude — (x, x")x + (x, x)x' =
v=1I1Jx.
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(iii)

@iv)

v)

(vi)

Combine parts (i) and (ii) to find
—1_y/ -3 l ”
(x ™ x)" = Lix| " Jx = _EJX :
Integrating once with respect to ¢, obtain a constant vector € € R? such that
-1 r_,
@ IxOITx@ =€~ Jx'(0) (@ eR).

Verify that ||x’ + %J €|l = | % | In other words, the hodograph ( 636< = way),
the curve traced by the velocity vector x’, is the circle of center — % Je and of
radius |§|. Next, take the inner product of the equality (x) with x and apply
(i1) once more to conclude that

xll = (€, x) l<J' )= >+l2

x|l =(e,x) — -(Jx',x) = (e, x) + —.
k k
Deduce from Exercise 5.24.(iii) that the orbit of x is a (branch of a) conic
2

section with eccentricity vector € and d = % the sign of which depends on
that of k. This is Kepler’s first law.

By a translation in R we may assume [|x(0)| = min{|x(#)] | t+ € R}.
Deduce from part (iii) and (ii), respectively,

2

re M OINOI=L

lxO] =

According to Exercise 3.47.(i) the total energy per unit mass H = ||x;\|2 — ﬁ

is constant along orbits. Starting from (%) in part (iii) prove that this constant
valueequals H = % (e*—1). Conclude that the orbit is an ellipse, a parabola,

or a hyperbola, as H < 0, H =0, or H > 0, respectively.

Assume that £ > 0, and that the orbit is an ellipse, with semimajor axis a
and semiminor axis b. This implies that there exists minimal 7 € R, with
x(t) = x(t + T), for all t € R. After a time T the area swept out by the
radius vector equals the area of the ellipse. Deduce from Example 6.6.8,
Exercise 6.14, Exercise 5.24.(ii), and part (iii), successively, that T satisfies
l T? 47’
—T=7mb=nd2(1—e2)_%, or —_ =,
2 a’ k
where the constant at the right-hand side is independent of the particular
orbit. This is the assertion of Kepler’s third law. Again on account of Exer-

cise 5.24.(ii), prove [ = (ka(l — ez))%. Furthermore, show

k o 2 1 _3
H=—\ WP =k(-2), T =2rk(-2H) "
2a Ixla
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Demonstrate ||x'(0)|| = max{|lx’(z)]| | ¢+ € R} as well as ||x’(§)|| =
min{ |x’(#)] | t € R}, and also
k 1+e T k1l—e
1x'(0) 1> : (_) —
al—e 2 al+e
, T k
I Ol I1x' ()1l = = = —2H.
a

Exercise 6.29 (Volumes, Bernoulli and Euler numbers — sequel to Exercise 0.16
- needed for Exercises 6.30 and 6.40). Define ®" = {x € R} | x; +x;41 <
11<j<n)}.

1 1—x; 1—x,—1
6, = vol,(®") = / / . / dx, -+ dxydx;.
o Jo 0

For the calculation of this integral we introduce polynomial functions p; on R by

(i) Prove

1—x
po(x) =1, Pr(x) :f pi-1(t)dt  (k € N).
0
(i1) Prove
pn(0) = 0, (n €N), po(l) =1, pr(1) =0,
Pp(x) = —pr—1(1 — x) (k € N).

Next, we introduce the formal power series in y (that is, without considering con-
vergence)

fy) =) peo)y*.

kGNO

(iii) Prove that f satisfies the differential equation

0
(%) a—£<x,y>+yf<1—x,y>=o, and () fAy) =1

(iv) Prove that (x y) + y2 f(x, y) = 0, and conclude

f(x,y) =a(y)cos(xy) + b(y) sin(xy).

Substitute x = 0 into (%) and prove b(y) = —1, and, using (%), show that
a(y) =tany + . Conclude

Ccosy

tany +secy = f(0,y) =1+ Y p,(0)y" =1+ ) 6,)".
neN neN
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For all n € N we find that 6, equals the coefficient of y" in the power series
expansion of tan y + sec y. On account of Exercise 0.16.(xiii) we have

B>, T
tany — Ztnyznfl — Z(_l)n7]22n(22n _ 1) 2 y2n7] <|y| < _)

neN neN (Zl’l) ! 2

Here the B,, are the Bernoulli numbers. Moreover, we have

E, " b
secy = Z o) y? (|y| < E)

neNy

Here the E, are known as the Euler numbers. One has

(v) Deduce, for alln € N,

B2n _ En
Q2n)!’ > o)l

Ot =t = (=112 (2" — 1)

Exercise 6.30 (Sequel to Exercise 6.29). We use the notation from that exercise.
The formulae from part (v) of that exercise can be proved in a somewhat more direct
way.

(i) Prove, fori € Ny and x € R,

1 1
Pi2(x) =/ Pi+1(f)dt—fl pi+1(t)dt
0

=Pi+2(0)—/ Pi+1(1—f)dl=Pi+2(0)—/ / pi(s)dsdt.
0 0o Jo

(i) Use part (i) and mathematical induction on n € Ny to show, for x € R,

(_l)ix2i =D" 5

p2n+1()€) = Z p2n+l—2i(0) (21)' - (27’1 + 1)!

0<i<n

Conclude with py,1(1) = 0O that

=" (="
O;n P2n+1-2i(0) ol - ant
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(iii)) Now derive the following identity of formal power series:

0 (=D" 5, =D" ,,
(Z Pant1(0)x? +1)(Z ! x2 ) = Z PR 1)!x2 +

nENo nENo n ENO

That is,

Zé’zn_lxz”_l = szn_l(O)xz”_1 =tanx = Ztnxzn_l.

neN neN neN

(iv) Now discuss the case of the function sec.

Exercise 6.31. Let (W'),cg be the one-parameter group of C* diffeomorphisms of
R given by W' (x) = e*x,set L = [0, 1] and suppose f € C'(R). Prove

d

— f(x)dx = 2e* f(e*) (t €R)

by means of the chain rule, the substitution x = ¢*'y, and the transport equation
from Example 6.6.9, respectively.

Exercise 6.32 (Special case of Urysohn’s Lemma — needed for Exercise 6.33).
Let K C R” be a compact set, let U C R” be an open set, and assume K C U.

(i) Prove that a continuous function f : R" — [0, 1] exists such that f(x) =1,
for x € K, and supp(f) C U.
Hint: Consider the open covering {U} of K.

(i1) Verify that, for given a, b € R with a < b, the function a 4+ (b — a) [ :
R" — [a, b] has the value b on K, and a on R" \ U.

Exercise 6.33 (Special case of Tietze’s Extension Theorem - sequel to Exer-
cise 6.32). Let K C R” be a compact set, assume a, b € R with a < b, and let
f : K — [a, b]be acontinuous function. Then there exists a continuous function
F:R"— [a,b]suchthatF|K = f.

(i) Replace f by (f —a)/(b — a) and conclude that one may assume [a,b] =
[0,1].

Lett = % We assert that there exists a sequence ( f;)ren Of continuous functions
on R” such that

fo R > [0t 0 f)— ) i) =@ (xeKk).

1<i<k



Exercises for Chapter 6: Integration 609

(ii) Let A = f£~1([0,¢]) and B = f~'([2t,1]). Prove by using Exercise 6.32
that there exists a continuous function f; : R* — [0, ¢ ] such that fi(x) =0
forx € A, and fi(x) =1t forx € B. Verify that 0 < f(x) — fi(x) < 2t, for
x € K.

(iii) Now prove, by induction on k£ € N, that one can find f; as above, such that
fr = Oonthe set where f—21§i<k fi(x) <t @' andthat f, =1 (2t)*!
on the set where f — > _,_, fi(x) = (20)F.

(iv) Prove that F =), \ fx satisfies the requirements.

Exercise 6.34 (Every closed set is zero-set — needed for Exercise 6.37).

(i) Letg € C(R"). Provethat C = N(0) = {x € R" | g(x) = 0} is a closed
subset of R”.

We shall now prove the converse of the assertion in part (i) in five steps. Let C be
an arbitrary closed subset of R".

(i) Prove that there exists a countable collection {B;}ren of open balls B, C
R" \ C with
R"\C=|JB.

keN

(iii)) Show that for every k € N there exists g, € C*°(R") with the properties (see
the proof of Theorem 6.7.4) g > 0, and gx(x) > O if and only if x € By.

(iv) Verify that for every k € Ny the number m; = sup{|D%gy(x)| € R | x €
R", o € Nj, |a| < k} is well-defined.

(v) Prove that, forevery o € N, the series ), ﬁ D* gi converges uniformly
on R"; and use termwise differentiation to conclude that g € C*°(R"), if

1

8= Z mk2’<gk'

keN

(vi) Verifythat C ={x e R" | g(x) =0}.

Exercise 6.35. Let K and K, for § > 0, be as in Lemma 6.8.1. Let f € C(R")
and assume N (f) N K = (. Prove that a number § > 0 exists with N(f) N K5 = @.
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IMlustration for Exercise 6.36: Sard’s Theorem

Exercise 6.36 (Sard’s Theorem - sequel to Exercise 2.27 — needed for Exer-
cise 6.37). The following is an (easy) version of this theorem. Let U C R”" be open
and let ® : U — R” be a C! mapping, then

vol,({ ®(x) | x € U is singular point for ® }) = 0.
We will prove this in a number of steps.

(1) Verify that it is sufficient to prove the assertion for every rectangle B in R”
with B C U.

Let B be a fixed rectangle thus chosen.

(ii) Prove that a number m > 0 exists such that | (x) — ®(a)| < m|x — a|,
for all x, a € B.

Now define
K ={a e B| ®issingularata}.

Leta € K be fixed for the moment. Because D® (a)(R") is a proper linear subspace
of R”, there exists an affine submanifold L of codimension 1 in R” going through
®(a), such that, for all x € R",

®(@a)+ DP(a)(x —a) € L.
Now let € > 0 be chosen arbitrarily.
(iii) For every x € B with ||x — a|| < €, prove that ®(x) belongs to
the ball in R” about ® (a) of radius me;
the tubular neighborhood in R” about L of half thickness e\ (¢),

where A is as in Exercise 2.27.(ii).
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(iv) Conclude for such x that ®(x) is contained in a rectangular parallelepiped
in R"” which can be written as a product of a cube in L of dimension n — 1
having edges of length 2me, and of an interval in R of length 2e(¢). Then
prove

vol,(®{x € B | |x —al <e€}) < 2me)" "' 2eir(e).

Note that the constants on the right—hand side of this inequality are indepen-
dentofa € K.

(v) Verify that the number of balls in R" of radius € about @ € K (where the
point a now is considered to be variable), required to cover K is of the order
O(e™™), € | 0; and conclude that

vol, (®(K)) = O(\(e)), € 0.

(vi) Why has Sard’s Theorem now been proved ?

Exercise 6.37 (Functional dependence —sequel to Exercises 6.34 and 6.36). (See
also Exercise 4.33.) Let U C R" be open and let ® € C' (U, R"). We assume that
the rank of D® (x) is lower than n, for all x € U.

(i) Prove by Exercise 6.36 that vol, (im(®)) = 0.

(i) LetC C U be acompact subset. Conclude by Exercise 6.34 that a submersion
g € C*(R") exists such that g o ®(x) = 0, forall x € C.

(iii)) Next, taken = 2 and assume D® (x) has constantrank 1, forallx € U. Prove
that, locally on U, one of the two component functions of ® can always be
written as a C! function of the other one.

Exercise 6.38 (Volume of a neighborhood of a parallelepiped). Define N =
{1,2,...,n}. Consider linearly independent vectors v; € R", for j € N, and
let P = {Zlfjsn tjv; | 0 < t; < 1} be the parallelepiped spanned by the v;.
Suppose § > 0 and write

Ps = {y € R" | there exists x € P with ||y — x|| < §}
as in Lemma 6.8.1. Then, with the notation #K for the number of elements in

K C N9
vol,, (P;) = Z ( Z voln_m(PK)) ™.

O0<m<n KCN,#K=n—m

Here PX denotes the (n — m)-dimensional parallelepiped spanned by the n — m of
the vy satisfying k € K,

) voly_w(PX) = (det((ve, ve)e rrex)
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while ¢, is the m-dimensional volume of the unit ball in R™ (see, for instance,
Exercise 6.50.(viii)), which makes the factor c,, §" equal to the volume of an m-
dimensional ball of radius §. The details of the following proof are left for the
reader to check.

Proof. Let x € R". Because P is a closed subset of R”, there exists p € P such
that ||lx — p|| < |lx — p’||, for every p’ € P. The convexity of P implies that we
have a strict inequality here if p’ # p. In other words, the element p = 7w (x) is
unique, hence we have a mapping 7 : R" — P, the projection to the nearest point
in P.

The relative interiors of the faces of P are the sets F; ; x of the form

(Y tvjljel=t=0 jel=t=1 jeK=0<t <1},
1<j<n

where (1, J, K') denotes any partition of N into three disjoint subsets. Now suppose
p € Fi jk,theny :=x — p € R" has the following properties.

Miel = —(u=4%

1 2 .
,=05”x —(p+rtv)ll =0

i jes = Gu)=g sllk—@-ropl>=0;

(iii) ke K = (y,vk):%t

1 2
A= iwl? =o.

Conversely, a convexity argument yields that (i), (ii) and (iii) imply that p = 7 (x).
Condition (iii) means that y belongs to Ck, the orthogonal complement of the vy,
for k € K, which is a linear subspace of R"” of dimension equaltom = n—#K. The
conditions (i) and (ii) then describe a polyhedral cone C; ; x in Ck. The condition
x € Psnow corresponds to the condition || y|| < §. Write Bk (8) for the open ball in
Ck with center at the origin and radius equal to §. The fact that y is perpendicular
to the face F; s x then implies that the n-dimensional volume of 7 Y(F 1.7.k) N Ps
is equal to the #K -dimensional volume of F; ; ¢ times the m-dimensional volume
of C;.;7.x N Bk (8). Furthermore, the # K -dimensional volume of F; ; g is equal to
(x), which is independent of the partition (/, J) of N \ K. If, for given K C N,
we let (/, J) run over all partitions of N \ K into two disjoint subsets, then the
union of the C;, ; g is equal to Cg. On the other hand, the intersection of C; ; g
and Cp y g, if (I, J) # (I, J'), is contained in a linear subspace of Cg of positive
codimension, and therefore has m-dimensional volume equal to 0. It follows that
the sum of the m-dimensional volumes of the sets C; ; x N Bk (§), over all partitions
(I, J) of N \ K, is equal to the m-dimensional volume of Bk (§), which in turn is
Cm ™. |

Exercise 6.39 (zeta function and dilogarithm - sequel to Exercise 3.20 — needed
for Exercises 6.40 and 7.6). Asin Exercise 0.25 Riemann’s zeta function is defined
by ¢(s) =) ,nk~°, fors € CwithRes > 1.
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(i) Demonstrate that one has, with U =10, 1[ > c R?,

302) w1 1 o b V2
4 —Zﬁ_g(zn)fz(znﬂﬁ_z(/o )

neN neNy neNy
1 1 1
— 2n —
= E / / (x1x2)" dxdxy —/ ﬁdx.
neNp 0 0 U - x1x2

(ii)) Deduce by means of parts (i) and (ii) of Exercise 3.20 that {(2) = %2 =
1.644 934066848 - - - .

(iii) Perform one of the integrations in the double integral in part (i) and demon-
strate by partial fraction decomposition that

11 1 2
/ —log( +x>dx=n—.
o X 1 —x 4

This result can also be obtained by series expansion of the integrand according
to powers of x, leading to

"1 1 1
[ Lo (Hyax 2y L
0 X 1—=x = 2n + 1)
And series expansion also gives

11 1— 2
/dez_ﬂ_,
0 X 6

Background. The function Li, : ] —0o, 1 [ — R with

me:_/@%%;ﬁm
0

is called the dilogarithm. Thus Liy(1) = %2, and one has Lir(x) = ZneN %’ for
|x| < 1. By means of differentiation one obtains the following functional equation
for the dilogarithm:

772

Liy(x) + Liy (1 — x) 4+ (log x)(log(1l — x)) = 3 0O<x <.

x2n+l

(iv) Prove in a similar way (recall that arctanx = ) No (—=D"3, ) )
—1)" 1 " arct

Z ( )2 :/ 22dx=/ arcanxdx
neNo (2n + 1) U 1 —|—X1X2 0 X

=0.915965594 177 - - - .

The integral on the right-hand side cannot be calculated by antidifferentiation;
its value is known as Catalan’s constant G.
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Background. We have the function Ti, : R — R with
. * arctan ¢
Tito) = | d.
0 t

So Tir(1) = G, and Tip(x) = ZneNO( 1)”(;n+1)2, for |x| < 1. Furthermore, the

Clausen function Cl, : R — R, and the Lobachevsky function J1 : R — R are
defined by

X 1 3 X
Cly(x) = —/ log )2sin —z( ar="20 i) = —f log |2 sin 7] dt.
0 2 neN n 0
Therefore JI(x) = % Cl,(2x). Substitution of x = 7 and x = % in Cl(x) gives

z ) i bid
/ log(sint) dt = ——log?2 and Cl, (—) =G.
0 2 2

2

_G+n
2 16

(v) Conclude that / _
v 1—xtx}
(vi) Prove as in part (i)

1
/1_x1x2dx /Z(xlxz) dx—Z(/é x"dx)

nENo nENo

1
= =¢(2).
r;:o (n+1)?2

2

Furthermore, show by means of integration by parts in the third equality

log x1x, /
———dx =2 x"xhlogx; dx
Ll—xlx2 U Z 1 08N

neNy

_22/ X! logxldxlf X} dxy = —=2¢(3).

nGN()

Exercise 6.40 ( ¢ (2n) and Euler’s series — sequel to Exercises 3.20, 6.29 and 6.39
—needed for Exercise 6.52).

(i) Prove, as in Exercise 6.39.(1), with (1" =10, 1[ " C R",

(1-m)en = [ o

Xon

-t 1 .,
Z (2k+1)2n+1 - it 1 2,42 X
keNy g+t 14+ x3 Xnt1
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Define
v, = vol, ("), T'={yeRi|[y+tn <l yptys<l,...,ywty <1}

(ii)) Conclude by Exercise 3.20.(iii) that
ol (—D* JT)zn+1

M) = 2, _=D _z
¢(2n) 2 _ | U2n Z (2k + 1)2n+1 (2
keNo

U2n+1-

Leta = %(1, 1,...,1) € Y*. The 2n-tope Y" has n-fold symmetry about the
axis Ra; and Y" is the union of n congruent pyramids, each having a as its apex,
and as basis the intersection of Y with the Jj-th coordinate plane for 1 < j < n,
respectively. Indeed, let I'" be the collection of the x € Y" satisfying x,, < x;, for
1 < j < n. In view of the cyclic symmetry in our problem we have

v, = nvol,(T).
Note that
M={xeR|x,<x;(1<j<n), xj+xjp<1(1=<j<n-2)}.
Indeed, the two “missing” equations for x € ['" are a consequence of the other
Xpno1+ X, < Xpo1 + X2 < 1, X, +x1 <x2+x < 1.

Define p : R*” — R""! as the projection onto the first » — 1 coordinates, and
v :R" — R" by

V() =1 =y p(y) +yna.
Now introduce the 2n — I)-tope ®" ={y e R | y; +y;;1 <1 (1 =) <n)}

(iii) Verify W : ©""! x O — I'" is a C* diffeomorphism and det DV (y) =
1(1 = y,)"~". Conclude that

1
vol, (') = > vol,_1(®" 1.

(iv) Now prove by Exercise 6.29.(v)

B 1 E
= -1 n7122n71 22n -1 2n , " —— n :
vy = (—1) ( )(2}1)! Uont1 e
and derive from this (cf. Exercise 0.20)
1 B
2 = (—1 n—1_" 2 2n n ,
¢@2n) =(=1) 2( ) o

Z (— D)k B 1<n)2n+1 E,
-~ (2k + 1)+l 2\2 (2n)!

The series on the left-hand side of the second identity are known as Euler’s
series.
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Example. For 1 < n < 4and 0 < n < 3 the sums of the series above are,
respectively,

w2 m* 7o w8

6’ 90" 945 9450
n 71_3 57 6177
4° 32’ 1536’ 184320°

(v) Verify that the results above can be summarized as follows:
-1 nk T\~

> o =u(3) wew

kENo ( + )

Here each v, € Qis found as the volume of an n-dimensional convex polytope
T" with rational vertices. We have found by direct computation of vol, 1"

n—1 1 T
Zunt = —(sect +tant) <|t| < —).
2 2
neN
(vi) From part (iv), derive the following estimates:
1 |By| w1 4 /2 \2n+l E, 2\ 2n+1
< =5 ; Y (—) < < (—) .
2m)2  (2n)! 3 2m)* 3\rx 2n)! T

(vii) Verify that the solid generated by symmetrizing Y with respect to the origin
is a rhombic dodecahedron (8\dexa = twelve). That is, it is a dodecahedron
whose faces are congruent thombi having diagonals of lengths /2 and 1,
respectively. Verify that its volume equals 2.

Exercise 6.41 (Another proof for fR e dx = /7). (Compare with Exer-
cises 2.73 and 6.50.(i).) From Example 6.10.8 we know

2
(f e dx) =/ / e~ gy dx.

(i) Introduce the new variable ¢ via y = x¢, and conclude that

2 2 2 2 2 2
(/ e ™ dx) = / / e XU drdx = / / e ¥ U+ dx dt.
R, R, JR, R, JR,

1

.. . . 42 1+ 2 _
(i) Now finish the proof, using fR+ e Iy dx = et
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Exercise 6.42 (Probability density, expectation vector and covariance matrix
of distribution — needed for Exercises 6.43, 6.44, 6.51, 6.96, 6.97). In stochastics
a function f : R" — R is said to be the probability density of a distribution on R"
if
f(x)>=0 (xeR", f(x)dx =1.
R”

In the case of convergence of the following integrals, the vector u € R" and the
matrix C € Mat(n, R) given by

W= [ xireds (1=j<m,

Cij :/R(xi—,ui)(xj—uj)f(x)dx (1<i,j<n)

are said to be the expectation vector and the covariance matrix of that distribution,
respectively.

(i) Prove that C € Mat™ (n, R) is a positive semidefinite matrix.

In the case where n = 1, the vector u© € R is said to be the expectation and the
number C > 0 is known as the variance of the distribution; the usual notation then
is o2 instead of C. The number o > 0 itself is known as the standard deviation of
the distribution.

(i) Now setn = 1, and verify 0 = [, x* f(x) dx — pu?.

Exercise 6.43 (Sequel to Exercise 6.42). Let x € Rand o0 > 0. Let f =
f(u, o) € C*(R) be defined by

1 _=p?
202 .

fx) =

e
o2

Demonstrate
/ Fldx =1, /(x _ W dx =0, /(x _ WA () dx = o2,
R R R

Hint: The last identity follows by differentiation with respect to o of the first
identity.

Background. In the terminology of Exercise 6.42 the function f(u, o) is said to
be the probability density of the normal distribution on R with expectation n and
variance o’

Exercise 6.44 (Sequel to Exercise 6.42 — needed for Exercises 6.92 and 6.93).
Let Q € Matt(n, R) be positive definite. Let E be the ellipsoid, and B the unit
ball in R",

E={xeR"|(Qx,x) <1}, and B={xeR"||x|| <1}
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vol,,(B)

(i) Prove that E is Jordan measurable in R”, and that vol,,(E) = Nk

Hint: See Formula (2.29).

(i) Prove

./ e3 (0% ) gy = Gm): .
n «/detQ

Background. Now replace Q by C~! in the expression above, for a symmetric
positive—definite matrix C € Mat(n, R). In the terminology of Exercise 6.42 the

function on R”
1 Lic1x,x)

Xt ——————¢ 2
2m)2+/det C

is said to be the probability density of the normal distribution on R" with the origin
as expectation vector and C as covariance matrix (the latter property will be proved
in Exercise 6.93).

Exercise 6.45. Let u € R be arbitrary, define U C R? and ¥ : R? — R? by
U={xeR*|xi+x <u} and  W(y) =y, y2— ).
(i) Find V. c R’ suchthat W : V — Uisa C® diffeomorphism.
Assume f and g belong to C.(R).

(i) Prove

/ f(x1)gx) dx = / /Rf(yl)g(yz —y)dyidy,.
U —00
(iii)) Now assume f(x) = ¢~ for x € R. Prove

u/2
/ SO fx)dx = «/E/ f(x)dx.
U —00

Hint: The present function f is absolutely Riemann integrable over R, but
does not have a compact support. Verify that the result from (ii) is valid for
this function f.

Exercise 6.46. Define the C* function f, : R*\ {0} — Rby fp(x) = |Ix||?, for
p € R. Calculate the values of p for which f), is absolutely Riemann integrable
overU ={xeR*|0< x| <1}and V = {x € R*| | x| > 1}, respectively;
for these values of p, calculate the integrals of f, over U and V, respectively.
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Exercise 6.47. Define in R3 the sets V = {x € R? | x3 > a}, where a € R, and
B(R) = {x € R® | ||x|| < R}, where R > a.

(i) Calculate fB(R)nv W dx and [, de.
The set W C R3 is defined by W = {x € R | x; +x, +x3 > 1}.

(i) Calculate [, ﬁ dx

Hint: The answer can be very easily found by using the result of |, v W dx;
why?

Exercise 6.48 (Sequel to Exercise 5.51). Let V C R? be the pseudosphere from
Exercise 5.51. Prove that the volume of the set in R? which contains the x3-axis
and which is bounded by V equals %n.

Exercise 6.49 (Sequel to Exercise 3.8 — needed for Exercise 8.35). Suppose
f € C'(R?) has compact support, and let i = +/—1. In four steps we now prove
that

19f 1
(%) / —-—(x)dx = / 7—(D]f(x) +iDs f(x))dx = =7 f(0).
R R

2 7 07 2 x1 +ixy?2
(i) Prove the convergence of the integral in (x) by means of m ”x” , for
x #0.

Let W(r, ®) = r(cosa, sinw), for (r,®) € [0, oo[ x R, and let f: foWw,

(ii) Prove by Exercise 3.8.(iii) that the integral in (%) equals

/m/ ( laf)(r ) da dr.

(iii) Prove

/ / —(r a)dadr—/ﬂ/ ﬁ(r,og)drdOt:—271]‘(0,0).
Ry J—m - JR4 ar

(iv) Prove (x) by means of the 2w -periodicity of a +— ]7 (r,a).
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25

15

1 2 3 4 5

Illustration for Exercise 6.50: Euler’s Gamma and Beta functions
Gamma function, and Beta functionon ]0, 1[ x ]0, 1 [

Exercise 6.50 (Euler’s Gamma and Beta functions — sequel to Exercise 2.79
— needed for Exercises 6.51, 6.52, 6.53, 6.55, 6.56, 6.57, 6.58, 6.59, 6.60, 6.63,
6.64, 6.65, 6.69, 6.89, 6.96, 6.98, 6.104, 7.5,7.21, 7.23, 7.24 and 7.28). Define the
Gamma function I : R — R by

F(p):/ e " tP71dt.
Ry
(i) Prove

Flp+D=pl(p) (peRy), Fn+1)=n!  (neNy.

Further, compare with Example 6.10.8 and Exercises 2.73, 6.15 and 6.41,

1
L(p) = 2/ e 21 du: in particular F(§> =.J7.
Ry

(i) Show, for p; and p, € R,

s

2
C(p)T(p2) =T(p1 + p2)2/ cos?” g sin*”? ' o da.
0

Now define B : R%r — R, the Beta function, by

C(pnT(p2)

B(pi, p2) = .
P P2 C'(p1 + p2)

(ii1) Prove

EL

1 +1 +1
(p] P ) (p1, p2 € Ry).

2
/ cos”' o sin”?ada = - B ,
0 2 2 2
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(iv) Show, using the substitution t = for p; and p, € Ry,

el

upl_l

1
B(pi, = [ ! 1—tp21dt:/ ——d
(p1, p2) /0 ( ) e A wnn u

v2p1 1
=2 — dv
/I;Jr 1+ v2)P1+P2
(v) Setting p; = - and p; = % and substituting ¢ = u”, prove

/ PN )
o VT—u" nT(%+3)

(m, n € N).

(vi) Prove
1
B(p, p) = 2172’73(1?’ 5)’

and in addition Legendre’s duplication formula (see Exercise 6.53 for a dif-
ferent proof)

rQp) =2%""'g"12 F(p)r(p + %) (p €eRY).

Conclude, using part (v) (see Exercise 3.44), that

:/ di = — F(l)Q.
0o V1—14 427 \4

(vii) Prove

1 Cn)'/m
C(n+3) =" (e
Conclude that
1 k | 222n
3 =) /(1 _ N,
2k + 1 (2 + 1)!
0<k=<n
Prove
m m 1-3---2n—1 2n — DN
/ cos” a du :/ sin” o da = (2n )n =: (2n ) T
0 0 2.4...2n 2n)!!

Show by expanding the logarithm in Exercise 2.79 in a power series in x cos o
and integrating term-by-term

on — 1N 2n+1
arcsin x =x+Z( " ) x (Jx] < D).
eN

el 2n+ 1
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(viii) Let B" = {x € R" | ||x|| < 1}. Prove

n = 2k;

=

1L(B") = —0 K
VO = — =
" I'Z+1) 22k k=1 k1

k)

SIS
+

n=2k-—1.

Hint: Apply mathematical induction and the formula

1
V01n+1(B”+1) = / vol, (ball of radiusyv'1 — h?) dh.
1

Exercise 6.51 (Sequel to Exercises 6.42 and 6.50 — needed for Exercises 6.83
and 7.30). In statistical mechanics the following integrals play arole. Leta € Ry,

then
n—1 | 1 dd:
) 2 ) oy OO
/ xne—ax dx — n‘ ﬁ
R+ °

—_— n even.
(3 evar-
Prove these formulae in the following two ways.
(i) Using parts (i) and (vii) of Exercise 6.50.
(i) Consider the functions on R
—ax? 1 2 1 [n
ar xe Y dx = — and ar e dx =~ |—,
R 2a R, 2V a

respectively, and apply the Differentiation Theorem 2.10.13.
Let n € N. In the terminology of Exercise 6.42 the function f, : R — R with
0, x <0;
fn(x> = x”_le_%xz
2n77 X > 09
250 (%)
is said to be the probability density of the x-distribution with n degrees of freedom.
(iii) Verify that [ f,(x)dx =1, forn € N.

. . 1.2 . . .
In particular, the function f3(x) = \/g x2e~ 2%, for x € Ry, occurs in kinetic gas
theory.

Exercise 6.52 (Sequel to Exercises 6.40 and 6.50). Riemann’s zeta function is
defined by ¢(s) = ), .nk~°, fors € C withRes > 1, as in Exercise 0.25.
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(i) Prove, forRes > 1,

xs—l xS—l
/ dx =T'(s)¢(s), / dx = (1 =2"")I(s)¢(s).
R R;

et —1 e*+1
Hint: Use ﬁ = Y ien € and interchange the order of summation and
integration. Then prove by Exercise 6.50 that fR+ T le R dx = Fk(f ),
(i) Using Exercise 0.20 or 6.40.(iv), show that
2n—1 1 o 2n—1 Bo,
f T g =[O e B2 e,
R, ¢ — 1 0 x—1 4n

Verify thatforn = 1 the answer is in agreement with that in Exercise 6.39.(iii).

(iii)) Replace x by ax, for a > 0, in the first integral in part (i), and deduce by
means of differentiation with respect to a of the resulting formula

xSeX
/R+ G =TEHDI®  Res >,

(iv) Imitate the proof in part (ii) to show

2n 1 1 2n 2n+1
/ Y ax =2 Mcz):(z) E, (neNy).
R

. coshx o x241 2
2n—1 B "

/ T dx = (=1 — a2 (n € N).
R, Sinhx 2n

Background. The integral fR+ % dx = 71’—; occurs in the theory of the energy
intensity of black body radiation, and the one in part (iii) in the quantum theory of

transport effects.

Exercise 6.53 (Another proof of Legendre’s duplication formula — sequel to
Exercises 2.87 and 6.50). Multiply both sides of the identity in Exercise 2.87.(v)
by x”~! for p € R, integrate with respect to x over R, and change the order of
integration on the right-hand side. Conclude that Legendre’s duplication formula
from Exercise 6.50.(vi) follows.

Exercise 6.54 (Asymptotic behavior of some integrals and Stirling’s formula).
We make the following assumptions: (i)a < 0 < b,and gand h € C([a, b ]); (ii)
there exists ¢ > 0 such that i () > ct?, fort € [a, b]; (iii) there exists H > 0 such

that lim,_, ¢ % = g Then we have
b
27
lim x [ g(0)e ™D dt = g(0),/ =.
X—> 00 a H
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Indeed, in the following we may assume x € R, . The substitution of variables
t = ﬁ implies

b
1(x) ::ﬁ/ g(t)e"h(’)dt:/f(x,s)ds,
a R

where f : R, x R — Ris given by f(x,s) := l[ﬁa,\/gb]g(s/ﬁ)e”h(‘/ﬁ).
Set m = max{|g(t)| | t € [a, b]} and deduce from (ii)

| f(x,s)] <me ™ /D pypmes® (x eRy, s €R).

Note that the function s — me=*" is absolutely Riemann integrable over R. Fur-

thermore, /(x) is uniformly convergent for x € R, on account of De la Vallée-
Poussin’s test from Lemma 2 10.10. Conclude from (i) and (iii) that we have
lim, .o f(x,s) = g(0)e™ 2H , for s € R. Use the Continuity Theorem 2.10.12
and Example 6.10.8 to verify

2
lim 1(x) = g(O)/ e g5 = g(0),] 2.
X—> 00 R H

For the asymptotic behavior of the Gamma function I'(x) = fR+ ey y*~1dy, for
x — oo, from Exercise 6.50 substitute y = xe’ and then apply the preceding result
with g(#) = 1 and h(¢) = ¢’ — 1 — ¢ to obtain Stirling’s formula

r
limizxﬂn, that is [(x) ~V2mx* “le , X — oQ.

X—>Q0 e—x-XX7§

Background. For more precise results, see Exercise 6.55.

Exercise 6.55 (Asymptotic expansion of Gamma function — sequel to Exer-
cise 6.50). For the complete asymptotic behavior of the Gamma function I'(x) =
fR+ e y*~ldy, for x — oo, from Exercise 6.50 introduce a new variable ¢ by
means of y = xe’. This gives

I'(x) =xxe_x/ e ¥ =10 gy
R

The function z : R — R with h(t) = ¢’ — 1 — attains its absolute minimum O at 0
and has quadratic approximation 5 112 near 0, thatis, 1 (¢) = 2(1 +(9(t)) t — 0.
Therefore apply the change of Varlable u = u(t) given by h(t) = , in other
words, u(t) = sgn(t)«/2h(t). Show that u is a bijection from R into 1tself Further,
deduce

2(e" — 1) . t+0(t?)

————— = limsgn(¢) =
2J2h(t) =0 sgn(t)(t + O(t2))

This implies that u’(0) = 1. Prove that u/(¢) £ 0, for all # # 0. Deduce from the
Global Inverse Function Theorem 3.2.8 that the inverse mapping t = ¢ (u) isa C*

lim u/(¢) = lim sgn(z)
t—0 t—0
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function on R with #(0) = 0. Differentiate the equality A (¢) = %uz with respect to
the variable u to find

/ / 1 2
e —1) =u, hence (*) t (u)(iu +1t(n)) =u.

Next consider the MacLaurin expansion of ¢ in powers of u; that is, write, without
assuming convergence

tw) =u+au® + - +au + -

Verify that this implies
/ 1, 1 2 2 3
t (u)(iu +t(w)=u+ (5 +3ax)u” + (ax + 2a5 + 4az)u’ + - - -

1
+(§(k — Dag_y +kay + (k — Dazag_y + - + 2a4_1a2 + ap)u* + - - - .

Hence, equating like powers of u in (x) conclude thata, = — %, as = 31—6, a, = —ﬁ,
and in general, for k > 3, obtain the following recursion relation for the coefficients
ay.

1
(k+ Day = _E(k — Day—y — (k — Dacax—y — (k — 2)azax—> — - - - — 2a_1a.

Show that accordingly

F'x) ~x%e™ f e*%xuz Z(k + 1)ak+1uk du
R

kENo

=x"e™ Y (k+ D / e ik du.
R

keN()

Prove that the integrals on the right—hand side vanish for k odd, and use Exercise 6.51
to conclude that, for x — o0,

B k) /7
F(x) ~2x%e™ Y Qk+ D —————
& k! (v/2x)2k+1
= k1) 1
=V ) S e
kENo
1 1 1 139 571
= V27 x* 2" (1 N — — )
T et oy T o88x2 T 5184007 2488320x¢ T

In the computation above we ignored the fact that the MacLaurin expansion for ¢
actually terminates and then contains an error term. It is therefore that we use the
sign ~ to indicate that we have only equality in the following sense. Let there be



626 Exercises for Chapter 6. Integration

given a function f : Ry — R. A formal power series in )lc, for x € R,, with
coefficients b, € R,
1
bk_a
2 b

keN()

is said to be an asymptotic expansion for f if the following condition is met. Write
s, (x) for the sum of the first n + 1 terms of the series, and r,, (x) = x"(f(x) — s, (x)).
Then one must have, for each n € N,

lim r,(x) = 0.

Note that no condition is imposed on lim,,_, o, 7, (x), for x fixed. When the foregoing
definition is satisfied, we write

1
fx) ~ Zb"x_k’ X — 00.
kEN()

Background. See Exercise 0.24 for related results.
Finally an application. Using Exercise 6.50.(viii), verify

L (B") 1 2me 3
vol, ~ —, n— 00,
Jan\ n

and deduce lim,,_, o, vol,(B") = 0.

Exercise 6.56 (Product formula for Gamma function and Wallis’ product —
sequel to Exercise 6.50). The well-known formula lim,,_, o (1 — £)" = ™', for all
t € R, makes it plausible that, for all p > 0,

" A\
(*) I'(p) = / e " tP~1dt = lim tl’—1<1 — _> dr.
R, 0

n— 00 n

In order to prove (x) we define, forn € N and p > 0,

n (AR
I, :f Ip7]<1——> dt,
0 n

E, =‘/ P e dr — I,
0

_ VO e (1- e (1- %)) dt‘.

(1) Prove that ¢* > 1 + x, for all x € R. Use this result to show that, for

0<t<n,
[n [n
ef(l——) <1, —e‘g—(1+—),
n n

hence
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(ii)) By mathematical induction over n € N verify that (1 —x)" > 1 —nxifx < 1.
Use this to show, forn € N and p > 0,

1 (" 1
E, < —/ tPle " dt < —T'(p +2).
nJo n

Conclude that lim,,_, ., £, = 0, and that (%) is valid.

Background. Write y, for the characteristic function of the interval [0, n ] and
fu®) = xa(@®(A = L)". Part (i) asserts 0 < f,,(r) < e™', while lim,_, f, (1) =
e, for all t € R. Arzela’s Dominated Convergence Theorem 6.12.3 therefore
immediately implies the identity in (x).

(iii) Prove, by means of the substitution t+ = nu and Exercise 6.50.(iv),

n?n! . n?n!

= lim
'Hoo pp+1)---(p+n) n>c(phy

L'(p) = (p>0),

in the notation of Exercise 0.11. Use this to derive the following product

formulae:

1 , 1 (1+1)7
— =pe” [ ] ( 1+ . Ty ==[]+—5% (@>0,
F(p) neN p neN 1+ n

where y = lim,,_, o, (Zl<k<n 7 — log n) is Euler’s constant.
(iv) Conclude that

1
nzn! ) 2/n2"n!

lim = lim = /7.
AT g AT s e n VT

From this, show

2"l 2n + 1 _\/;
27

lim =
n—so0l1-3.5...2n—1)Q2n+1)

and verify that in this way we have obtained Wallis’ product from Exer-
cise 0.13.(iii)

. 224466 2n 2n 7
i 224800 2 2 7o 2 Ly
133557 2n—12n+1 2 DN 4n?

Background. Part (iii), and therefore Wallis’s product also, amounts to the fol-
lowing property, which is an asymptotic variant of the functional equation for the
Gamma function. For p > 0,

n’T'(n) ~T(n+ p), n— .
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Exercise 6.57 (Analytic continuation of Gamma function — sequel to Exer-
cise 6.50 — needed for Exercises 6.58, 6.62, 6.89 and 8.19). We prove that the
Gamma function can be extended to a complex-differentiable function on the sub-

set 2 = C\ (—Np) of the complex plane C.

(i) Prove that the integral I'(z) = fR+ e~"t°71 dt is well-defined, for every z € C
with Re z > 0.

(i) Now let z € €2, then there exists n € N with Re(z + n) > 0. Define

['(z+n)
z+n—-1---(z+ Dz

I'(z) =

Verify that this definition is independent of the choice of n € N.
(iii)) Prove I'(z) # 0, for all z € Q.

(iv) Verify that I" is a complex-differentiable function on €.

Exercise 6.58 (Reflection formula for Gamma function — sequel to Exercises
6.50 and 6.57 — needed for Exercises 6.60, 6.61, 6.74, 6.89 and 6.108). Define
f : R\ Z — R by (see Exercise 6.57)

fx)=Tx)I'd —x) sinmx.

(i) Define f(0) = w. Prove by f(x) = TI'd +x)I'(1 — x) % that f is
continuous at 0, and also that f is infinitely differentiable at 0.

(i) Demonstrate that f(x + 1) = xI"(x) @ sin(—wx) = f(x). Conclude
that f : R — R is continuous and periodic, and therefore bounded on R.

(iii)) By means of Legendre’s duplication formula from Exercise 6.50.(vi), prove

AR = s

(iv) Let g = (logo f)®. Verify that g is a bounded function on R satisfying

o(3) +(EY) w00

Show that this implies g = 0 on R. Prove that logo f is a linear periodic
function on R, and that therefore f is constant and equals . Thus we find
the following reflection formula for the Gamma function (see Exercise 6.59
for another proof):

Fx) T —x) =

(x e R\ Z).

SIN TX
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(v) Using Exercise 6.50.(iv), prove (see Exercise 0.15.(iv) for a different proof)

1+x sin T p

1 p—1
/tpl(l—t)pdt:/ Y a=" ©<p<1).
0 R,

Show that

dx T
=— (n € N).
+1+x” nsin -

(vi) Conclude by means of Exercise 6.50.(v) and (vi), and by using part (iv), that

b 1 13
——dr= 7r(—) — 1.402182105325 - - -
/0 V1=13 27/332 \3
Background. The reflection formula can also be proved viaI'(1 —x) = —xI'(—x)
using the product formulae for the Gamma function from Exercise 6.56.(iii) and

for the sine function from Exercise 0.13.(ii). Combination of Exercise 6.57 and the

formula m =1 —I'(1 —z) sin 7z shows that % is complex-differentiable on C. This

also follows from the product formula for % in Exercise 6.56.(iii), which is valid on
all of C.

Exercise 6.59 (Another proof of reflection formula for Gamma function —sequel
to Exercises 0.15, 3.1 and 6.50). Using Corollary 6.4.3 verify, for0 < x < 1,

f\x 1
Fx)ra —x)=/ e’(”“z)(—l) —dt.
R2 L/ h

By means of Exercises 3.1 and 0.15.(iv) deduce (see Exercise 6.58.(iv) for another
proof)

s sf‘l sf‘l T
rord—x) = e ! ds = ds), = — O<x<1).
R2 R

sp+ 1 L2+ sin 7w x

Exercise 6.60 (Fresnel’s integral — sequel to Exercises 0.8, 6.50 and 6.58 —needed
for Exercises 6.61 and 6.62). One has

. 4 _ b
" / sinx - _ réera-=54) _ T O<p<?2).
Ry

T T a(p) 2N(p)sin(pE)

In particular,

sin x T sin x sin x
/ dx = —, / / 27'[,
R, X 2 R, X
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/R+ sin(x?) dx = \/g

/ cosxd T © 1
—dx = ———— <p<l).
R, X7 2I'(p) cos (p%) P

We now prove (x) in two steps.

and Fresnel’s integral

Similarly,

(i) Prove
1 1 -1 —xt
—_— = tP e dt (x e Ry),
xP I'(p)

and show

sin x 1
/ dx = P! / e sinx dx dt.
R, X7 L'(p) Jr, R,

(i) Using Exercise 0.8, prove

sin x 1 P!
/ —dx = 5 dt.
R, X7 L(p) Jr, 1 +1

Now apply Exercise 6.58.(v).

(iii)) Show (see Exercise 8.19 for a different proof)

i b4 —1 I;
/ el { Sin e = I(s) { sin 5 <s<1;
R, cos *

cos = 2 0<s <.

Exercise 6.61 (Values of Airy function —sequel to Exercises 2.90, 6.58 and 6.60).
We use the notation from Exercise 2.90. Prove directly using Exercises 6.60 or 8.19,
or deduce from Exercise 2.90.(vi) and the reflection formula from Exercise 6.58.(iv),

Ai(0) = . AT0) = —

30

Exercise 6.62 (Functional equation for zeta function — sequel to Exercises 0.16,
0.18, 0.25, 6.57 and 6.60 — needed for Exercise 7.31). The notation is as in Exer-
cise 0.25. Deduce from (%) in that exercise

1 s s(s+1)/ by(x — [x

1
)=+ +5~ 12

dx (—1 < Res).



Exercises for Chapter 6: Integration 631

Using integration by parts and Exercise 0.16.(i) and (iii), show that the integral also
converges for —2 < Re s, and prove

_s(s + 1) by(x — 1 1
/ x”z x:s—1+2+§ Res < —1).
Conclude that
D [ by(x —
() = 26+ D / 2@ =D (L2 <Res < —1).
2 xs+2

Next use the identity by (x —[x]) =4, n nglfj’;;gx from Exercise 0.18.(ii) and then

Exercises 6.60 and 6.57 to show, for —2 < Res < —1,

c(s) = —2s(s+1)/ dzZ(zkn)Y !

keN
s(s+1) 1

— _2s71 s 1—y%).
T2 oGty T

Deduce the following functional equation for the zeta function (see Exercise 6.89
for another proof):

27 lpse(1—s) = cos( )T (s) £ (s) (=2 <Res < —1).

Background. It follows from complex analysis that the functional equation actually
is valid on the common domain of the left- and the right-hand side. It is seemingly
easier to work with b; instead of b,, but in that case the interchange of integration
and summation is a more delicate matter. One can prove that the partial sums
Do l<k<N sin zk”" are bounded on R and then use Arzela’s Dominated Convergence
Theorem 6. 12 3.

Exercise 6.63 (Sequel to Exercises 0.4 and 6.50). Let /[ € Ny and let P, be the
Legendre polynomial as in Exercise 0.4. Use repeated integration by parts to show

1 1
22’(1!)2f Pi(x) dx =(—1)’/ (X2—1)1<i>21(x2—1)1a’x
-1 -1 dx

1
= (—1)1(21)!/ (x?> = D'dx.
-1

Now apply Exercise 6.50.(vii) to deduce

2

1
P dx = ———.
/1 7 dx = 57
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Exercise 6.64 (Dirichlet’s formula — sequel to Exercises 3.2 and 6.50 — needed
for Exercises 7.26 and 7.37). Let p € R2, and let A> C R? be the triangle with
A2={xeRi | x1+x, <1}

(i) Prove the following formula:

I'(p))T
/ e gy = D@00
A2 L1+ p1 + p2)

Hint: Apply Theorem 6.4.5, and subsequently Exercise 6.50.(iv).
(i1) Let p3 € R,. Prove

F(I?l)F(Pz)F(P3)
C(pi+ p2+p3)

Hint: Begin as in part (i); substitute x, = (1 — x;)¢ in the inner integral.

1 1
/ T = x — x0T Vdx
A2

(iii) Let B}r ={y e R | Iyl < 1}. Prove that we then have the following
analog of the formula from Exercise 6.50.(iii):

INEA=RS) ) sl

dy

P11, P2 2\P3 _ 2 2 2
iy T =1yl*) =

‘/;ﬁ 72 1—”)’”2 221‘*(171+P+“P3+3)

(iv) Suppose f € C([0, 1]). Prove the following, known as Dirichlet’s formula:
_ T(p)r !
/ Xfl 1 p2 ]f(xl +x2)d (pl) (p2) xpl+p2_1f(x) dx,
A2 - T(pi+p2)

Show the formula from part (i) to be a special case.
Hint: Use Exercise 3.2.

Exercise 6.65 (Generalization of Dirichlet’s formula — sequel to Exercises 3.19,
6.50 and 6.64 — needed for Exercise 7.52). Let A" be as in Exercise 3.19.

(i) Prove the following generalization of Exercise 6.64.(i):

/ 1 _ Hlfjfnr(pj)
A"

= R
F(l + Zlgjgn P.i) ( © )

1<j<n
Hint: Use Exercises 3.19.(i) and 6.50.(iv).
(i1) In particular, conclude that vol,, (A") = #
(iii) Consider B = {x € R" | Zlfjsn |xj|k < 1}, for k € N. Prove
1\n
vol,(By) = (%)n%

Verify that, on geometrical grounds, limy_, o, vol,(B}) = 2".
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(iv) Suppose f € C([0, 1]). Prove the following generalization of Dirichlet’s
formula, for p € R}

P! [lisjsa D) ! Y i P
P x))dx = ——=———— [ x7 ' TZ=i= i f(x) dx.
‘/A 1<j<n lszfn ! F(Zlfjfn p/) 0

(v) Leta and d € R} and define ®" = {x e R | 3 _,_, (;‘—jj)d-’ < 1}. Using
part (i) prove

al.lj .
/ l_[ xp,-—l ITi<j<n d’—,F(Z—j) .
on F(l + Zlfjfn Z_]/)

1<j<n

l
Hint: Consider ¥ : R, — R/, givenby x; = ¥;(y) = a;y Y forl <i<n,
and note that ®" = W (A").
In particular, the n-dimensional volume of ®”" and of the ellipsoid {x € R" |

D i<n (Z—j)z < 1}, respectively, are equal to, see Exercise 6.50.(viii)

N\:

CimaiT(1+ £
[lisjzna) ( ldf) and l_[ a; = vol,(B") 1_[ aj-
l—‘(1 +Zl§j§n Z)

1<]<n 1<j<n

I\)IS

(vi) Suppose that p; € 2N, for 1 < j < n. Deduce from part (v) that the average
of the monomial function x — x” = [],_,_, xf 7 over B" satisfies, in the
notation of Exercise 6.50.(vii) and with (—1)!! =1

1 < <n 1
T — xPdx = l E — !
vol,(B") Jg» ]—[1<,<\p| (n +21)

€ Q.

Exercise 6.66 (Bessel function — sequel to Exercise 6.50 — needed for Exer-
cises 6.67, 6.68, 6.70, 6.98, 6.102, 6.107, 7.22, 7.30 and 8.20). Let . > —%.
Define the function

fL:R—=>C by filx) = / e e 5in?t o da.
0

(i) Prove by the substitution of variables o + © — «, for x € R,

7 2
filx) = 2f cos(x cos ) sin? o da = 2/ cos(x sin @) cos* « da.
0

Conclude that f; is real-valued.
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(i1)) Show that
T
)\(")(x) = (—i)"/ cos" o e Y gin?* ¢ da (neN, x eR),
0

and conclude that f;" = f,4; — fy onR.
(iii) Verify by integration by parts that 24 + 1) f (x) = —x fi41(x), forx € R.
(iv) Prove that f; satisfies the following differential equation for u € C?(R):

xu'(x)+Cr+1Du'(x) +xulx) =0 (x € R).

The Bessel function of order X is defined as the function

1 AT
J,:Rp — R with L(x) = ﬁ<£> / e e gin® oy da.
FrGrx+3) 0

(v) Demonstrate by integration that J ! (x) = \/7 snx for x € R,

(vi) Show by part (iii) that J,;(x) = —J; (x) + % Jr(x), for x € R,. Conclude

that
Sy () = (= 1)”[ LY (Y Gen rery).

(vii) Using part (iv), prove that on R, the function J, satisfies the following,
known as Bessel’s equation:

') Fxu' )+ =2Hux)=0  (x eRy).

(viii) Prove by means of Exercise 6.50.(iii) that lim, o ( ) (X)) = 651 (A e

(ix) Forfixed x € R prove that the following power series expansion is convergent
uniformly in @ € R:

. xk
e—txcosa — 2 :(_l)kF coska.

kENo

Next apply the theorem on the termwise integration of a uniformly convergent
series, then Exercise 6.50.(iii) and (vii), to conclude that

H(x) = G)A% k! F(i_+1)1:+ D (g)Zk (x € Ry).
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Now let L < —%. Then the defining integral for J, diverges. Nonetheless it follows
by Exercise 6.57 that the right—hand side in part (ix) is well-defined if A £ —n, for
n € N. Therefore we define the Bessel function J, for those values of A by means
of the series in (ix).

(x) Using Exercise 6.50.(vii), prove J_% x) = \/g%, forx € R,.

(xi) Verify that J, and J_, both satisfy Bessel’s differential equation from (vii).

(xii) Prove by part (viii) that J;, and J_; are linearly independent functions over
R.

Background. In texts on ordinary differential equations it is proved that the di-
mension over R of the solution space of Bessel’s differential equation equals 2.
Bessel’s differential equation often occurs when spherical coordinates are used, see
for example Exercise 6.68.

(xiii) Forn € Ny and x > 0, show that

1 T 1 [~
J,(x) = — elrSInaTIn oy = — cos(na — x sina) da.
2 J_, T Jo

Hint: Write 1 .
ixsina __ — f io _ —iayk
¢ _Zk!<2>(6 e
keN()

and prove by means of Newton’s Binomial Theorem, for m € Ny,

| Y : ; 2
_/ (ez(x _e—wt)n+2me—ma do = (_1)m(n+ m)
27 J_, m
Exercise 6.67 (Kepler’s equation —sequel to Exercises 0.19, 3.32 and 6.66). This
equation reads, for unknown x € R with y € R? as a parameter,

X =y + y2sinx.

Geometrically this comes down to a point of intersection of the graph of the affine
function x — x — y; with the graph of the sine x — y; sinx. If x = ¢ (y) with i :
R? — Ris a solution, then f,, : R — R with f,,(y1) = ¥/ (y) — y1 = y2sin ()
is an odd 2r -periodic function. Therefore y; — D;¥(y) is even and 2m -periodic.
Prove by implicit differentiation

D =
1 (y) 1— yycosx

Prove by Fourier series expansion according to the variable y;, compare with Ex-
ercise 0.19, with coefficients depending on y,,

b/

1 [~ 1 cos ny cos ny
Dlw(y>=—/ ————dy + Y 1/ —dy,.
27 J_, 1 —y,cosx = T _x 1 —yycosx
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By means of the substitution y; = y;(x) = x — y, sin x and of Exercise 6.66.(xiii),
show that

T

1 T
Diy(y) = T dx + Z Cosnnyl / cosn(x — y,sinx)dx
- neN -

=142 Z J,(ny,) cosnyy.
neN

Hence conclude that
sin(ny;)J, (ny2)
£ = Uy =y +2 ) S )
neN

Here we do not consider the problem for which values of y the series actually
converges.

Exercise 6.68 (Helmholtz’ equation and Bessel function — sequel to Exercises
3.9, 3.17 and 6.66 — needed for Exercise 8.35). We use the notations from those
exercises. We look for f € C?(R?) that satisfy the following, known as Helmholtz’
equation:

A+ f@)=0 (xeR, u=0),

which occurs, for example, in the eigenvalue problem for the Laplacian, see Exer-
cise 7.64.(iii). Here we try to find a solution f of the form

foW:(ra0)— gr) Y (o, 0);

where (r, @, 0) € Ry x |—m, [ x | =%, Z [, while g € C*(R;) and [ € Ny and
m € Z with [m| < [. By means of Exercises 3.9.(vi) and 3.17.(i), prove that g must
satisfy the differential equation

® ) +2rg )+ (WPt —1U+ 1)) g(r) = 0.
Verify that & : r — /r g(r) must then satisfy the differential equation
172
PR +r k) + (uzrz — (l + 5) )h(r) =0.

Show thatu : x — h(ﬁ) must be a solution of Bessel’s differential equation

172
X2u"(x) +xu' (x) + (x2 — (l + 5) ) u(x) =0.
Conclude by Exercise 6.66 that, with a and b € C, every solution g of (x) is given
by
1
g(r) = ﬁ(a J1+%(M") +b Jﬁl,%(ﬂ«”))-

| einll

In particular, fi(x) = — -5

for x € R?\ {0}, satisfy (A 4+ u?) f(x) = 0.
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Exercise 6.69 (Hypergeometric differential equation — sequel to Exercises 0.11
and 6.50 — needed for Exercises 6.70, 6.106 and 7.5). Assume «, b and ¢ in R.
Let Z C C be the complex plane excluding the interval [ 1, oo [ along the real axis.
For every z € Z the function [0, 1 ] — C with# — (1 — z¢)™¢ is well-defined, and
uniquely determined by the requirement that its value be 1, for z = 0. Consequently,
for a, b and c in R, z € Z, the following function is well-defined on [ 0, 1 ] by

Lty 6 I e Y G R

Moreover, the integral from O to 1 of this function converges, for a, b, ¢ € R,
0 < b < ¢, z € Z; thus one defines the hypergeometric function , Fy(a, b;c : -) =
F(a,b;c:-):Z— Cby

1
(%) F(a,b;c:z)z%/ A =N =z d,
- 0

with I' as in Exercise 6.50.
(1) In the notation from Exercise 0.11 prove

. I'(a+n)
(@), = W

and conclude from that exercise that, if z € Z, ¢t € 10, 1 [, with |z¢] < 1,

(n €N),

I'(a +
A-—z)=>" 7156(;) nn!) (zt)".

neNy
(ii)) Now use integration term-by-term of the power series in (i), then Exer-

cise 6.50.(iv) to conclude that F(a, b;c : z), for all z € C with |z] < 1,
is given by the following hypergeometric series:

F(a,b;c:2)

T Z Fa+nml'®+n)
- T(@)T'(b) T(c+n)n!

neNo

b Dbb+1
L ab et DbG D)
cl clc+1)1-2

a@+D@+2)b+H(b+2) 5
cerDe+21-2.3  ©

The terminology “hypergeometric” is explained by, inter alia, the relation with the
geometric series

1
F(,1;1:2) = =
( 2) ZZ —

neNy
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(iii) Assume 0 <a <candz € Z. Prove F(a,b;c:z) = F(b,a;c : z7), that is,

RN _ F(C) : a—1 c—a—1 _ —b
F(d,b,C.Z)—m A t (1—-1 (1 —zt) " d:s.

(iv) Demonstrate (compare with Exercise 6.50.(vii)), for |z| < 1,
(1+2)" =F(n,11:—-2); log(1+2) =zF(1,1;2: —z);

) 113 2n — DI 2+l
= F(—,—;—: 2>=
arcsin z z 233 z z—i—z 2ol m+1

1-3..-2n—1) 2!
=2+ 2421 2n41

neN
1 3 ) , z2
arctan z =zF<§, I; 5172 ) = Z(—l) Ml

neNp

For the moment, write f(z) = WF(& b;c:2).

(v) Prove that, for |z|] < 1,

d . Fa+n+DI'GB+n) ,
(zd—z+a>f(z)—z Tt mnl z",

nENo

and conclude that the function f satisfies

Z(Zdiz +a><zj—z +b)f(z) = z%(z;—z +c— l)f(z).

(vi) Verify, for every p € R,

Ll p) =2 s e
d\Caz ") T g TP dz’

and conclude from (v) that u = F(a, b; ¢ : -) satisfies the following hyper-
geometric differential equation:

2
) 2(1-0TE (@b D) M) —abu@) =0 (€ C).
dz dz

(vii) Letl € Ny. Assume the function u satisfies the hypergeometric differential
equation with
a=—I, b=1+1, c=1.

Define ¥ : R - Rbyz = V(¢) = % Verify that v = u o W satisfies
Legendre’s differential equation from Exercise 0.4.(i). Note that in this case
the parameters a, b and ¢ do not satisfy the restrictions mentioned above.
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We now want to prove directly from its integral representation (x) that F(a, b; c : -)
satisfies the differential equation in (x%). To do this we define

gt =" =) —z)™ 7

then
e == (= 2 R,
with
h(z,t) =b(1 =0 —z)+ b —c)t(l —zt)+ @+ Dzt(l —1)
=b(1—zt) > +(a+b+1Dz—0c)t(l —zt) + (@ + 1) z(z — 1)t%.
So now we have

9
a—f(z, ) =b" N1 =) = zr)e

+(@+b+1Dz—0c)t’(1 — )21 — z)=o!
+(@2 =@+ DA = et (1 — 22
In addition we write for the integrand in (x)
k(z,t) := "1 = )71 (1 — z20) 7
Note that then

0k
a_z(z’ 1y =at’(0 -1 -z

2

a7k .
8_Z2(Z’ 1) =ala+ DA =1 =z

3 9k ok
a2 =@ -0 L@+ ((a+ b+ 1)z — ) =(z,1) +abk(z, 1).
ot 072 0z

(viii) Prove that the results above do indeed imply that F(a, b; c : -) satisfies (x*).

Exercise 6.70 (Confluent hypergeometric differential equation — sequel to Ex-
ercises 6.66 and 6.69 — needed for Exercise 6.71). Assume a and ¢ in R are such
that 0 < a < c. We define the confluent hypergeometric function or the Kummer
Sfunction (Fi(a;c:-) = K(a;c:-): C— Chby

. — F(C) : a—1 c—a—1 zt
K(G,C.Z)—m Ot 1—-1 e dt.
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2

(1) Let f; be as in Exercise 6.66. Prove, by the substitution of variables sin
N B

4
2

I+ 1?2 1
2T 2)K(A+—;2k—|—1:t) (t € R).

t t
““%=6f45>—2 T2rh+1) 2

Next, use Legendre’s duplication formula from Exercise 6.50.(vi) to show
that the following formula holds for J;, the Bessel function of order A:

X\ * 1 )
T, (x) = —)Ku+<2»+hmm (x € R,).

To+10° (2 2

(i) Use termwise integration of a power series, then Exercise 6.50.(iv), to con-
clude that, for all z € C,

o _F(c) Fa+n) ,
K(a’c'z)_F(a)nEZNUF(C—i—n)n!Z
:1+iz+ a(a+1) ala+ 1)(a+2) S

1 T cerD12° TeerDern1-2-3°

Hint: Use the ratio test to prove the convergence of the series for z € C.
(iii) Show that part (ii) implies K (a; a : z) = e, foralla > O and z € C.

(iv) Leta, b, ¢, z and F(a, b; c : -) be as in Exercise 6.69. Note that
. _ Z_t —b __ it
bll>rgo (a b )=e

and use Exercise 6.69.(iii) to prove the following equality for the integral
representations:

(%) #mF@Jmm%):me:A

With a, ¢ and 7 fixed, show the series for F(a, b; ¢ : ;) from Exercise 6.69.(ii)
to be uniformly convergent for b € [ 2|z|, oo [, and conclude that the identity
(%) also holds for the series representations.

For the moment, write f(z) = 11:8 K(a;c:2).

(v) Prove, for z € C,

d <« Tla+n+D
(Zd_z +a)f(z) _giF(chn)n! 7",

to conclude that the function f satisfies

Z(Zdiz -l—a)f(z) = z%(zd% +c— 1>f(z).
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(vi) Verify that part (v), in the same manner as in Exercise 6.69.(vi), implies that
u = K(a; c : -) satisfies the following confluent hypergeometric differential
equation:

2

d—z(z) +(c—2) d—u(z) —au(z)=0  (zeO).
dz

®) < dz

(vii) Let F(a, b; c : -) be as in Exercise 6.69. Verify thatu : z = F(a,b;c: })
satisfies the differential equation

z(l - %)%(Z)-ﬁ- (c—z— aZIZ)Z—Z(z) —au(z) =0.

Conclude that (%) is obtained from this equation by taking the limit for b —
00, as expected on the basis of part (iv).

(viii) Assume u satisfies (x) and write w(z) = e_%zz%cu(z), k = %c — a and
m = %c — % Verify that w then satisfies the following, known as Whittaker’s

equation:

4 z 72

d*w 1k m?—

d—zz(z) — w(z) = 0.

(ix) Prove by Exercise 6.66.(iv) that the function u# from part (i) satisfies the
following confluent hypergeometric differential equation:

tu" )+ QL +1—0)u'(t) — (A + %)u(l‘) =0 (r € R).

Background. One observes that we have now proved that the confluent hyperge-
ometric differential equation is a limiting case of the hypergeometric differential
equation, and that Whittaker’s and Bessel’s differential equations transform, by a
substitution of variables among other things, into a confluent hypergeometric dif-
ferential equation (see also Exercise 6.71).

Exercise 6.71 (Further confluence - sequel to Exercise 6.70).

(i) As in Exercise 6.70.(vii), determine a differential equation for u : z —
K(a; c : £), and by taking the limit for @ — oo derive the following differ-
ential equation:

d*u
(%) Z d—z2(z) +c

d—u(z)—u(z)zo (z € C).
dz

(i1) Verify that (%) is satisfied by o Fi(c : ) :=I'(¢c) ZneNO m Z".
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(iii) Assume u satisfies (x), and write v(z) = u( — %). Show that v satisfies the
differential equation

20" (2) + 2c — D V'(2) + zv(z) = 0.

Note that, with ¢ = A + 1, this is the differential equation from Exer-
cise 6.66.(iv) associated with the Bessel function.

(iv) Finally, examine the effect of the substitution w(z) = u(cz), and thus derive
the differential equation w'(z) — w(z) = 0, for w = ¢Fy : z > € =

1 _n
ZneNo HZ .

Exercise 6.72 (Cauchy-Schwarz inequality — needed for Exercise 6.76). Here
we give two proofs of this integral inequality. It is assumed that f and g are
contained in C.(R").

(i) Prove that the following numbers are well-defined:
s 1/2
7= ([ rera)” o= [ swewar
R” R

(i1) Verify that Proposition 1.1.6 as well as its proof apply and directly yield
I(f, &) < I1f1,1Igll,, known as the Cauchy-Schwarz inequality.

(iii) Prove ab < }(a® + b?), for all a, b € R. Substitute a = ||ff(T|C; and b = f;ﬁ;

and integrate, to conclude again that the Cauchy—Schwarz inequality holds.

Exercise 6.73 (Holder’s and Minkowski’s inequalities — sequel to Exercise 5.41
— needed for Exercises 6.74, 6.75 and 6.79). For p > 1 and f in C.(R"), we

define
1/p
i1, = ([ oo ax)”.

(i) Assume p > 1 and g > 1 satisfy % + ql = 1, and consider f, g € C.(R").
Prove the following, known as Hélder’s inequality:

| 1fog@ldx <171, gl

Hint: Compare with Exercise 5.41.(v).

(i) Next, assume p; > 1, for 1 < k < r, and lekir i = 1, and let f; €
C.(R"),for1 <k <r. Prove

fR [1 1@ldx < TT 1A,

" l<k<r 1<k=<r
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(iii) Let p > 1 and f, g € C.(R"). Prove the following, known as Minkowski’s
inequality:
I+l < 1A, + gl

Hint: The inequality readily follows for p = 1. Therefore assume p > 1.
One has

/Rn ) + g P dx < fR O + g P dx

+/Rn gI1F () + ()17 dox.

Now apply part (i), use (p — 1)g = p, divide by ([, | £ (x) + g(x)I? dx)'"?,

and make use of 1 — 5 =1

p

Exercise 6.74 (Hilbert’s inequality — sequel to Exercises 6.58 and 6.73). Let
I =R, andletk : I> — I be homogeneous of degree —1. Let p > 1 and g > 1
with - + 3 = 1, and define ¢ > 0 by

c= /k(x, Dx~ Y7 dx.
I

(i) Prove thatc = [, k(1, y)y~"/4 dy.

(ii) Prove that, for all f and g € C.(I) one has, in the notation of Exercise 6.73,

] kG, ) F@)E() dxdy‘ <clfillgl,.
2

Hint: We have

f £ / k(e g dydx = f £ / wk(x, xw)g(xw) dw dx
1 1 1 1
:/f(x)/k(l,w)g(xw)dwdx
1 I

=/k(1,w)/f(x)g(xw)dxdw.
I I

Now apply Holder’s inequality from Exercise 6.73.(i) to the inner integral
and use the fact that |} [g(xw)|7dx = L [ |g(»)|9 dy.

(iii) Consider in particular k(x, y) = x}rv. By means of Exercise 6.58.(v), prove

the following, known as Hilbert’s inequality:

SN gy < 71, gl
)

2 X+y sin
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Exercise 6.75 (Sequel to Exercises 5.41 and 6.73). Let k € C(R""?) and assume
that ¢; > 0 and ¢, > O satisfy

ke, V) dx < ¢ (y €RP), / k(e )l dy < ¢ (x € RY).
R” RP

Let f € C.(RP),g € C.(R"), p> 1land g > 1 with é + 5 = 1. One then has, in
the notation of Exercise 6.73, the following inequality:

1 1
<7 s el

| ke £t dsdy

Hint: On account of Young’s inequality from Exercise 5.41 one has, for all t > 0,

1 1
[f(Mg)] < ;t”lf(y)l” + 5t"f|g(x)|"-

Now minimize the resulting upper bound for the integral with respect to all ¢ > 0.

Exercise 6.76 (Poincaré’s inequality — sequel to Exercise 6.72 — needed for
Exercise 6.77). Let f € C.(R") be a C' function.

(i) Prove [g, f(x)*dx = =2 [p. x; f(x) D; f(x)dx,for 1 < j <n.

(i) Use (i) and the Cauchy—Schwarz inequality from Exercise 6.72 to show that

172 12
F)Pdx < 2( (x; f(x))zdx> (/ Djf(x)zdx) .
R” R”

R"

(iii) Let U C R”" be a bounded open set. Prove the existence of a constant ¢ =
c¢(U) > 0 such that, for all f having the additional property that supp(f) C
U, we have the following, known as Poincaré’s inequality:

/ f(x)*dx < C/ || grad f(x)||*> dx.
U U

Exercise 6.77 (Heisenberg’s uncertainty relations — sequel to Exercise 6.76). In
quantum physics the state of a particle is described by means of a wave function;
this will be understood to be a C? function with compact support f : R* x R — C,
for which fR,, | f(x,1)|>dx = 1,forall t € R. Here | f(x, t)|* gives the probability
density (see also Exercise 6.42) of the particle being found at the point x € R” at
time ¢ € R. The collection of these wave functions is acted upon by the position
operators Q ; and the momentum operators P;, for 1 < j < n, as follows:
af
Q;f(x, 1) =x;f(x,1), Pif(x,1) = gj(x, 1.

1
V1
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(i) Verify that the Q; and P; are self-adjoint operators with respect to the Her-
mitian inner product on the collection of wave functions

(f,g)= " f(x,t)g(x,t)dx.

Then the expectation vectors x° € C" for the position and p° € C" for the mo-

mentum, respectively, of the particle described by the wave function f are given
by
X)=(Q;f. fY and  pl=(Pif. f) (1=j=n.

(ii) Check that in fact we have x* € R" and p° € R".

The uncertainties or standard deviations Ax; > 0 and Ap; > 0, in the j-th
coordinate of the position x and of the momentum p, respectively, of the particle
described by the wave function f are defined by

(Ax)? = 1(Q; —xD fI* = /Rn X5 @) fx,0dx — (97,

v

n asz

p? =17 = pDIP = [ =S Fandx - (0

(iii) Check that one may assume x° = 0 and p® = 0, using the substitutions where
f(x) is replaced by f(x + x°) or by e=v=1{P"%) £(x), respectively.

(iv) Prove the following, known as Heisenberg’s uncertainty relations:

1 .
AxjApjz 5 (I=j=n).
That is, the smaller the uncertainty in the position x of the particle, the larger
the uncertainty in its momentum p, and vice versa.

Hint: See Exercise 6.76.(ii).

Exercise 6.78 (Sobolev’s inequality). Let C!(R") = C.(R") N C'(R"). In gen-
eral, the constant occurring on the right-hand side of Poincaré’s inequality from
Exercise 6.76.(iii) depends on the open set U C R”. In contrast with this, Sobolev’s
inequality asserts the following. Let p € R with 1 < p < n and define p* € R by

1 1 1 . n

—=——- (thatis, p* = —— p > p).

p p n n—p
Then there exists a constant ¢ = c¢(n, p) > 0 such that in the notation from Exer-
cise 6.73, for all f € CCl (R"),

™ Iflpr = Y ID;fllp-

l<j=n
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This is an estimate for a function f in terms of its partial derivatives which is valid
regardless of the support of f. This generality is possible owing to the occurrence,
on the left-hand side, of an integral expression containing p* instead of p. In
estimates of this kind the rate at which f converges to 0 is of importance, and | f |
converges to 0 more rapidly than | f|”. We now prove (x) in five steps.

(i) Apply the Fundamental Theorem of Integral Calculus 2.10.1 twice, to prove,
forl <j<n

211 )| s/R|Djf<x>|dxj — @ (e RY.
Conclude that

2rwr e < (T sw)([ parwidn)

1<j<n—1

(i1) Now integrate with respect to the variable x,, and apply Exercise 6.73.(ii),
with

== = , and fi (1=j<n).
D1 Pn—1 n—1

Conclude that

f 12£(x)[" "D dx,
R

/(ﬂ—l) 1/(n—=1)
< T1 ([, errasan)™ ([ oareias) ™

1<]<n 1

(iii) Integrate with respect to the variable x,_, and again apply Exercise 6.73.(ii),
this time with the functions, for 1 < j <n — 2,

([ 1osreonasan) ™ ([ partan)

Repeat these operations to prove
/(n—1)
[ preorevars TT ([ piseonar)”™

1<j<n

that is,

(n—l)/n 1
w0 ([ reoreran) < (] / 1D,/ () dx)’
! 1<j<n
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(iv) Inthecase p = 1, the inequality (x) immediately follows from (xx) by means
of the elementary inequality

w0 [To=r(Ya) @=zo1=j=n

I<j=n T ol<j<n

(v) Now let p > 1. Then

n—1 , n-—1
p = p>1
n n—p

and as a consequence we have f e I(R"). Apply (x%), with f replaced
by f"+P". Then use the fact that, for g obeying % + é =1,

£ 771D, £ (x)| dx
Rll

R}‘l
One has

n—1
( p*—1)g = p*,

n—1 1
n n q p* n n—p

Therefore, (%) leads to

(o <3201 (o))

R)‘I

Now use (x x x) once again to prove the validity of (x), for p > 1.

Exercise 6.79 (Hardy’s inequality — sequel to Exercise 6.73). On the left-hand
side in Sobolev’s inequality from Exercise 6.78 an exponent p* occurs which differs
from p on the right-hand side. In that exercise the point was made that this is related
to the rate at which the integrands converge to 0. On R the desired increase in the
rate of convergence is obtained if on the left-hand side one writes % f(x) instead
of f(x); in this context, see also Exercise 7.72. That is, for functions f € C Cl I
where I = R, one has Hardy’s inequality, which reads

o ([l )" < (firera)”

We prove (%) in three steps.

(i) Write F(x) = 1 f(x), and prove [, F(x)?dx = —p [, F(x)?"' x F'(x) dx.
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(ii) Note that x F'(x) = —F(x) + f’(x), and deduce (p — 1) f, F(x)?dx =
pJf, F)P f'(x) dx.

(iii) Check that there is no loss of generality in assuming that F'(x) > 0. Then use
Exercise 6.73.(i) and arguments such as those in Exercise 6.73.(iii) to prove

().

Exercise 6.80 (Inequality by Fourier transformation). For f € §(R"), write
(compare with Exercise 6.73)

I/l = sup{|f(x)| | x € R"}, Iflle= | [1fC)ldx.

Rll
Show that there exists a constant ¢ = ¢, > 0 such that, for all f € §(R"),

Ifllo <cu D ID*flh.

|| <n+1
Hint: Prove

e <1+ Y 1) < Y g @Ry,

1<j<n la|<n+1
and deduce
-~ , _ntl a
F©I<c,a+1eH™F > g7 @)

la|<n+1

=c,(1+[E1H™F Y D@ <A+ 1EHE D] 1D .

la|<n+1 la|<n+1

Verity || flloo < (2n)_"||f||1 by means of the Fourier Inversion Theorem, and

conclude that

||f||oo§c:;fw(1+||5||2>"?ds > 1D £,

la|<n+1

Exercise 6.81 (Eigenfunction for translation). Suppose f € C(R") is anontrivial
eigenfunction for translation, that is, for every y € R" there exists A(y) € R with

(*) Fx+y) =1y fx) (x eR"), f) =1
Show A(y) = f(y), for y € R". Select g € C.(R") N C*(R") satisfying
Jre F)g(y) dy = 1. Deduce

fx) = /R fx+y)eg(y)dy = /R gly—x)f(y)dy,

and prove f € C*°(R") by differentiation under the integral sign. Now differentiate
(x) with respect to the variable y and show f(x) = e?/©@* forall x € R" (compare
with Exercise 0.2.(iii)).
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Exercise 6.82 (Another proof of Theorem 6.11.3.(iii)). The assertion can be
proved without recourse to the Differentiation Theorem 2.10.13.

(i) Using Taylor expansion of ¢ > e~ show that there exists a constant ¢ > 0

such that for all # € R we have |r(1)| < ct>ife™ =1 — it +r(1).

(i1)) Deduce, for &, n € R”,

Pem—Fe) = [ e - e dx

_ f e ix, n) + r((x, ) f(0) dx
= =i Y 0,(;NE +RE, ).
1<j<n

Conclude by part (i) and the Cauchy—Schwarz inequality that

RE Il = | Ir(x aDllf@lds <clnl® | lelPlf (0ldx

=0UnI*, Il o.

Deduce that fis differentiable in &; apply this argument repeatedly to con-
clude that f € C*(R"), and that Theorem 6.11.3.(iii) holds.

Exercise 6.83 (Another proof of Example 6.11.4 — sequel to Exercises 2.84 and
6.51).

(i) By taking the real and imaginary parts of g, for n = 1, show that the result
from Example 6.11.4 is equivalent to the formulae, valid for £ € R,

\/Zei‘52 = / e~ 2 cos(éx)dx, 0= / e~ 2 sin(éx) dx.
2 R: R

(ii)) Demonstrate that the first identity follows from Exercise 2.84 or by series
expansion of the cosine and by Exercise 6.51, and that the second one is
trivial.

Exercise 6.84. Assume 0 # g € $(R") and that g vanishes in a neighborhood in
R" of 0. Let f = g € S(R™). Prove that all moments of f vanish, that is,

/ x¥f(x)dx =0 (a € Np).
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Exercise 6.85. Prove that the convolution f x g € §(R"),if f and g € S(R").
Hint: Use that [xf| < 2P137 .o [lx — y|l/ [ly[I"P!7/, for all x, y € R" and
B € Nj.

Exercise 6.86 (Parseval-Plancherel’s identity — needed for Exercises 6.94, 6.100
and 7.31). Let f,h € $(R") and y € R".

(i) Prove fp, fE)RE) S dE = [o, f)R(x — y)dx.
(i) Conclude that [, f()h(x)dx = [ F(E)R(E) dE.
Now let g € 8(R™), and introduce & = (27)™"g.
(iii) Verify thath € 8(R™) and h = 3.

(iv) Conclude that we have the following, known as Parseval-Plancherel’s iden-
tity:
f)g@ydx = @m)™ | f(&)3E) dé.

R” R?

Exercise 6.87 (Poisson’s summation formula for R — sequel to Exercise 0.18).
Let f € (R). Multiply both sides of the identity in Exercise 0.18.(ii) for n = 2 by
the second derivative f”(x), integrate over R, and use integration by parts twice,
keeping in mind that lim, .4 f(x) = lim,_ 1o f'(x) = 0. Verify Poisson’s
summation formula (see Exercise 6.88.(ii) for a different proof)

Y flo =Y f@rk),

keZ keZ

and derive

Y fa+h =) ferkhem ) (x eR").

keZn keZn

Exercise 6.88 (Poisson’s summation formula and Jacobi’s functional equation
- sequel to Exercise (.19 — needed for Exercises 6.89, 6.90, 6.91 and 6.96). For
f € 8(R"™) the function F : R" — R is well-defined by F(x) = Zjezn fx+ ).
Check that this series, as indeed the series of the a-th derivatives also, is uniformly
convergent on R”, for « € Z"*. Thus one defines a C* function F on R” which
is invariant under translation with elements from Z". Moreover, (fi)iezn With
fi(x) = ¥ (k¥ is a maximal orthonormal system on [ 0, 1 ]*; expansion according
to Exercise 0.19 of F in the corresponding Fourier series therefore yields F' =

Y ez \F. fi) fie
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(i) Demonstrate, for k € Z*,

<F, fk) =f Z f(x +j)e—2ni<k,X)dx =/ e—i(27Tk,X>f(x)dx
(011 570 R
f k).

(i) Prove the following two formulae, the latter of which is known as Poisson’s
summation formula, for x € R":

Yo Stk =) foxk et Yo flo =" ferk.

ke keZ’ kel ke

Define ¢ and ¢ : R, — R by

2 1 2
YW= e p =W -1 =) e

nezZ neN

(iii) Using part (ii) and Example 6.11.4, prove the following, known as Jacobi’s
functional equation:

v(D)=rvw  @ery.

(iv) Conclude that ¢(1) = x> ¢p(x) + 1(x> — 1) for x € Ry.

(v) Demonstrate 0 < ¢(x) < ZneN e = 1273” =0™™), x— 0.

(vi) Conclude by parts (iv) and (v) that ¢ (x) = O(x*%), x| 0.

Exercise 6.89 (Functional equation for zeta function — sequel to Exercises 0.25,
6.50, 6.57, 6.58 and 6.88). For s € C with Res > 0 one has

n—%r(i);=/&e—”“ “ldx  (neN).

Sum over n € N and interchange the order of summation and integration. Let
¢ : Ry — Rbe as in Exercise 6.88. Using parts (v) and (vi) from that exercise one
obtains, forRes > 1,

A(s) =720 (= ;(s)—f > e xS gy = | gpoxddx
R, Ry

neN
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Prove with Exercise 6.88.(iv)

1 00
f (x> " dx :/ d(x)x'T 1 dx — b Res> ).
0 1 1 S

— S

Therefore

As) = faﬁ(x)xz 1dx——+/ ¢ (x)x2~ ldx—— (Res > 1).

/00 qb()c))c%_l dx
1

converges for all s € C, and moreover it defines a complex-differentiable function
of s € C. This implies that A(s) can be defined for all s € C with the exception of
s = lands = 0. Because I'(5) # O forall s € C, the preceding result defines ¢ (s)
for those values of s also. In this connection, see Exercise 6.57 for the definition
of I'(s), with s € C. Furthermore, we find that s — A(s) is invariant under the
substitution s = 1 — s; that is,

The integral

e —s).

A(s) = A(1 —s); and F(%) z(s) = n“%r‘(l ;

Multiply both sides by T'(1 — %s), then apply the reflection formula from Exer-
cise 6.58.(iv), and Legendre’s duplication formula from Exercise 6.50.(vi); this
yields the functional equation for the zeta function

2t (1 - s)_cos( m)T()¢s) (s €O).

In particular we find, by Exercise 0.25, the result from Exercise 0.20 or 6.40.(iv)

)2}'1 B2n

1
_ (_1\yn—1_
¢(2n) = (—1) 2(271 anl

Exercise 6.90 (Poisson’s summation formula and Fourier Inversion Theorem
— sequel to Exercise 6.88). For f € §(R") and x € [0, 27 ]" define g € §(R"™)

by g(t) = e7'" ) f ().
(i) Verify g(§) = f(é + x). Next apply Exercise 6.88.(i1) to g and deduce

> floe R = 3" Fomk +x).

ke kel

(i1) Integrate this equality termwise with respect to the variable x over [0, 27 ]"
in order to obtain

Q)" £(0) = Z/O f@rk+x)dx = N &) de.

keZr ]

Obtain the Fourier Inversion Theorem 6.11.6 for f € §(R").
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Exercise 6.91 (Partial-fraction decomposition of hyperbolic functions — sequel
to Exercise 6.88). For ¢ > 0 we define f : R — R by f(x) = e 'l. Then we
have (see also Exercise 6.99.(ii))

F&) = 2/ e ¥ coséxdx = (£ € R).
Ry

1>+ &2
(1) Show by summation of the geometric series, for > 0and 0 < x < 1,

cosht(x — %)

—t|lx+k| _ —tx —t(x+k) t(x—k) __
e =e "+ e + e = -
Z Z Z sinh %

keZ keN keN

(i) Prove by using Exercise 6.88.(ii), part (i), and the fact that fis an even
function

cosht(x — %) 2 2t
T~ ;+2§mcos(2nkx) (t>0,0<x<1).

(ii1) Substitute x = 0 and x = %, in the identity in (ii) and derive the following

partial-fraction decomposition of the hyperbolic cotangent and the hyperbolic
cosecant, respectively, for x € R\ {0},

1 1 b 1 (—DF
cotanh(mrx) = —+2 , - = —+2 —_
4 (wx) X X g x2 4+ k2 sinh(rx) x X pore x2 4+ k2

(iv) Use the equality cotanh(rx) — = tanh(7r 5) to obtain from (iii)

1
sinh(rx)

Ztanh(Cxy =20y I
2 270 X2+ (2k — 1) '

(v) Differentiate the identity in (i1) with respect to x, take x = }—P and use the
equality sinh § = 2 sinh  cosh § to find

1 k T
167y —— i (—k).
cosh% i g t2 + 4m2k? s 2

Prove

T 2k — 1
S, B Y. e R).
2 cosh(Fx) g( ) x2 4+ 2k —1)2 (x eR)
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Background. By replacing x by ix and using the identities coshix = cosx and
sinhix = isinx, we see that the identities in parts (iii) — (v) go over in their
counterparts in Exercise 0.13.(1).

(vi) From parts (iii) — (v) deduce the following formulae, by expanding the de-
nominators of the integrands in a geometric series and integrating termwise,

for& e R:
. 1
/ sin&x dx — £<cotanhﬂ5 - _>
= 5 &

sin£x b4 b4
/R dx = Etanh(af),

. sinh x

/‘ cos&x b4
dx = PP
R, coshx 2 cosh(%¢§)

e ivE T
f Ay = — "
r cosh x cosh(%£)

Exercise 6.92 (Solution of heat equation — sequel to Exercise 6.43 — needed for
Exercises 6.103 and 8.35). Let k > 0 and define g : R"*! \ {0} — R by (see
Formula (6.48))

[y

(4rkt)"% e~ @, r>0;

g(-x’t) = gl(x) =
0, t <0.

(i) Prove that g : R"*!1\ {0} — R is a C* function (see the proof of Theo-
rem 6.7.4 for the points (x, 0) € R"*! with x # 0).

(i) Using Exercise 6.43, check that fRn g(x)dx =1,fort € R,.

(iii) Prove, forx e R"\ {0}, e Ry and 1 < j <n,

b (N
fg(x’t)_ 4kt2 _Z g(xat)’ Ig(x’t)__%g(x’t)

Conclude that g on R"*! \ {0} satisfies the heat equation (6.46).

(iv) Conclude by application of the Differentiation Theorem 2.10.13 that the func-
tion u# from Formula (6.49) satisfies the heat equation; so that one has

ulx,n) =(f*g)@) = [ fO&x—y)dy

Rl‘l

=g fx —2«/Ey)e7”y”2dy.

R)l
Further show that u(x, 0) = f(x).
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Exercise 6.93 (Fourier transform of probability density of normal distribution
and covariance matrix — sequel to Exercise 6.44 — needed for Exercise 6.94).
Let C € Mat™ (n, R) be positive definite, and define f : R” — R by

F) = = e

(27)2+/det C '
(i) (Compare with Example 6.11.4.) Verify (D; f)(x) = —(C~'x) f(x) for
1 <k < n. Now write D = (Dy, ..., D,). Fourier transformation then

yields
—&fE =(CT'DRHE) A <k=n.

Next, multiply by Cj; and sum over 1 < k < n to obtain —(C§) jf(é) =
(D; 7)), for 1 < j < n. Now conclude that f(&) = ¢ 2(C&:4),

(ii)) Expand both sides of the identity

/ e—i(x,é)f(x) dx = €_%<CS’S)

in a power series in £ € R”, and compare the coefficients. This leads to

fx)dx =1; /xjf(x)dx=0, /xjxkf(x)dx=Cjk,
Rn n n
forl < j,k <n.

Now let # € R" and define

n;e_g C =), (x—p))
(27‘[) 2 \/m

(iii) Prove, for1 < j, k <n,

fx) =

rwdc=1. [ @ -upfewdi=o
RV! RVl

(Xj - Mj)(xk — ) f(x)dx = Cjk~
RVL

Background. In the terminology of Exercise 6.42 the function f = f(u, C) is
said to be the probability density of the normal distribution on R" with expectation
vector |4 and covariance matrix C.

Exercise 6.94 (Asymptotic expansion for oscillatory integral — sequel to Exer-
cises 6.86 and 6.93). Let V € Mat™ (n, R) be positive definite.
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(i) Prove by Exercises 6.86.(ii) and 6.93.(i) that, for all f € §(R") and € Ry,

Fye 25 gy = Qr) i(det V)t | F&)e VRS ge.
R” R

With the use of the theory of functions of one complex variable it can be shown
that a similar identity holds for the following oscillatory integral with amplitude
function f and quadratic phase function, which is obtained by replacing ¢ with —iw,
where i = v/—1 and w > 0:

| n 1 .z _~ i -
FEeH V0 dx = Qmw)F|det VIR TV [ Fig)e VT gg.
R R"

Here sgn V equals the signature of V, the difference between the number of posi-
tive and the number of negative eigenvalues of V, all counted with multiplicities.
Introduce the differential operator

(V'D. D)= Y (V)jD;D.

1<j.k=<n

(i) Prove by means of Theorem 6.11.3.(ii) and Theorem 6.11.6 that, for k € Ny,
P R Y LI Lo k
| Fe(—55tv s 1) as = eor(35) (VD DY HO)

(iii) Prove that we have the following asymptotic expansion (see Exercise 6.55)
for the oscillatory integral:

fx)etaeVx) gy
R)l

2 n . 1 ] k — X0
~ < n)2|detV|_%e’15gnV Z k! ((%(a)V)_lD, D> f>(0)’ @ '
w :
keNy

Exercise 6.95 (Principle of stationary phase). Let¢ € C*(R")and f € C°(R").
Define the oscillatory integral I : R, — C with phase function ¢ and amplitude
function f by

I(w) = f 9™ £(x) dx.

We want to study the asymptotic behavior of I (w), for o — 00, under the assump-
tion D¢ (x) # 0, for all x € supp(f), that is, ¢ has no stationary points in supp( f).
We define the differential operator L on R" by L = || D¢|~> ZlSan(ngb) D;.

(i) Prove I (®) = = [0, L(e?)(x) f(x) dx.
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(ii) Show that there exists a differential operator L on R" with
1 iwp(x) 7 T
I(w)=— | e (L"f)(x)dx.
iw Jgo

(iii) Demonstrate that I (@) = O(w*), @ — oo, forall k € N.

Background. The result in part (iii) shows that the function w +— I (w) may not
decrease arbitrarily rapidly, for @ — oo, only if the phase function ¢ has stationary
points in supp(f). In Exercise 6.94 we have a quadratic phase function ¢, with
a stationary point at 0. In that case, I (w) ~ ca)_%, for w — oo, with ¢ # 0 if

f(0) #0.

Exercise 6.96 (Gamma distribution, Lipschitz’ formula and Eisenstein series
— sequel to the Exercises 0.20, 6.42, 6.50 and 6.88). Let @ and & > 0. In the
terminology of Exercise 6.42, the function f, ; : R — R with

0, x <0;
S (x) = A
T ()

Ol*lef)n)c’ X > 0,

is said to be the probability density of the Gamma distribution with parameters o
and A. In particular, for n € N, the function

n 1
x2 e 2" (x eRy)

El()= n
1149 = 20

is said to be the probability density of Pearson’s x?* distribution with n degrees of

freedom.

(1) Prove

/fa’x(x)dx= 1, /xfa,x(x)dng,
R R A

5 o
/(x — W) for(x)dx = —.
R A
Thus £ is the expectation and 5 the variance of this Gamma distribution. In many
cases the convolution and the Fourier transform are well-defined for functions not
contained in §(R), and this is also true in the particular case of the f ;.

(i) By means of Exercise 6.50.(iv) prove fu, 1 * fur.» = Jfay+ar. 2> fOr ¢y, 2 and
A > 0.

(iii) Show by Exercise 6.69.(i) that fo, (&) = (3257)". for [£] < .
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In fact, this formula is true for all £ € R. Moreover, the Fourier Inversion Theorem
is valid in this case. Let # be the upper half-plane {z € C | Imz > 0}.

(iv) For any z € #¢, show that the Fourier transform of x — (x — z)™* equals
0, & >0;

g = . (_ig)a_lefizé

27 T , & <O.

(v) Now use Poisson’s summation formula from Exercise 6.88.(ii) to derive Lip-
schitz’ formula

E ! (=27i) k=1 2mi
el JTIng k 1 '
(z + n)k (k—l)!gn e (ze H, ke N\ {1}

neZ

Furthermore, prove the following identity for the Lerch function A, valid for
zeH,x e Randa > 0:

F(O[) 672ni(z+n)x
(—2mi)™ (z+n)®

A(Zv X, — 1) = Z (n + x)a—leZm'nz —

{neZin+x>0} neZ

(vi) Lipschitz’ formula also can be obtained by expanding the right-hand side of
the following formula from Exercise 0.13.(i):

2miz

’ 1
Z =mcot(nz) = —mi — 2mi
Z+n

nez

1 — eZm'z

as a geometric series in "% (this is where the condition z € J is nec-
essary) and differentiating k — 1 times with respect to z. Conversely, the
partial-fraction decomposition of the cotangent can be derived from Lips-
chitz’ formula.

The Eisenstein series Gy of index k > 1 is the function G : # — C given by

1 1
Gi(2) = Z (mz + n)%* =20Q0+2 Z Z (mz +n)*’

(0,0)#(m,n)eZxZ meN neZ

(vii) Apply Lipschitz’ formula with z replaced by mz, to get the so-called Fourier
expansion of Gy at infinity

2k
Gi(z) =2¢QRk)y+ —— 2( 27”) Z ank 1 2mimnz

1)' meN neN
2(2mi)* \ 2mijz
=2¢2k) + %1 g oxu-1(j)e
= 2{(2k)( - — ZUZk 1(])€2m”>

]eN
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Here op;—1(j) denotes the sum of the (2k — 1)-th powers of positive divisors
of j, while in the last equality we used Exercise 0.20.

Exercise 6.97 (One-sided stable distribution — sequel to Exercises 2.87 and
6.42). In the terminology of Exercise 6.42, the function f : R — R with

is said to be the probability density of the one-sided stable distribution of order %

Define, for ¢ > 0,
1 X r 3
[ =—fC) =[xt
t t m

(1) Using Exercise 2.87.(vii), prove that fR fi(x)dx =1, forallt > 0.

(i1)) The convolution is well-defined for the functions f;. Show f’12* ft22 = fio,+12)2>
for t; and 1, > 0.
Hint: Verify that in x > 0 the left—hand side equals

tity 7 3 _ G5

0

and introduce the new variable z > 0 via z = % Finally, use Exer-
cise 2.87.(vii).

Exercise 6.98 (Bessel function as Fourier transform — sequel to Exercises 6.50
and 6.66). The Fourier transform fis often well-defined for functions f : R* — R
which are not contained in §(R"); in particular this applies to the characteristic
function f of the unit ball B” in R"; we therefore define

@ fE) = / e dy (€ e R,

n

(1) Check that f: R" — Cis a continuous function, and that f(O) =F (’Zil).
2

(i) Note that the expression on the right—hand side of (x) is independent of the
direction of & € R". Therefore, set £ = (0, ..., 0, ||£]), and use the result
and the hint from Exercise 6.50.(viii) to prove that

fE) =

nl 1
Ftn;) / =ML — p2)"T dh.
> -1
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(i11) Substitute & = cos o and conclude that

f(é) = / e ilElcose gin o dar.

rh

In particular, for & # 0,
) ) = (”5”) T3 (.

(iv) Prove by means of Exercise 6.66.(viii) that the expression on the right in (%)
does indeed approach the value of f(0) for § — 0.

Exercise 6.99 (Fourier transform of x — ¢~ ¥l and Poisson’s integral — sequel
to Exercise 2.87 — needed for Exercise 7.30). The Fourier transform fis often
well-defined for functions f : R” — R not contained in §(R"); in particular this
applies to the function f : R” — R given by f(x) = e~ "I

(1) Prove
o~ on % n+1 sz;I n
F&) =273 0 (=) A + g1 (€ € R").

Hint: Prove by Exercise 2.87.(v) that

) e _ P
@ = e | T dydx,
«/_ R” R, JY

interchange the order of integration, and use Example 6.11.4.

(i1) Deduce, forall £ € R" and ¢t > 0,

/ijﬁHde:Tn%Fc+l> d o
. 2 g+ 1)

Let R = R"™! \ {0}. We define Poisson’s kernel P : R — R by (see also
Exercise 7.70.(i1))

(2L
T2

el (EN ] /lan
In the terminology of Exercise 6.42 the function R” — R with
(et 1
G

' (24 DT
is said to be the probability density of the Cauchy distribution. Note that P(x, —t) =
P(x, t). Assume that the properties of the Fourier transformation are also valid for
the function on R” given by x + e !I*l where t > 0, as can be shown by
approximation arguments.
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(ii1) Conclude that fR,, P(x,t)dx =1, for all r # 0. More generally, prove

n+l

cos(&, x) ' eIl
o dX = —
Re (x| 4025 T(55)

and show that one therefore has the following, known as Laplace’s integrals:

(compare with Exercise 2.85):

(¢ eR", t>0),

cos&x we s

x2+t2dx ZE ; (>0,1r>0),
Ry

xsinéx T i

md.x =§€ ($>O,ZZO)
Ry

Use the identity fR+ Si;“‘ dx = 7% from, for instance, Example 2.10.14 to

obtain the validity of the latter formula for r = 0.

(iv) Verify that we have the following semigroup property, for all t; and £, > 0:

PG, t1+ 1) =/ PG =y, 1) P(y, ) dy.

(v) Let é > O be arbitrary. Check that f{xem lel>5) lx]|~"~'dx < oo, and use

this to prove
lim P(x,t)dx =0.

=0 J{ xeR"| |x]|>8 )

Define R";l = {(x,1) € R"™"' | £t > 0} (note that in the remainder of this
exercise the meaning of R’ differs from the usual one).

(vi) Prove by Example 7.8.4 that the functions

(x, 1) = log [[(x, D)l (n=1); (x,0) — W (n > 1),

are harmonic on R . Verify that, leaving scalars aside, P on R%™ is the
partial derivative with respect to ¢ of the preceding function, and conclude

that P is a harmonic function on R’
Now let 2 € C(R") be bounded, and define Poisson’s integral Ph : R";l — Rof

h by
(Ph)(x, 1) = (h* P(-,1))(x) = / h(x = y)P(y,1)dy.

n

(vii) Prove that &4 is a well-defined harmonic function on Ri“.
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(viii) Assume (x, 1) € RZ™! and prove by means of part (iii) that

[(Ph)(x, 1) — h(x)] 5/ |h(x —y) = h()|P(y,1)dy

yl<é

+2 sup |h(x)] P(y,t)dy.
xeR” lyll>6

Using part (v) show that, uniformly for x in compact sets in R”",

jlciz%(?h)(x’ 1) = h(x).

Background. Evidently, in the terminology of Example 7.9.7, the function f = $h
is a solution of the following Dirichlet problem on € = R%*' or R"™!:

(ix) On the basis of the results from Exercise 7.21.(ii), show

2 h(x +ty)

(Ph)(x,1) =
hyperarea, (5") Jga [I(y, D"+

((x, 1) e REM.

(x) Prove that there exists a harmonic function u on RT] with

limu(x,t) —limu(x,t) = h(x) (x e RM).
£10 10

Hint: Write h = 3h — (—1h).

Background. Evidently, a bounded continuous function on R" can be represented
by means of the jump along R” x {0} made by a suitably chosen harmonic function
on R, This point of view is of importance in the theory of hyperfunctions.

Exercise 6.100 (Mellin transformation — sequel to Exercise 6.86 — needed for
Exercise 6.101). Let 8*(R,) be the linear space of functions f : R, — C with
the property that the function f* : R — C given by f*(x) = f(e") is contained in
$(R). For f € 8*(R,) we define the function M f : R — C, the Mellin transform
of f, by

. d
(Mﬁ@)=/ TGRSR )

R4

We now prove the following, known as Mellin’s formula, valid for all f € §*(R})
and x € R;:

1 )
(%) ﬂm=5—/f%Mﬂ@ma
T JR
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(i) Check that ?\*(5) = (Mf)(E), forall f € 8*(Ry) and & € R. Conclude
that the Mellin transformation M belongs to Lin (8*(R,), §(R)), and also
that (x) is obtained. Hence, for g € 4(R) and x € R,

1 )
(M) = 5 /R X g(€) dE.

Define Hermitian inner products on &8* (R+) and 4(R), respectively, by ( f, g) =
fR Fg) Land (f. g) = 5= [ f(X)g(x)dx.

(i) Prove by the Parseval-Plancherel identity from Exercise 6.86, for all f €
$*(R4),

d 1
f R = —/ M) E)PdE.
R, X 2 R

Conclude that M € Lin (8*(Ry), 8(R)) is unitary, that is, M preserves the
Hermitian inner products.

(iii) Introduce the differential operator 9, = —x— and let £ € R. Verify that
the function u : x +— x'¢ is the unique solutlon of the eigenvalue problem
(0,u)(x) =&u(x), forx e Ry, and u(1) = 1.

(iv) Introduce the inner product ( f, g) fR fx) g(x) and prove that 9, is a
self-adjoint linear operator with respect to it; in other words, verify that, for
all f € $*(R,) and all bounded C' functions g,

— dx — _dx
O fH(x)g(x) — = J(x)(0:8)(x) —.
R X R, X

(v) Using parts (iii) and (iv), show that, for all f € §*(Ry) and £ € R,

MOIE =§MOE,  M(—flog)(E) = <—£(=Mf))($)

Now assume f and g € §*(R,). Define the convolution fOg : R, — Cof f and
g by

d
(oo = [ £(5)em -
R, y y

(vi) Demonstrate that M(fOg) = (M f) (Mg).

Background. The formula (M 0 d. o M ™) f(£) = £ f(£) shows that the differen-
tial operator %x% acting on 8*(R,) can be diagonalized by conjugation with the
Mellin transformation M, and that the action of the conjugated operator in §(R)
is that of multiplication by the coordinate £. In number theory one usually calls
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fR+ x* f(x) dx—", that is (M f)(is), the Mellin transform of f evaluated at s. In that
discipline one studies functions f(x) = ), a,e”"* and computes

ay

1 s—1 _ n
m/mx fx)dx = e

neN

which is called a Dirichlet series. In this case the inversion formula takes a different
form.

Exercise 6.101 (Harmonic function on sector — sequel to Exercises 3.8 and
6.100). Assume 0 < o < 7, let V. . C R? be the half-strip { (r,a) € R?> | r €
Ry, |l < g}, andlet & : V — U := W(V) be the substitution of polar
coordinates as in Example 3.1.1. Then U is an open sector in R?. We look for
a solution f € C*(U) N C(U) for the following partial differential equation with
boundary condition:

AfZO OHU, f|8U :h,

where h(x;, x,) = h(x, —x3), for x € dU and (h o ¥)(-, ap) € 8"(R,), in the
notation of Exercise 6.100.

(i) Conclude by Exercise 3.8.(v) that f o W on V must satisfy

((r%)z + a%)(f o W) = 0.

We now try to find f with the property that f o W (-, @) € 8*(Ry), forall || < ap;
we then write g(-, o) € 4(R) for the Mellin transform M(f o WV)(-, o).

(i) Use Exercise 6.100.(v) to verify that, with |¢| < & fixed for the moment,

2

d
0 (8455)sE@ =0 EeR).

(iii)) Now interpret (x) as a differential equation with respect to the variable o,
and infer the existence of functions a and » : R — C such that g(&, @) =
a(&)cosh(éa) + b(&) sinh(§w), for all |o| < ay. Now choose in particular
o = =+ and derive

cosh(éa)

gé&,a)=MhoW)(E, ap) m-
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(iv) Prove by Mellin’s formula from Exercise 6.100

1 cosh(éa)
. it ° V).
foW(r,a)= 7 / cosh(éao)M(h W) (€, ap) dE ((r,a) € V)

Conclude that, for x € U,

1 ; X2 M(h o W)(&, ap)
_ i&
fo =5 /R x| cosh(zg arctan( 1)) oy

Exercise 6.102 (Hankel transformation — sequel to Exercises 6.66 and 8.20 —
needed for Exercise 7.30). We employ the notation from Exercise 6.66. Let 8(R.)
be the linear subspace of 4 (R) consisting of the even functions in 4(R). For A > —%
and f € 8(R,) we define the function #, f : Ry — R, the Hankel transform of

f of order A, by

Ji(x§) K2 gy

]f =
Go.N® = | FOT

(¢ eRy).

This integral is well-defined, see Exercise 8.20. We now prove the following, known
as Hankel’s formula:

HE =1,
that is, for all f € §(R;) and x € R, we have

_ S () 2A+1d J.(x§) 241 g
f(x)—/m R =

Under the substitution g(x) = x” f(x) we obtain the following variant of Hankel’s
formula:

g(x)=/R /R g8 ydy Ji(x§)E d§.

See Exercise 7.30 for the relation between the Hankel and Fourier transformations.

(i) Introduce the differential operator with variable coefficients

1 d/yd
Ay = T d_x(x d_x)

Jo.(x§)

Let & € R,.. Use Exercise 6.66.(iv) to verify that the function u : x e

is a solution of the eigenvalue problem

(Ayu)(x) = E2u(x) (x € Ry).
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(ii) Prove that A, , is a self-adjoint linear operator with respect to the inner
product (f, g) = fR+ f(x)g(x)x¥+1 dx; that is, prove for all f € 8(R,),
and all bounded C? functions g,

(A p H@g@AH dx = | f ()AL )x7 dox.
R, R,

(iii) Verify, by parts (i) and (ii), for all f € 4(R;) and & € Ry,

H (A F)E) = EX(H. 1)), H (2 F)E) = (Ae, 1 (F.))(E).
Conclude that #; : §(Ry) — S(Ry).

(iv) Verify Hik = k if k(x) = e~ 2.
Hint: There are two possibilities: apply the series expansion of J; from the
Exercise 6.66.(ix); alternatively, check that both k and #¢;k (use part (iii))
satisfy the differential equation

AL HE =@r+2—xDf(x)  (x eRy).

Prove by Exercise 6.66.(vi) that (6, f)' (§) = —&(Hs11f)(§), and conclude
by part (viii) of the same exercise that

k(0) = lgiﬁ}(‘%k)@) =1, k'(0) = léiil(}(e%k)/(é) =0.

Assume f € $(R,) and xo € R,, and write h(x) = f(x) — f(xo)e2* k(x). On
account of part (iv), to prove the formula (}(’f f)(xo) = f(xp) it suffices to show
(H;h)(x0) = 0.

(v) Check that h(xg) = h(—xp) = 0, and write h(x) = (x* — x3)g(x), with
g € 4(R.) suitably chosen. Use part (iii) to prove

(Foh)(E) = (Mg, — x)(H.9) (E).
Conclude by parts (ii) and (i) that

Ji (x08)
(x0&)*

|0 E)(Aes - X

(FE2h) (x0) / () (&) 205 21 g

)(J/\(xof))ngl dt = 0.
(x0&)*

Background. The formula (HroA. s oH, Y f(&) = &2 £ (&) shows that the differ-
ential operator ——rr 4 L (x**+1L) acting on §(R) is diagonalized by conjugation
with the Hankel transformatlon J(’,\, and that the action of the conjugated operator
in (R, ) is that of multiplication by &2.
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Exercise 6.103 (Weierstrass’ Approximation Theorem — sequel to Exercise 6.92
—needed for Exercise 8.36). This theorem asserts that a differentiable function on
a compact set can be uniformly approximated by a polynomial function, and that a
finite number of derivatives of the function can then also be uniformly approximated
by the corresponding derivatives of that polynomial function. In a more exact
formulation, let @ C R” be open andlet k € Ny; then for every function f € C*(Q),
for every compact set K C €2, and for every € > 0, there exists a polynomial
function p : R" — R such that, for every multi-index o = («y, ..., a,) € Nj with
|| < k, one has

sup{|[D*f(x) = D*p(x)| [ x € K} <e.

For a proof in the case of a continuous function on an interval in R, see Exercise 1.55.

We now give an outline of the proof. It is left to the reader to check and add
its details. Let x € C°(R") with supp(x) C €2 and x = 1 on a neighborhood
of K. Then fx € C f (R™), and thus we may henceforth assume f € C f (RY). In
particular, the integrations below are over the compact set supp(f). Now employ
the notation from Exercise 6.92 with k = 1, and use the arguments applied in that
exercise, with f replaced by D* f. One finds

o (e, 1) i= (D% f) % g (x) = (d1) ™" / D f(y)e I gy,
Rn

Now, from the Continuity Theorem 2.10.2, it follows that u, : K x [0,1] - R
is a continuous function on a compact set. But then u,, is uniformly continuous on
that set, on account of Theorem 1.8.15. Consequently, for every € > 0 there exists
a number ¢ > 0 such that, for every multi-index @ € Njj with || < k, and for all
x ek,

D% £ (x) — 1 (x, )] = litg (x, 0) — ug(x, )] < g

One has .y
o lvyIP /A §:|f'—YH;.
jemy I (4

But, for x and y in compact sets in R”, this series can be uniformly approximated by
its partial sums py (x, y), where the summation runs from O to N € N. By choosing
N sufficiently large, we can find a polynomial function p := py : R" — R with

1 :
P =GR Y s | O =3 G = ) dy
0<j=N !

such that, for every multi-index € Njj with |o| < k and forall x € K,

— y||
ra(r.0) = Dp()| < () [ D% f Gy D> <5
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Exercise 6.104 (Sequel to Exercise 6.50 — needed for Exercises 6.105 and 6.106).
In 8 (R™) the convolution operation * (see Example 6.11.5) defines a multiplication
* by

@ (hoefrg owih frge= [ fG-yody

(i) Show this multiplication to be commutative and associative.

For s > 0, define the function ¢, : R — R by

¢s (x) =

xi—l x5 x > 0;
, where X =
[ (s)

0, x <0.

(i1) Verify that, for s, ¢t > 0, the convolution ¢; * ¢, is also well-defined by (%),
and that it is given by

_ 1 ! _ s—1_1—1
¢s*¢z<x>——r(s)r(t)/o (= 9y dy.

Conclude by Exercise 6.50.(iv) that ¢ * ¢, = ¢4y, for s, t > 0.

Exercise 6.105 (Fractional integration and differentiation — sequel to Exer-
cises 2.75 and 6.104 — needed for Exercises 6.106, 6.107, 6.108 and 8.35). Define

CER) ={feCR)|supp(f) C R},

and let D € End (CY° (R)) be the operator of differentiation. Define

D' € End(CT(R)) by D‘lf(x)zfxf(t)dt.
0

(i) Prove that D! is in fact the inverse of D.
Define D" = (D~ ")" forn € N.

(i) From Exercise 2.75.(1) deduce that D™ f = f x ¢,, forn € Nand f €
C(R), with ¢, as in Exercise 6.104.

(iii) Prove by Taylor’s formula from Lemma 2.8.2 or Exercise 2.75.(iii) that D™"
is the inverse of D", thatis, D™" = (D")~\.

For s > 0 we define the operator D™* € End (C°(R)) of fractional integration
from O of order s by (compare with part (ii))

1 X
DS = frgiandso D70 = [0 —y T dy.
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(iv) By Exercise 6.104 prove that D™ o D™ = D™' o D™ = D~0*) for all s,
t>0.

For t > 0 we define D' € End (C(R)) of fractional differentiation of order t as
follows. We have the unique decompositiont =n — s withn e Nand 0 < s < 1.
Now define

D' = D"o D”*; hence D'f = (f*¢)™.

(v) Prove D = I, and demonstrate by integration by parts that D' = D" o D",
ift=m—rwithm e Nand0 <r < m.

(vi) Examine the validity of the following assertions. For # > 0 one has D' =
D~ o D"; therefore D' f = f™ x ¢, and for all 5, ¢ € R one has the group
property D* o D' = D' o D = D**,

Background. In distribution theory the arguments above are generalized in a far-
reaching manner and the one-parameter group (D*),cr of linear operators, together
with its generalizations, becomes an aid in solving differential equations.

Exercise 6.106 (Hypergeometric function and fractional integration — sequel
to Exercises 6.69, 6.104 and 6.105). Let the notation be as in these exercises and
set ¢, p(x) = (1 — x)7“¢Pp(x). Now substitute zt = y in the integral for the
hypergeometric function to obtain on ] 0, 1[

¢a,b * ¢cfb _ Db_c(pbu,b

F(a,b;c:-) = S s

Exercise 6.107 (Bessel function and fractional integration and differentiation
- sequel to Exercises 6.66 and 6.105).

(i) Verify that, for A > —% and x € R,,

_ 2 x\* [ 2N A—14
JA(X) = m(i> /0 (1 —t ) cos xt dt
2 1

_ * 2 2%
= F(%)F(A+%) (2x)*/0 (x*—=y7)""2cosydy.

(i) Conclude that, in the terminology of Exercise 6.105, this formula may be
recognized as a fractional integration from O of order A + %:

cos \/z
dz
vz

1 1 * _1
N ENORAN aivrenn /0 (x — 2}

-0 (2 Yoo
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(i11) Prove
@ VDML = D7 ()@,

Let i > 0. From Exercise 6.105.(vi) conclude that

VO (V%) = D@V ) ().
Demonstrate that in integral form this becomes

1
F(w
2

2P (SR Ty () = /0 (x = ) (I () .

Now substitute x = z2, y = z%sin® & and subsequently z = x. This gives the
following, known as Sonine’s formula, valid for A > —%, uw>0andx € R,:

2
2RI () oy () = X f Jy.(x sina) sin**! o cos? ! o da.
0

Note that we can use the left-hand side of formula (x) to define the Bessel function
Jy, for A < —%. Indeed, for these values of A the expression on the right—hand
side in (x) can be interpreted as the fractional derivative of order —A of the function

x = Jo(/x).

(iv) Let A > 0. Prove, by means of Exercise 6.105.(vi), that both J, and J_;
satisfy Bessel’s differential equation from Exercise 6.66.(vii).

(v) Prove, by means of Exercise 6.66.(vi), that

(1" QVO WD = D" (W(I) ) (eN, x eRy).

Conclude that
J_,==D"J, (n € N).

Thus, in this case the second solution J_, is linearly dependent on the first
solution J,,.

Exercise 6.108 (Abel’s integral equation — sequel to Exercises 0.6, 2.75 and
6.58). Leta > O and let g € C'([0,a]) be given with g(0) = 0. We want to
solve the following, known as Abel’s integral equation, for an unknown continuous
function f : [0,a] — R:

o) = A
0 VX —t

We prove in four steps that a solution f is given by

dt (xe€[0,al]).

1y
) f(y)=—/ $9 e (eloa).
TJo Y —X
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(1) Multiply both parts of the integral equation by J= to conclude that, for
€[0,al,
J t
/ (X) / / J@) dt dx
0 V=) —1)

y y dx
= d
/of(”/, Jo-n0o-o

(i) The value of the inner integral follows from Exercise 0.6.(v). Fory € [0, a ],
conclude that

y\/gy(xT)xdx:n/Oyf(t)dt;
whence Y o)
glx

W= ) e

Straightforward application of Exercise 2.74 is not possible, because it leads to
expressions of the form co — oo.

(iii) Substitute x = yr to prove that

AL U35 gD + 13 8/ D) .

o) =g | e Jiot
=/”g(x)+—2x8’(x)dx
0 2yJ/y—x

(iv) Finally, use integration by parts to prove

17 g Y og(x) b xgl(x)
— ————dx = dx — ———dx.
yJo 2Jy—x 0 VY —X 0 Yy —x
Now conclude that (x) holds.

Let0 < s < 1and consider the following generalization of Abel’s integral equation:

gx) = /X f@ dt (xe[0,a]).
0o (x—1)

(v) Now multiply by - )1 —, and conclude by Exercise 6.58.(iv) that the inner
integral becomes

1
/ ulfsfl(l _ u)sfl du = 'a—-sre) =
0

sin(sm)
Conclude that

sin(sw) ¥ g'x)
o (y—x)t=s

fy) = dx (y €1[0,a]).
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It turns out a posteriori that the problem above can be elegantly formulated as
follows. For 0 < s < 1, define

i1 x5 x > 0;
os(x) = + where X =
['(s) 0, x < 0.

Then the convolution equation for f (see Example 6.11.5; and our present treatment
is formal, that is, it is assumed that here, too, convolution is well-defined) g = f *x¢;
has the solution f = g’ * ¢1_;.

(vi) Examine the relationship between this solution technique and that of Exer-
cise 2.75.

Exercise 6.109 (Convolution and spline — needed for Exercise 7.39). The defi-
nition
frgx)= [ flx—y)gOh)dy
Rn

of convolution * from Example 6.11.5 turns out to be meaningful for a much larger
class of functions f and g than those from &§(R™). The convolution operation
“improves smoothness properties” and can be used to construct C* functions with
compact support, for k € N.

Let x be the characteristic function of the interval [—%, % ] C Randlet x, =
X *...* x be the n-fold convolution product, for n € N, according to the definition
above.

(1) Prove

/X(x)dxz 1, /xx(x)dx:O, /x2x(x)dx=i,
R R R 12

Xn(X) = xu(=x) (x € R), /Rxn(X)dx =1 (n €N).

(ii) Prove that x, is the continuous function on R given by

0, x < —1;
x+1, —-1< x < ;

W= _ 11 0< x < I
0, 1< x.

Hint: x(x) = f{yeRlx_%fnyJr%}X(y) dy.
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(iii) Prove that x3 is the C! function on R given by x3(x) is equal to

0, x < -3
EGo? = s x o= -k
%_XZ = 2(X+) +( +2)+2w _%5 X = %;
L@y = S22 oLl 1o x o< &
0, %5 X.

(iv) Prove that x4 is the C? function on R given by x4(x) is equal to

0, x < =2
%(2+x)3 = %, -2=< x = -1
2oyt =3 Dty L 1< x < 0
%—x2+%x3 — __2x _|_3“ 0< x < 1
1@-x)P} =l Loyl 1< x o< 2
0, 2 < x.

We now prove by mathematical inductiononn € N that X,, is a piecewise polynomial

C"~2 function on R whose support is the interval [ — 5> 5 ]. The intervals
n n n
Iy o= |—00, == |, Ly =|—5+k—1 —5+k I <k=<n,
oi=loo 3] hu=[-3ek-1 -S4k] asksn
n
Ly g1 = [5» OO[

are the maximal intervals [ such that x,,| is a polynomial function. Let

1

pn,k::Xn|Ik O<k<n+1);

then p, i, for 1 < k < n, is a polynomial function of degree n — 1, while p, ¢ =
DPn.nt+1 = 0. Now write

— (=t + k1)
@ = Y pug, ST HEZDN

i!
0<i<n—1

We shall want to prove, for 1 <k <mnand0 <i <n —1,

(*x) pn,k,i: —1—1)' Z (— 1)1( )(k—l )nflfi.

0<j<k—1



674 Exercises for Chapter 6. Integration

(v) Verify that,for<k <n4+1landx € [,1; ¢,

x+%

—5+k—1
pn+1,k(x) :f pn,k—l(y)dy+/ pn,k(y)dy'

3 —5+k—1

Conclude by means of (x) that

Pntt, k(X)) =
n+l i
Pn.k—1,i (x — (=5 +k—-1)
2 Gt + 1<Ei<n(17n,k,11 Dnk—1,i—1) 1 .

(vi) Derive the following recursion relations between the coefficients pj,1 . ;:

Pn, k—1,i
= — 1<k<n+1);
Pnt1,k,0 Z T (I=<k= )
0<i<n—1
Do+l ki = Pnk,i—1 — Pn k—1,i—1 I<k=<n+1,1<i<n).

Then go on to show that (x*) is satisfied, using (jfl) + ('/’) = ("71 )-

(vii) Prove

1 (n no -
W= 2 <—1)-'(.)(x+5—1) g

0<j<[x+%] J
(viii) Thefunction y, isnot (n—1) times differentiable on [ —7, 5 ]; more precisely,
prove,forl <k <mn+1,
n

d _lp k dn_lp k n
lim — Ky~ lim () = (— Dk :
xl*}jurkfl d"1x x) xt=g+k-1 d"lx =0 <k o 1>

(ix) We want to give an independent proof that the following does indeed hold,
forO<i<n-—1:

_ oty b IPNT VT
0= X <2)_(n—1—i)!0<;_1( l)/<j>(n e

For this we consider

fo= Y (n.)(—l)fe“”j):(e’—l)"—(—l)” (t € R);

0<j=<n-1

note that 0 = f*1=0(0) = (n — 1 — i) x (%), for0 <i <n — 1.
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Background. In numerical mathematics, C"~"' functions on R which are piecewise
polynomial of degree n are known as splines of degree n, after the flexible metal
strips used to draw smooth curves.

Exercise 6.110. Define
1

fi:Ry >R by  fi)y=1{ k
0, k*<ux.

Show limy_, o fi(x) = 0, for all x € Ry, and this is even true uniformly on R,
while we have lim;_, o fR+ fi(x)dx = oo.

Background. Note that majorizing functions like g(x) = 1 for 0 < x < 1, and
glx) = LX, for 1 < x are not absolutely Riemann integrable over R,. Hence
Arzela’s Dominated Convergence Theorem 6.12.3 does not apply.
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Exercises for Chapter 7

Exercise 7.1 (Formula of Binet-Cauchy and Pythagoras’ Theorem). Letd < n,
and suppose A € Mat(n x d,R) and B € Mat(d x n, R). Denote by a; € R,
for 1 <i < d, the row vectors of A, and by b; € R?, for 1 < j < d, the column
vectors of B. Write K for the d-tuple (ky, ..., k;) from the set {1, 2, ..., n}; and
further K, for the set of all such d-tuples; write AX and By in Mat(d, R) for the
matrix with ay, ..., ax, as its row vectors and with by, ..., by, as its column vectors,
respectively. Finally, set

a® = det A¥, bk = det Bg.
(i) Prove the following formula of Binet—Cauchy:

det(BA) = Z by aX.

Kedy

Here 4, is the subset of JK; consisting of the strictly ascending d-tuples, that
is, of the K = (ky, ..., kg) satisfying 1 < k; < --- < k; < n (compare with
Definition 8.6.3).

Hint: If C = BA € Mat(d,R), thenc¢;; = Y ,_,_, bixaxj, for 1 <i,j <d.
For o € S, the permutation group on d elements, write sgn(o’) for the sign
of 0. Then, by a well-known formula for the determinant,

det(BA) = ngn(a) l_[ Z bik, ko i)

g€eSy 1<i<d 1<k;i<n
= E l_[ bix, E sgn(o) l_[ ko (j)
1<ky,...kg<n 1<i<d oESy 1<j<d

= Z aK 1_[ bik,--

KeXy l<i<d

Note that aX = 0 only if K consists of mutually distinct numbers, therefore
the summation can be performed only over such K. Since a0k —
sgn(o) a®*) for o e Sy, we obtain

det(BA) = Z ak Z sgn(o) l_[ bisk;) = Z by aX.

Kedy g€eSy 1<i<d Kedy

(ii)) Letvand w € R*;and let A € Mat(n x 2, R) and B € Mat(2 x n, R) have
v and w as column and row vectors, respectively. From part (i) deduce the
equality in Exercise 5.26.(1).
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(iii) Suppose B = A’. Using part (i) conclude the following, known as Pythago-
ras’ Theorem, which generalizes the identity ||a|> = }_,_;_, a7, valid for a
vector a € R™:

det(A'A) = ) " (det A¥)> (A € Mat(n x d,R)).
Kedy

Note that the column vectors of AX, for K € 4, are the projections of the
column vectors of A onto the d-dimensional linear subspace of R” spanned
by the standard basis vectors e,....e,. In other words, in the terminology
of Section 7.3, the square of the d-volume of a d-dimensional parallelepiped
in R" is equal to the sum of the squares of the d-volumes of its projections
onto all the d-dimensional linear subspaces of R” given by the vanishing of
some of the coordinate functions.

Exercise 7.2. Calculate the length of that part of the graph of the function log which
lies between (1, 0) and (x, log x), for x > 0.
Hint: Substitute + = tan « to obtain

N
/ :_ dt =+ 1+ t2+1logt —log(1++/1+1?) (t > 0).

Exercise 7.3 (Sequel to Exercise 4.8). Consider the part V = ¢ (] 0, 27 [) of the
helix from Exercise 4.8 for which ¢ (¢) = (cos¢, sint, t). Prove

272 (3 + 47?)
f x| dix = :
\%

3

Exercise 7.4 (Semicubic parabola). This is defined as the zero-setin R? of g(x) =
x; — x3. Calculate the length of the part of this curve lying between the points

(t, —t3/%) and (¢, t3/%), fort > 0.

Exercise 7.5 (Lemniscate, F(i) and elliptic integrals of first kind — sequel to
Exercises 3.44, 4.34, 6.50 and 6.69 — needed for Exercise 7.6). Consider the
lemniscate from Example 6.6.4, which in polar coordinates (r, «) for R? is given
by r? = cos2a. Let 0 < ¢ < T and let x = x(¢) = +/cos2¢ > 0. Then the arc
of the lemniscate determined by x is understood to mean that part of the lemniscate
which lies between the origin in R? and (r, @) = (x(¢), ¢).

(i) Prove that the length of the arc of the lemniscate determined by x = x(¢) is
given by

4 1 . 1
7dot=/ —dt.
,/,; cos 2u 0o V1 —14

Hint: Substitute cos 2« = 72.
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Exercise 3.44 or 4.34.(iii) now implies the following. If x and y are chosen positive
and sufficiently close to 0, then the sum of the lengths of the arcs determined by
x and y equals the length of the arc determined by a(x, y), in the notation of the
latter exercise. It is a remarkable fact that a(x, y) can be constructed from x and y
by means of ruler and compasses.

Let & be the length of the arc determined by 1, that is

1 ! 1 1\2
- 7do¢=f dt = r(;)
/0 A/ cos 2a 0 /1 —14 427 \4
see Exercise 6.50.(vi). Then the length of the lemniscate equals 2zr. Note that
5= fol ﬁ dt and that the length of the unit circle equals 2.

(ii) Use the substitution cos 2z = cos? ¢ to show that

w—f/ —_EE

3 1
K (k) ::/2 4 O<k<D.
0 +/1—k2sin®

dp = fK( 2)

where

K (k) is said to be Legendre’s form of the complete elliptic integral of the first kind

with modulus k (compare with Example 7.4.1). Combination of parts (i) and (ii)

now gives

r(3) =+ (5)
— — T —,
4 V2

In this calculation the following result is used.

F(%) =3.625609908221 - - -

(iii) Verify that, in the notation of Exercise 6.69,

K (k) :§F<1 Ly k2>

. Qn—1)2n—3)---3-1 .\’
_E(IJF,;( 2n(2n —2)---4-2 k))

T 1 9 25
ST ey Qe Doy )
2( +4 +64 +256 +

1\2 111
F(—) —ZnZF( 1:—).
4 2'2 2

Moreover, deduce that K satisfies a hypergeometric differential equation.

In particular,
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Exercise 7.6 (Elliptic integrals and Catalan’s constant — sequel to Exercises 6.39
and 7.5). We employ the notation from Exercise 7.5. Prove by changing the order

of integration that
1 % d)
f K(k)dk = / —d¢.
0 0o Sing

Now use the substitution ¢ = 2 arctan x to show, see Exercise 6.39.(iv),

1 1
t
/K(k)dk:Z/ Y ix = 2G.
0 0 X

Conclude that

o 1 (@Qn—1@n—3)---3-1)?
G_Z(1+§2n+l( 2020 —2)---4-2 ))

Exercise 7.7. Define¢ : 10,1[ — R? by ¢ (¢) = (cos 2mt?, sin2wt?, 2mt?).
(i) Calculate the Euclidean length of the curve V = im(¢).

(ii) Prove that ¢ : ]0,27+/2[ — R® with y(¢) = (cos il is the

parametrization for V with the arc length as parameter.

H t t
m-—-—-=, —»=
S ﬁa ﬁ)’

Exercise 7.8. Let K be the intersection of the solid cylinders { x € R3 | x12 + x% <
1} and {x € R? | xl2 + x32 < 1} (compare with Example 6.5.2). Prove that
area(dK) = 16.

Exercise 7.9. Let V = {x € R* | ||x| = 1}. Prove

) 4 )
X dyx = — (i=1,2,3).
v 3

Exercise 7.10. Let V C R3 be the triangle with vertices (1, 0, 0), (0, 1, 0) and
(0,0, 1). Prove

1
/ X1 dzx = —\/g.
v 6

Exercise 7.11. Let V C R? be the graph of £ : 10, 1[ x ]—1,1[ — R given by
f(x) = x? + xp. Prove

1
fxldzxz«/_——\/i.
v 3
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Exercise 7.12. Leta > 0. Consider that part of the cylinder {x € R® | x} +x3 =
a’} that lies inside the cylinder { x € R? | x? 4+ x? = 2ax, } and inside the octant
{x eR?®|x; >0, x >0, x3 > 0}. Prove that its area equals 2a>.

Exercise 7.13 (Girard’s formula). A subset D C S? is said to be a spherical
diangle with angle « if D is bounded by two half great circles whose tangent
vectors at a point of intersection include an angle «. These great circles are said to
be the sides of D.

(i) Prove that area(D) = 2.

A subset A C S? is said to be a spherical triangle if A is the intersection of three
spherical diangles that pairwise have a part of a side in common (compare with
Exercise 5.27). Assume that the spherical diangles have angles oy, o, and a3,
respectively.

(ii) Show that area(A) =) ;o — 7.

Exercise 7.14. Assume m > O and & > 0. Let V C R? be that part of the conical
surface
{x eRY | x? =m?(x? +x3))
that lies between the planes {x e R* | x3 =0}and {x e R} | x3 =h}.
(i) Show that the Euclidean area of V in R? equals 7 z—i\/mz + 1.

Next, consider the surface V' C R? that is formed when one straight line segment
lying on V is removed from the conical surface V. Then unroll this surface V' into
a plane without stretching, shrinking or tearing it; thus is obtained a circular sector
in R?.

(ii) Calculate the Euclidean area of this circular sector in R?.

Let W be a plane in R® with the following two properties: W is parallel to a tangent
plane (at (0, 1, m), for example) to the conical surface V, and W goes through
(0, 0, h), the center of the top circle of V.

(iii) Prove that the length of the conic V N W equals

h 1
—/ V14 m? + D)2 dr.
mJ_i

Exercise 7.15 (Viviani’s solid). This is the set L C R? formed as the intersection
of the unit ball in R? and a solid cylinder, more precisely L = {x € R? | |x|| <
1, x{ +x3 < x1}. Then 9L = V, U V5, with

Vi={xeR|lxll =1, xf+x3 <xi},

Vo={xeR| x| =1, x{+x3 =x}.
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Illustration for Exercise 7.15: Viviani’s solid

(i) Verify that V; NV, = im(¢), where ¢ : | —m, n [ — R3 is defined by

¢(a) = (cos® o, cosa sina, sina) (—7m <o <m).

(i) Prove that the restriction of ¢» to | —, 0 [ and to ] 0, 7t [, respectively, are C*°
embeddings.

(iii) Show that the length of V; NV, equals the following complete elliptic integral

of the second kind:
%
4ﬁf J1—= %sinzada.
0

(iv) Demonstrate that the orthogonal projection of V; onto the plane {x € R? |
x3 = 0} equals the set D x {0} C R? with

D ={yeR*|y]+y}<y}

b4 b4
= {r(cosa, sinx) € R? | 3 <a< 7 0<r <cosal.

Verify L = {(y, x3) € R’ | y € D, |x3| < /1~ llyl?}.

(v) Calculate vol;(L) = %n — %.
2
g.

Hint: [ sin’ o da =

(vi) Prove that the area of V| equals 2m — 4 (see Example 7.4.10).
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(vii) Demonstrate that the area of V, equals 4. The area of the boundary of Viviani’s
solid thus equals that of the half unit sphere.

Exercise 7.16. Let the notation be that of Example 7.4.8. Prove, forall 1 < j <3
and x € R*\ A,

1

—_— . R.
T B Il < R;
*" AR =7 1R

- —Xj, x| > R.

3P

Verify that ¢4 ; can be continuously continued over A.
Hint: Show

1

1 gR(||x||2+3R2), Ixll < R;

E/ e =ylldy =1 | o
A 3 O x|+ R, x|l > R.

Then note that 337||x -yl = I)\C; :i ’“ according to Example 2.4.8, and conclude that
J

2
—=Xj, Xl < R;

1 / Ly = ;
4R Jally =l Gk R _ ) Il > R

[l (1 \ 3] x|? ’

Background. In the theory of dielectrics from electromagnetism one encounters the
potential of a charged sphere where the charge density is proportional to 3 = sin 6,
varying from +1 at the north pole to —1 at the south pole.

Exercise 7.17 (Unrolling a cone — needed for Exercise 7.18). Let / = ]0,/[
andlet y : I — R® be a C! mapping. Assume that y(s) and y’(s) are linearly
independent, for all s € /. Next define

¢p:D:=1x]0,1[>R* by @, 1)=1y(),
and consider the cone C = im(¢) in R? determined by y.
(i) Show that ¢ : D — R®isa C' immersion.

(ii) From now on assume ¢ to be an C! embedding, which implies that C is a C'

manifold. Then prove that area(C) = %f, ly(s) x y'(s)| ds.
Introduce the angle functiona : / — Rbya(s) = f ”V(I(\Ty) (27)’”(2") I do. By shrinking
I if necessary, we may arrange that «(/) < m. Furthermore, define

Y:D—>V:=R, x]—m, 7| by Y(s,t) = (lly ], als)).
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(iii) Prove that the angle function is monotonically increasing and denote by 8 its
inverse. Deduce that Y is a C! diffeomorphism onto its image { (r, @) € V |

O<a<a(), 0<r <r(x)}, where we write r() = ||y o B(a)||. Define
UV — U with ¥(r,«) = r(cose, sine) as in Example 3.1.1 and show
that

vi=WoYop ':C—uv(C)CU
with
u(ty(s)) =tlly(s)|l (cosa(s), sina(s))

is a bijection that maps a ruling on C to a line segment in R? of the same
length that issues from the origin.

(iv) On the strength of Example 6.6.4 verify
a(l)
area(C) = area (v(C)) = 3 / r(o)? da.
0

In other words, v is an unrolling of the cone C C R? onto v(C) C R? without
distortion of area.

Exercise 7.18 (Area of tangent cluster is area of tangent sweep — sequel to
Exercise 7.17). Let J =10,/ [, and let f € C(J) be given. Suppose thaty : J —
R3 is a C? parametrization by arc length of the curve im(y) and define, for ¢ € R,

¢.:D:={(,1)eR?|seJ,0<t< f(s)} > R

by
Ge(s, 1) =cy(s) +ty'(s).

We refer to the conical surface C := im(¢o) C R? as the tangent cluster determined
by y and £, and to the surface S := im(¢;) C R® as the corresponding tangent
sweep. Note that the difference between C and S corresponds precisely to that
between tangent vectors and geometric tangent vectors. Denote by « (s) = ||y (s)||
the curvature of im(y) at y (s) as in Definition 5.8.1 and assume that « (s) > 0, for
all s € J.

(i) Show that ¢, : D — R3is a C? immersion.

(i) From now on suppose that ¢y and ¢, are embeddings. Prove (compare with
Exercise 7.17.(i1))

area(C) = area(S) = % / £ )’k (s)ds.
J

(iii) Verify that the angle function « from Exercise 7.17 equals «(s) = fos k(o)do
in this case. And using part (iv) from that exercise show area(S) = area(C) =
area (v(C)), where v is the unrolling of C into R?.
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Exercise 7.19 (Pseudosphere and non-Euclidean geometry — sequel to Exer-
cise 5.51). Consider the tractrix and the pseudosphere from Exercise 5.51.

(i) Prove that the length of the part of the tractrix lying between (x, £ f(x)) and
(1,0) equals log (1), for all x € 10, 11.

(i) Conclude that the tractrix does not have finite length.
(iii) Calculate the area of the pseudosphere. Why does your answer not surprise?
Let V™ be the upper half of the pseudosphere.

(iv) Verify that we obtain a parametrization of an open part of V* by means of
¢:1-nm, w[x[l,00] > R? satisfying

~ 1 2_1
B, v) = (cosu’ smu, log(v + [v2 — 1) — —Vv>
v v

v
Hint: Set x = % in Exercise 5.51.(1) and rotate.

(v) Assumeu andv : I — Raretwo C! functions of rangesuchthaty : [ — V7T
is a well-defined C! curve if y (t) = ¢(u(t), v(t)). Verify that the length of
y is given by (assuming convergence of the integral)

/ . uw' (1) 4+ v ()% dt.

1 ()

Background. The properties (iv) and (v) imply that this open part of V' can in

fact be regarded as subset of the upper half-plane
H={xeR|x>0}~{zeC|Imz>0}

Here # is endowed with the metric, that is, the concept of distance, which assigns
toa C! curve y : I — J the length

1 ly' (0l
— / 2 / 2 —
L(J/)—/Iyz(t)\/)/l(t) +y () dt = my ) dt

The set ¢ with this metric is a standard model of a non-Euclidean geometry (more
precisely, a two-dimensional one, of constant curvature —1).

(vi) Verify that, with respect to this metric, the arcs in #€ of concentric circles
centered on the x;-axis that lie within a (Euclidean) fixed angle from the
center are all of the same length.

This makes it plausible that in this geometry these arcs play the role of parallel line
segments. We shall now prove this. Define J : # — Cby J(z) = 1/z.

(vii) Prove that J : # — J, and that J is an involution, that is, J> = I. Verify
that J is an isometry or a metric-preserving mapping of J¢ into itself, that is,
L(y) = L(Jy), for every Cleurvey : [ — H.
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A straight line in R? is the set of fixed points of the reflection in that straight
line; consequently, straight lines in R? are one-dimensional sets of fixed points of
nontrivial involutive isometries of R?2. We now define straight lines in # to be
those one-dimensional submanifolds that occur as sets of fixed points of nontrivial
involutive isometries of F.

(viii) Deduce from part (vii) that the segment in # of the unit circle in R? about 0
is a straight line in #¢. Verify that the mappings # — J#, with#,(z) = z+a
fora € R, and d,(z) = rz for r > 0, are isometries of . Conclude that the
segment in # of the circle in R? about (a, 0) of radius r is a straight line in
J¢ (consider the involutive isometry t,d, Jd 't 1).

Background. The semicircles in # associated with circles in R? centered on the
x1-axis are therefore straight lines in this geometry on #€. It is now obvious that
Euclid’s parallel postulate is violated in #€; indeed, given a pointin # and a straight
line in #¢ which does not contain that point, there exist many straight lines in # that
contain the given point but do not intersect the given straight line (and are therefore
“parallel” to it).

Exercise 7.20 (Identity by spherical coordinates). Suppose f € C!(R") has
compact support.

(i) Show (see Exercise 7.21 for hyperarea, (5"~ !))

1 (grad f(x —y), y)

fx)=
hyperarea, (S"~!) Jrn Iy |l"

dy (x e R").

Hint: We have f(x) = — [;° f/(x —rw)dr = [ (grad f (x —rw), ) dr,
for every w € $"~!. Next integrate this equality over w € $"~! and change
from spherical to rectangular coordinates in R” (see Example 7.4.12).

(i) Deduce

1 | grad f(x — ¥l

|f )] =
hyperarea,_,(S"~1) Jg» (5%

dy (x e R").

Exercise 7.21 (Spherical coordinates in R” and hyperarea of (n — 1)-sphere —
sequel to Exercises 3.18 and 6.50 — needed for Exercises 7.22, 7.23, 7.24, 7.25,
7.26, 7.28, 7.29, 7.30 and 7.53). Consider the (n — 1)-dimensional unit sphere
§"~!' = {x € R" | ||x|| = 1} and the n-dimensional unit ball B” = {x € R" |
flxll <1}

(i) Prove that Formula (7.26) is also valid for f : R” — R with f(x) = eI,
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(i1) Prove

0=

2
(3)

hyperarea, |(S"') = (n € N).

—

Hint: Calculate fRn eI dx by the use of Cartesian coordinates and Exam-
ple 6.10.8, and then also by part (i). Subsequently apply Exercise 6.50.(i).

(iii) Verify that (ii) is consistent with Example 7.4.11.

(iv) Prove nvol,(B") = hyperareanfl(S"*l), forn € N.
Hint: A ball is a union of concentric spheres.

(v) Calculate vol,(B™"), and verify that the answer is consistent with that found
in Exercise 6.50.(viii).

(vi) Prove
d n d 7T% n 27[% n—1 n—1
7 vol, (B"(r)) = 7 reT l)r = F(%)r = hyperarea,_, (S""(r)).

Here B"(r) and $"~!(r) are the ball and the sphere, respectively, in R" about
the origin and of radius r.

(vii) Verify that Exercise 3.18.(iv) implies that the mapping
n—2
¢:]—ma[ x ] —%%[ S S\ {x eR" |x; <0, x,=0)

is a C* embedding, if

cosa cosb cosBy---cosb,_3c080,_»

o .
0 sina cosf; cosBy---cosb,_3c086,_»
1 .
5 6, sinf; cos6, ---cosB,_3cos6,_»
) sinf,_3 cos0,_»
9n—2

sin 9,1_2
(viii) Use the hint from part (ii) and Exercise 3.18.(iii) to conclude that
wg(a, 01, ..., O,_2) = cosb cos? 0, - -cos"20,_,.

Further, verify that by means of Exercise 6.50.(iii) one obtains

hyperarea, |(S"') = 27T (—
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The result from part (viii) can be generalized as follows. Set S_"[l ={y e R} |
lyll = 1}. By analogy with Exercise 6.50 we then define the generalized Beta
JSunction B : R, — R by

C(p1)---T(pa)
C(pr+-+pn)

B(pi,....pn) ==

(ix) Prove that we now have the following generalization of the formulae from
Exercise 6.50.(iii) and Exercise 6.64.(iii) (see also Example 7.4.10), for p €

RY:
1 D1 + 1 Pn + 1
J —
/Snl l_[y] n=1y 2)1 B( D) PRI ) )
1<j<n
i+1
_ Hlfjin F(pj; )
- n— n+Y i<icn i
(gt
Consider this formula in the particular case that p; = --- = p, = 0, and

verify that the result is consistent with that from part (ii).
Hint: Imitate the technique from part (ii), or use part (viii).

(x) Suppose that p; € 2N, for 1 < j < n Deduce that the average of the
monomial function y — y? =[] 1<j<n y i " over §"~! satisfies, in the notation
of Exercise 6.50.(vii) and with (—1)!! =1,

1 p l_[1<j<n(pj - 1)”
Ydi1y = ===
H051<@(n +20)

hyperarea,_,(S"~1) Jgn-1

Prove this equality also by application of the technique from part (ii) to the
function x — x?e~1*I” on R".

(xi) Using spherical coordinates and part (iv), prove the following identity, which
also is a direct consequence of part (x) and Exercise 6.65.(vi)

il Vi B n Wy,
vol, (B™) Jp» hyperarea, (S"~!) Jgu-1

Exercise 7.22 (Pizzetti’s formula — sequel to Exercises 2.52, 6.66 and 7.21).
Suppose f € C*(R") is equal to its MacLaurin series. Verify for » € R and

ye Snfl
foyy =Y r Zy D’ £(0),

keNg |pl k
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where p € Njj. Using Exercise 7.21.(x) and the Multinomial Theorem from Exer-
cise 2.52.(ii) prove Pizzetti’s formula for the spherical mean of f over the sphere
of center 0 and radius r

1

hyperarea, _,(S"~!)

Here A denotes the Laplace operator and J: _; the Bessel function of order 5

f fry)d,—1y
Sn—l

D" f(0)
Z n0<1<k(”+ 2D) |Zk p!

kENO

-y r2k (X 1<j D3
keNo 2 [To<y<i(n +20) k!
2k

)
= AX£(0
=2 s e ©

keNp
A*£(0) 2%
-rG) X are o)

(5

2 2

f )

-
) J3 1V =R) £ (0).

—1as

in Exercise 6.66. Furthermore, the last equality is obtained by a formal substitution
in the power series for the Bessel function from part (ix) of the latter exercise. See
Exercise 7.54 for a different proof.

Exercise 7.23 (Sequel to Exercises 6.50 and 7.21). Prove (compare with Exer-

cise 6.99.(iii))

Hint: Substitute spherical coordinates first, and subsequently = tan S.

1

1
—— dx = — hyperarea, (5").
R (14 x5 2 ’

More generally, prove by means of Exercises 6.50.(iv) and 7.21.(ii)

)

1 I'(p—3 n

dx =2 — 2~ (p>=-)

o (1 + [lx[1?)? L'(p) 2"

Exercise 7.24 (Sequel to Exercises 6.50 and 7.21). Using Exercise 6.50.(iv) and
Legendre’s duplication formula from Exercise 6.50.(vi), show

/ / (2 + (U + ) drde = =
R> JR

n+1

4n p!

(n € N).
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Exercise 7.25 (Sequel to Exercise 7.21). Let B” C R” be the unit ball and let
§"=!  R" be the unit sphere. In physics the moment of inertia I; of B" about the
x;-axis is defined by

I; _/ dx (1 <i<n).
B" 1<j<n, j#i

(i) Show that /; is in fact independent of i.

(i) Using Exercise 7.21.(iv) prove, for 1 <i <n,

n—1 h (Sn—l) n—1 1 (Bn)
= — erarea, = Vol .
n(n +2) P nt2
Hint: One has Z Z n—1) Z x7.
1<i<n 1<j<n, j#i 1<k<n

Exercise 7.26 (Generalized Beta function and standard (n — 1)-simplex — sequel
to Exercises 6.64 and 7.21 — needed for Exercise 7.52). Prove, for p € R,

1 1=y 1=31<j<n—2Yj _1 pn—1
/ / / 1_[ yf’ (1— Z yj) dy,—1 -+ dyxdy,
0 0 0

1<j<n 1<j<n
1_[1< i<n F(P])
=B, P0) = e
F(Zlfjfn pj)
Hint: Substitute y,_; = (1 — 215 j<n—2 ;) t in the innermost integral, and apply

mathematical induction over n € N. Alternatively, apply Dirichlet’s formula from
Exercise 6.64 to the two outermost integrals, and proceed by induction in this case
also. A third possibility is to apply Exercise 3.19.

The standard (n — 1)-simplex £"~! in R" is defined by

l={yeR"| ) yj=1y =0forl<j<n}

1<j<n
Prove, for p € R,
/ [T 7 " duciy = VaB1. ... pa).
n—1 l<]<n

In particular, therefore,

Jn
(n—1D!

hyperarea, |(2""!) =



Exercises for Chapter 7: Integration over Manifolds 691

Exercise 7.27 (Simplex coordinates in R"” —sequel to Exercise 3.19 — needed for
Exercises 7.28 and 7.38). The standard (n — 1)-simplex £"~! in R" is defined by

Sl={xeR"| Y xj=1,x,20forl <) <n}

1<j<n

Let¢ : D — X", with D C R"~! open, be a C! parametrization of an open part
of £"~! with negligible complement (see part (vi) for explicit formulae).

(i) Verify that the mapping W : Ry x D — R givenby W(c, y) =cp(y)isa
C'! diffeomorphism on an open dense subset in R’.. To verify the injectivity
of W,use (¢(y), (1,...,1)) = 1. Show that

|det DW(c, y)| = "' det (Dp(y) | $()I-

(ii) Define e = ﬁ(l, ..., 1) € R". Demonstrate

(*) <¢(y),€)=i, (Digp(y),e) =0 (yeD, 1=<j<n).
N

Conclude that e is a unit vector in R” that is orthogonal to £"~! at every point

of "1, Verify that the vectors e and D i@ (y), for 1 < j < n, together form

a basis for R"; and prove by means of () that there exist numbers c¢; € R,

for 1 < j < n, with

1
P0) = et Y ¢ Dip(y).

I<j<n
(iii) Now prove by means of parts (i) and (ii)

1
| det DV (c, y)| = —c”_1w¢,(y),

Jn

where o is the Euclidean (n — 1)-dimensional density on £"~!. Conclude,
for f € C.(R"}), that

1
f@dx =— [ ! fley)dp—1ydc
R” R+ xn=
n ﬁ 1

o Jo
= " f(ey)ded,y.
ﬁ wn—l R. !

(iv) Verify that the formula from part (iii) also applies to the function f(x) =
e~ Lisi=¥i forx € R”. Conclude that the formula for hyperarea, ,(Z"~")
from Exercise 7.26 follows immediately.
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(v) Verify that £? C R is congruent with a regular triangle in R? having edges
of length +/2. Give a geometrical proof of

1 1 1
area(X?) = 5 5\/6 V2 = Eﬁ

Likewise, verify that ¥3 C R*is congruent with a regular tetrahedron in R
having edges of length /2. Give a geometrical proof of

11 1 1
(23 == =V/12- =3 =-.
vol(z") =33 2f 3

Finally, we prove the existence of an embedding ¢ as above.

(vi) Verify that Exercise 3.19.(i) implies that the mapping
¢: 10, 1" > {yeRL| )y =1}

1<j<n
is a C* embedding, if we define ¢ (y) as
1 y2ys Yt A=y ¥2 3 = Yuts =5 (L= Yp2) Va1, (1= yu-1)).
Prove, by part (ii) and Exercise 3.19.(iii),

wp(¥) =ny2yi---yTE (yelo, 1["h.

Exercise 7.28 (Feynman’s formulae — sequel to Exercises 6.50, 7.21 and 7.27).
Define S as in Exercise 7.21. Leta € R.

(i) Prove

1 1
—dn—ly = ’
/si‘l (a, y)r (= D!']i<j<na;
Hint: One has
1
/ e_ajxjdsz— (15]5”)9
R, aj

use Formula (7.26) and properties of the Gamma function from Exercise 6.50.

(i) Now show, for p € R’

pi—1
nlfjfnyjj B(PI’ PZ’--an)
1 Yi<j p~d”71 = pj
syt {a, y) ===t [Tizjzna;

where B stands for the generalized Beta function from Exercise 7.21.
Hint: One has

/ e~ %P gy = F(p_j) (1<j<n)
J J Dj —J ="
R, a;

’
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Next let "' be as in Exercise 7.27.
(iii) Verify, for p € R},

pj—1
Hlfjfnyjj d . _ﬁ B(pla p29"'apn)
n— = 7 .

[li<j<nay’

sin—1 <a’ y>215j5" pj
Hint: See Exercise 7.27.(iii).

Background. In quantum electrodynamics the Feynman formulae above are im-
portant tools in making calculations concerning Feynman diagrams.

Exercise 7.29 (Sequel to Exercise 7.21 — needed for Exercise 7.30). Let S" C
R"*! be the unit sphere, let f in C(R) be continuous and let x € R"*!. One then
has the following, known as Poisson’s formula:

1
PG 3D doy = hyperarea, (8" [ (el (1= ) .
sn -1

Hint: The expression on the left-hand side is independent of the direction of
x € R"!; therefore choose x = (0, ..., 0, |lx]|). Now use Exercise 7.21.(viii).

Exercise 7.30 (Fourier transform of radial function and Hankel’s formula —
sequel to Exercises 0.8, 6.51, 6.66, 6.99, 6.102, 7.21 and 7.29 — needed for
Exercises 7.31 and 8.20). Assume that f € &(R"™) has the property that there
exists a function fy € S(R) with f(x) = fo(||x|]), for all x € R".

(i) Make use of spherical coordinates x = ry, where r € R, and y € §"!, to
prove

o =[ e f e g ydr (& €RD).
R+ Sn—l

(i) Using Exercise 7.29, show that

1

(&) = fo(r)r"~' hyperarea, ,(S""?) / eIl (1 — ¢2Y'3 gt dr.
R, -1

(iii) Use Exercises 7.21.(ii) and 6.66 to prove that

||5||3‘f(5)=(2:r>'%fR r3 fo a1 (IElr dr (& € RY).
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(iv) Conclude that fe $(R™) also is a radial function.

(v) Demonstrate, by means of Example 6.11.4, that part (iii) implies
1.2 n —i
ple 2 = / rze 27 Ju_1(r)dr (p € Ry).
Ry

Prove that one obtains in particular, using Exercise 6.66.(x) and (v), for p € R,

[
i T :f e’%’zcos(,or)dr,
2 R

T 1

—,0(7"2 2/ ref%rzsin(pr)dr.
2 R,

See also Exercise 6.83.

(vi) Prove by the Fourier Inversion Theorem, for x € R”,
x> f(x) = / p Iy i(lxllp) | 72 fo(r)Jy_1(pr)drdp.

Use Exercise 6.66.(x) to prove that, in the case n = 1, this formula takes the
following form:

2
fx) = —/ cos(x§&) cos(ér) f(r)dr d& (x € R).

T JR, R,
Now also prove the latter directly from the Fourier Inversion Theorem.

In what follows we write x instead of ||x| and A instead of 5 — 1; and, finally
gx) = llx 27" folllxD.

(vii) Now verify that, using (vi), one obtains Hankel’s formula, known from Ex-
ercise 6.102,

g(x) =/ / g(r)i(rp)rdr J,(xp)p dp (x > 0).
R; JR,

Background. Here we have proved Hankel’s formula for A € { —%, 0, %, 1,...}.

Actually, the formula is valid for all A > —% and suitably chosen functions g on
R, as was shown in Exercise 6.102.

(viii) Combining part (iii) and Exercise 6.99.(ii), prove the following, known as
Gegenbauer’s formula:

2:r(H)  gpt!
VT 2+ p)'E

In particular (compare with Exercise 0.8),

/ e "r2 Ju_y(pr)dr = (t >0, p>0).
Ry

t t
e "cosprdr = ——, / re " Jo(pr)dr = ———.
/I;+ 12+ p? Ry (t2+,02)%
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(ix) Using Exercise 6.66.(vi), show

2i<Jx(«/§r)>: i1 (V) ( 1)

_Z s>0A>—=).
rds P 2

A
s2

Deduce, fork € Nwith A — k > —%,

B (2 (2 (2,

s% ds s 2

Apply this identity with A = 5 — l and k = A + %, or k = A, if n is odd or
even, respectively. Using furthermore Exercise 6.66.(x), prove

1
ngfl(\/}”)

n—1 1

(3T (2) (L) costwir.  nods

_ r Tr ds
() e o

Now deduce from part (iii), that f(g) equals, for £ € R",

n—1

n— n— d 2
(_1)712"7171(— ) ’ fo(r) cos(y/s r) dr, n odd;
ds Ry

s=|&]12
n n d 2_1
(—1)7_12"_1717(— )2 / rfo(r) Jo(/sr)dr, n even.
ds g2 R,

Conversely, knowing the values of the integrals in part (viii), we can obtain
the identity in Exercise 6.99.(ii) by means of the formula above.

Exercise 7.31 (Sequel to Exercises 6.62, 6.86 and 7.30). For 0 < s < n, define

s .
2z -7

NCON

fi:U:=R"\ {0} > R by fs =

Then we have the following claim:

fi=Qm)% fuy

(1) Verity that ]‘: is a well-defined function, use Exercise 7.30.(iv) to show that
3‘; is radial, and prove it to be of degree of homogeneity s — n. Deduce there
exists a constant c(n, s) € C such that ﬁ(é) =cn,s)E|°", for&E € U.
Next use the Parseval-Plancherel identity from Exercise 6.86.(iv) to evaluate
S F.(x)e~2"1? 4x and prove the claim.
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(i) Suppose n = 1 and recall the functional equation for the zeta function from
Exercise 6.62 or 6.89. Show that g, : U — R defined by

_ ol

) satisfies g = V2w g O<s<1).
s

N

Exercise 7.32. Assume, fori = 1, 2, that V; are compact Ck submanifolds in R"
of dimension d;, where d; < n;.

(i) Provethat V := V| x V, is acompact C * submanifold in R"1*"2 of dimension
d = d1 + dz.

Let f : V — R be a continuous function.

(i1) Prove that x; — f v f(x1,x2) dg,x2, for x; € Vi, defines a continuous func-
tion on Vi, and that

/ fx)dax = f f e, x2) dgyxo dg xy.
Vv Vi JV,

In particular, verify that vol; (V) = volg, (V) volg, (V2).

Define the n-dimensional torus T" in R by T" = {x € R*" | xzzk_l + x%k =
1 (I <k=<n}

(iii) Verify that T" is a compact C* submanifold in R?" of dimension n, and
calculate the Euclidean n-dimensional volume of 7.

Exercise 7.33. (See Exercise 8.27.) Let V be a C! submanifold in R? of dimension
d. Let p : V — R be a continuous function. In electrostatics one defines the field
determined by the charge density p on V as the mapping E : R*\ V — R3 with

1 Xi — Vi .
Ei(x)=— | w5 peMdsy (1 =i=n).
e Jy llx =yl
(i) Let V be the plane x; = O in R* and let p = 1 on V. Prove E(x) =
%(sgn x1,0,0), for x ¢ V, and conclude that the field is perpendicular to V
and of constant magnitude %

(ii) Let V be the x3-axis in R3 and let p = 1 on V. Prove

E(x) = (x1, x2,0) (x ¢V),

27 (x7 + x3)
and conclude that, with cylindrical symmetry about V/, the field is perpendic-
ular to V, and of magnitude equal to the reciprocal of 2 times the distance
fromx to V.

Hint: Use a substitution of the form # = tan v.



Exercises for Chapter 7: Integration over Manifolds 697

Now assume that V is compact, and define (compare with Example 7.4.8 and Ex-
ercise 8.28.(iv)) the potential of V with density p as the function ¢ : R*\ V — R

with
1
(x) = —/ BLISDR
yrel T

(iii) Use the Differentiation Theorem 2.10.4 to prove E = — grad ¢.

Exercise 7.34. Let f € C.(R") be a C* function, fork € N, and define f, = f*,,
for ¢ > 0, similarly as in Formula (7.55). For each a € Njj with || < k, prove that
the functions D* f; converge uniformly in R" to D* f,ast | O.

Exercise 7.35 (Hyperarea as derivative of volume — sequel to Exercise 5.11).
Assume V C R” to be a C? hypersurface. According to Exercise 5.11.(iii) there
exist for every x € V a number § > 0, an open set D C R""!, a C? embedding
¢ : D — R" with im(¢) C V, and an open neighborhood U (x) of x in R”, such
that

W, :]1=6,8[ x D— U(x) with W, (s,y) =@ (y) +sv(d(),

is a C! diffeomorphism (see Sequel to Example 5.3.11); here v(¢(y)) is as in
Formula (7.37).

(i) Assume that V is compact. Then prove that there exists a number r > 0 such
that

V:]l—t[ xV >V with Y(s,x) =x+sv(x),
is a C! diffeomorphism onto an open neighborhood V; of V in R". Prove
Vi ={z € R"| thereexists x € V with ||x — z|| <},
that is, the open tubular neighborhood V; of V of radius ¢ equals the open
neighborhood of V consisting of the points whose distance to V is less than

t.

Let f : V — R be continuous. Then define a continuation f: Vi— Rof ftoV,
by

flx+svx)=fx) (xeV, |s|<0).

(i) Prove that f is well-defined on V, and continuous.
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(iii) Using that | det DWy (0, y)| = wy(y) show

Zdt . O/ f(X)dx—ff(X)dn o,

whence

vol, (V,) = hyperarea, (V).

EE t=0

Background. The results above explain the formula from Exercise 7.21.(vi).

Exercise 7.36 (Integration over tubular neighborhood of level hypersurface
— needed for Exercises 7.37, 7.38 and 7.39). Let Uy C R” be an open subset,
and let g € C*(Uy), for k € N. Assume that x° € Uy and g(x°) = ¢ (that is,
x% e N(®) = {x € Uy | g(x) = c"}), and assume g to be a submersion at x°.
Finally, let f € C(Up). We now prove that there exist a number y > 0 and an open

neighborhood U of x° in Uy such that

C0+y >~
/ FO0)dx = / / O %
{xely|1g(x)—c0|<y }NU d—y  JIN@NU | grad g (x)|l

Heuristic argument: Let x € N(c) be fixed for the moment, and assume that
grad g (x) points in the direction of the x,-axis. Then 7, N (c) is spanned by the set
of standard basis vectors e; € R", with 1 < j < n. If g(x +dx) = ¢ + dc, then

c+dc=g(x)+ (gradg(x), dx)+---=c+|gradg(x)|dx, + -,

and therefore
dc

dc = | grad g(x)| dx,, that is, dx, = ———.
| grad g ()|l

Indicating a point in N (c¢) by X, we obtain from the identity dx = dx; ---dx, =
(dx; - - -dx,_1) dx, the equality

dx =d, xdx, = —— d,_|xdc.
" " lgradg®I
The following observation is an additional argument to show that the formula above
must contain the reciprocal of || grad g(X)||. If || grad g(X)|| is large, the volume of
a rectangular domain between the level hypersurfaces N (c) and N (¢ +dc) is small.
But this volume can be calculated by multiplication of d,_ X, the hyperarea (which

has a normal value) of the basis, and m, the height (which is small).

(i) Prove by the Submersion Theorem 4.5.2.(iv) that we have an open neighbor-
hood U of x° in Uy and a C* diffeomorphism W : V — U of open sets in R”
such that

(*) (goW)(x1,...,Xy_1, C) =c.
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With the notation
x/ = (x17 e 7xl’l—l) E Rnil’
V(x®sn) ={x' eR"||x' = | <n},

and the Remark at the end of the proof of the Submersion Theorem one has,
for suitably chosen numbers n and y > 0,

V={y=@u\c)eR" xRx eV(x;n), lc=c <y},
U={x=,x) e R xR|x" € V(x"5mn), lgk) = <y}

(i) Assume |c — c%| < y. Verify that V((x°)'; 1) 3 x' > W.(x) := W (x/, ¢) is
a parametrization of N(c) N U; that is,

N(c)NU =im(¥,).

(iii)) Write x = W(y), for y € V. Conclude by the chain rule that (x) implies
Dg(x)DW(y) = (0,...,0,1). Use this to prove that there exist numbers
cj € Rsuchthat, for1 < j <n,

grad g(x) L D;¥(y);

1

1<j<n

(iv) Conclude that the vectors grad g(x) and (DWW X - - - x D,,_1W)(y) are linearly
dependent in R”, and that therefore

| det DW (y)|

= Taad g |4t (P1Y0) -+ Dy ¥ () gradg)]

1

= m { (DWW x - x D, 1W)(y), grad g(x) )]

= — D\IJ Dn_lIJ .
|| grad g(x)|| (D - - x WM

(v) Derive from parts (ii) — (iv)

Wy, (x")

|det DW (x', ¢)| =
|| grad g(W (x', c))|

((x',c) e V).
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Now prove by the Change of Variables Theorem 6.6.1 and Corollary 6.4.3

/f(x)dx :f(fo\D)(x/,c)ldetD\IJ(x/,c)ldx’ de
U %

c+y , a)\p‘(x/) .
\IJC c d d
/c /v«xo)un)f (¥el) grad g (oo & 9°

/ / & T de.
o=y Inenu Il grad gX) || -

The inner integral is said to be the (n — 1)-dimensional integral of f over the level
hypersurface N (c) N U with respect to | dx |, the Gel’fand—Leray density associated
with g on N(c). One therefore has

co+)/ N dx - -
/ f(x) dx =/ / & ‘d—‘(x)dx de.
U d—y JIN@NU 8

The result above is a local one. In order to arrive at global assertions we now
assume the following: N (c) is compact and g is a submersion at every point of
N(Y).

(vi) Prove that there exists a > 0 such that, for every ¢ € R with |c — ¢°| < y,
the set N (c) is compact and g is a submersion at every point of N (c).

(vii) Use a partition of unity to prove that, for every ¢ € R with |c — ¢°| < y,

|GG

the (n — 1)-dimensional integral of f over N (c) with respect to the density
| dx | on N(c), is well-defined and is a continuous function of c.

(viii) Prove

Oty dx
/ Fx)dx = f F&® | 2| @ de.
{xeUp | 1g(x)—c®l<y } A=y JING dg

(ix) Conclude that, for all ¢ € R with |[c — ¢°| < y,

|
lim—/ F(x)dx _/ f(x)‘— (%) d%.
810 28 J{xeup|1g(x)—c0] <8} N
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Exercise 7.37 (Sequel to Exercises 6.64 and 7.36). Using Exercise 7.36, we now
give another proof of Exercise 6.64.(iv). Thatis,let A> = {x € R2 | x;+x, < 1},
assume pi, p» € Ry, andleth : [0,1] — R be a continuous function. We then
have the following, known as Dirichlet’s formula:

T'(p)T !
/ PP (G 4 xp) dx = _ Hoolps) xP P2 (x) dx.
A2 L(p1+p2)

From this point onward the notation is that of Exercise 7.36. Verify the correctness
of the following assertions. Defining g : R — R by g(x) = x; + x, one has, for
all x € R2, that || grad g(x)|| = +/2, and A> = {x € R2 | 0 < g(x) < 1}. For
0 < ¢ < 1 the following holds:

N NA?={(XeR} | % +% =c} =im(¢),

where ¢c . ]O,C[ —> l{2 with ¢L(y) = (y,c — y) Consequently’ a)(bc(y) —
=5 dge (y)ll = /2, and therefore

f() - /c
—~d = JCc— dv.
/N(c)mz lerad eI~ f,c—y)dy

It therefore follows, with f(x) = x”" ™' x> "' h(x; 4 xy),

/ x{’l 1 P2 1h(X1+X2)dx / / pi— l(c_y)pz lh(c)dydc
A2

1 1
=/ h(c)c”1+”2_ldc/ P =Pt s,
0 0

Exercise 7.38 (Sequel to Exercises 7.27 and 7.36). Using Exercise 7.36, we now
give a different proof of the formula from Exercise 7.27.(iii). That is, for every
f e C(RY),

1
f@dx =— | ! fey)dyry de
R’ Vn Jr, zn-l

il b
= — " f(ey)de dy—y.
\/E yn—1 R+ !

Define g : R}, — Rby g(x) = x; + -+ + x,, then

lgradg(x)| =+vn (xeR}), Ri= |J N@.
O<c<o0
For ¢ > 0 we have

N ={TeRL| Y F=c)={(FeRL|TeND}=im(o).

1<j=n
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with

¢ :10,1["" > R} givenby  ¢.(y) =cdi(y).
Note that e := \/Lﬁ(l, ..., 1) is a unit vector in R" which at every point of N(c) is
perpendicular to N (c), for all ¢ > 0. Therefore we obtain, for y € 10, 1 [”_1,

g (y) = det(Do(y) | ) = "' det(D¢i () | €) = ¢"~wy, (¥),
where w is the Euclidean (n — 1)-dimensional density on N(c). As a result

Cnfla)(bl(y)
dx = ———F——dyd
[ s = [ [ e = ay de

1 1
=—=[ " fley)dy-ry dc.
ﬁ RJr wn—l !

Exercise 7.39 (Intersection of hypercube — sequel to Exercises 6.109 and 7.36).
Let g : R — R be defined by g(x) = Z]ijn x;, and let N(c) be the level
hypersurface in R” for g determined by ¢ € R. The intersection of the hypercube
[ —%, % 1™ with N (c) is a bounded subset E"~!(c) of the hypercube, perpendicular
to the diagonal in the direction (1, ..., 1)

1
o=l _ Z
2" (c) = S1TIN©.
As in Exercise 6.109 we write x for the characteristic function of the interval
[—%, % ] C R, and x, : R — R for the n-fold convolution of x with itself. Finally
we define the function y ® --- ® x : R* — R by

| =

X® Q@ x(x)=x@x) - x&x)  (x €R").

(i) Calculate the (n — 1)-dimensional integral of x ® --- ® x over N(c) with
respect to the density | | on N (c), and conclude that the following formula

holds for the (n — 1)- dlmensmnal area of " (¢):
hyperarea, , (E"~ L)) =V xa (o) (c € R).

N
(n=11"

We recall the result from Exercise 7.27.(iv) that hyperarea, (X"~ =
(i1)) Now demonstrate, for ¢ € R,

hyperarea, |, (E"'(c))

— hyperarea, (£ Y (—l)j(’;)(c n % —

0<j<[c+%]
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In particular, for ¢ € R satisfying ¢ + 5 € No,

mn—1

hyperarea, _; ("~ (¢)) = hyperarea, _, (£"~) A1 — 1, ¢ + 3),

where the Euler numbers A(n, k) known from combinatorics, not to be con-
fused with the Euler numbers E, from Exercise 6.29, are given by

. 1
A =Y <—1>f("j )(k—j)".

0=j=<k

(iii) Verify that 22(0) C R? is congruent with a regular hexagon (¢¢ = six) in R?
with edges of length %«/5, and that E2(0) is the disjoint union of six regular
triangles, all of them congruent with 1 52, Likewise, verify that 23(0) C R*
is congruent with a regular octahedron (éxté = eight) in R® with edges of
length /2.

Exercise 7.40. Let S = {x € R® | |x|| = 1} and let f : R® — R?® be defined by
f(x) = (2x1, x3, x3). Prove that

8
/(f, D)) day = 7”
S

Exercise 7.41. Let S = {x € R® | ||x| = 1} and let g : R} — R be defined
by g(x) = x? + x2 + x3. Prove by Gauss’ Divergence Theorem (compare with

Exercise 7.9)
4
g(y)dry = N
s

Exercise 7.42. Consider the cylinder @ = {x e R® [ x7+x] <1, =1 <x3 < 1}
and f : R? — R with f(x) = (x;x3, x7x2, x2). Prove

/ (i) doy = 7.
0

Exercise 7.43. The mapping ¥ : R® — R? is given by
W (y) = ((3 + y3sin y) cos y;, (3 + y;3sin y,) sin y;, y3cos y;).
Furthermore,
C={yeR|0<y <7 0<y<2r,0<y; <1},
D={yeR|0<y <7, 0<y, <27 y3=1}.

Finally, define the vector field f : R} > R3 by f(x) = (x3 — x1, 2x2 + 2, x1x2).



704 Exercises for Chapter 7: Integration over Manifolds

(i) Calculate the volume of W (C).
(i1) Describe the boundary of W (C).

(ii1) Calculate f\p( D)( f,v)(¥)dyy, where v is the outer normal to W (D) with
respect to W (C).

Exercise 7.44. Let Q C R? be the bounded open subset bounded by
the unit sphere {(xeR}||x] =1}
the cylindrical surface {x e R | x12+§ =1}
the two horizontal planes {x € R3 |xs=h;} (1<i<2),

where —1 < h; < hy < 1. Thus the boundary 9€2 is the union of a shell S; on
the sphere, a shell S, on the cylindrical surface, and two plane regions. We want to
prove in two different ways that the areas of the shells S; and S, are equal. (This
result does not generalize to dimensions n # 3.)

(1) Show this by applying Gauss’ Divergence Theorem to the vector field f :

R? — R? with . B
1 2
xX) = , ,0).
70 <x%+x§ xi 4+ X3

(ii) Now give the proof by calculating the two areas.

Exercise 7.45. Let 2 C R” be as in Theorem 7.6.1.

(i) Prove in two different ways

nvol, () :/ (y, v(y) ) du—1y.
aQ

Verify that Formula (8.26) is a special case of the formula above.
Hint: Assume O € Q2 and let U be an open neighborhood of y in R”. Consider
the solid cone with apex at 0 and base 92 N U.

(i1) Prove nvol,(B") = hyperarea,_, ($"~1) (compare with Exercise 7.21.(iv)).

Exercise 7.46 (Sequel to Exercise 2.32). Let f : R” — R be positively homoge-
neous of degree d € R, thatis f(trx) =t f(x),forallt € R, and x € R". Using
Exercise 2.32.(ii) prove

/nAf(x)dx =d SO dn-1y.

sn—1

Deduce (compare with Exercise 7.21.(x))

Sn=
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Exercise 7.47 (Generalization of Example 7.9.4 — needed for Exercise 8.24).
Let V be a bounded C'! hypersurface in R" that occurs as an image under one
parametrization. Assume that 0 ¢ V, and that every half-line originating from 0
has at most one point in common with V, but is not tangent to V at that point.
Let f : x — mx : R"\ {0} — R” be the Newton vector field from
Example 7.9.4. Prove

solid angle subtended by V from 0

f oo} (3) dory =
1%

total solid angle from O

Hint: There exists an € > 0 such that | x|| < € implies x ¢ V. Consider

€
Qz{kxlerandﬂ<k<l},
X

and note that this determines an orientation of V, while f sl fsv) (V) dy1y = 0.

Exercise 7.48. Let g € C*(R") and assume
Q={xeR"|gx) <0} #0; 02 ={xeR"[gx)=0}
Q is bounded; gradg(x)| =1 (x € 9Q2).

(i) Prove the following: 92 is a compact C' submanifold in R" of dimension
n — 1; €2 is Jordan measurable and vol,,(£2) > 0; 2 lies at one side of 92.

(ii) Show that hyperarea,_,(3S2) = [, Ag(x)dx.

Exercise 7.49. Let B(R) and S(R) be the open ball and the sphere, respectively,
in R” about 0 and of radius R, and let f : B(R) — R be a differentiable function
such that f and D; f, for 1 < j < n, can be extended to continuous functions on
B(R). Prove

/ (DF ) x+nf@)dx =R | FO)dury.
B(R)

S(R)

Exercise 7.50. Let Q C R” be as in Theorem 7.6.1, let f € C3(R") and let
grad f = 0 on 0€2. Prove that

/Q(Af)z(X)dx:/Q > (DiD; f(x))*dx.

1<i,j<n

Exercise 7.51. Let 2 C R” be as in Theorem 7.6.1 and let k > 0.



706 Exercises for Chapter 7: Integration over Manifolds
(1) Prove

<n+k+1)/xn||x||kdx=/ Iy () ) dory.
Q 2

Let a > 0 and assume next that 2 = Q(a) is given by Q(a) = {x e R" | x| <
a, 0 < x, }. Then note that 92 = V (a) U V'(a) is a disjoint union if

V(e)={yeR"| |yl=a, 0 <y}
Vi@ ={yeR"| llyl =a, 0=y,}.

(i) Show
k+2

k a
X lx||fdx = ——— v d,_1y.
/W) Al n+k+1/wa) () du1y

(iii) Let B"~! be the unit ball in R"~!. Verify

n+k+1

/ X xlf dx = —2——vol,_,(B"Y).
2@ n I’l+k+1 n—

Hint: See Illustration for 7.4.111: Hyperarea.

Exercise 7.52 (Sequel to Exercises 6.65 and 7.26). Let the notation be as in those
exercises, but assume that p; > 1, for 1 <i < n. Verify that ¥"~! C 9 A", and that
the function y — ]_[1E j<n yf =" Vanishes at the points of d A"\ £"~!. Now proceed
to prove, by Theorem 7.7.3, that in this case the formulae from Exercise 6.65.(iv)
and Exercise 7.26.(ii) are equivalent.

Exercise 7.53 (Spherical mean, Mean Value Theorem for a harmonic function,
Darboux’s equation, and Liouville’s Theorem —sequel to Exercise 7.21 —needed
for Exercises 7.54, 7.67 and 8.33). Let S(x; r) and B(x; r) be the sphere and the
ball, respectively, in R" about x € R”" and of radius » > 0. Let 2 C R" be
as in Theorem 7.6.1. For every f € C(R2), x € Q and every r > 0 for which
S(x;r) C 2, we define the spherical mean m¢(x,r) of f over the sphere in R"
about x € R" and of radius r > 0, by

1
hyperarea, | (S(x;7)) Jsq.r)

mf(x,r) = fy)d.-ry.

(i) Verify that
1
miten) = o [ ek diy.
1571 g

In this connection, see Exercise 7.21.(ii) for [$"~!| := hyperarea,,_, (" 1.
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(ii) Forall f € C*(Q),x € Qand r > 0 for which S(x; r) C , prove that

0 1
dmy ’”ZW/ (erad F(x +71v), v(3) ) dy_1y.
Sn—l

(iii) Let B" be the unit ball in R”, and g : B" — R” the vector field x’ —
grad f(x 4+ rx’). Check that

divg(x) =r Af(x +rx’) (x" € B").

(iv) Then conclude that

L=

r
A dx'.
> |S"_1|/Bn fx+rx")dx

We say that f € C(2) possesses the mean value property on Q if, for all x € Q
and all » > O for which S(x; r) C €,

fx) =mg(x,r).

The Mean Value Theorem for harmonic functions then asserts that f satisfies the
mean value property on €2 if and only if f is harmonic on €2 (that is, Af = 0 on
Q).

(v) Using part (iv), prove the Mean Value Theorem for harmonic functions (see
Exercise 7.69.(iv) for another proof).

We now want to prove that the functionm ; : 2 x R; D— R satisfies the following,

known as Darboux’s equation:

32 —1 9my
or

(*)

=Amys(x,7).

Here A, is the Laplace operator with respect to the variable x € .

(vi) Verify
pect ' =18 [ g e p)d.
B" 0

(vii) Now show by means of part (iv)
om 1 Tl
8—(x r) = —— A« P my(x, p)dp ),
r r 0

88r< 8m,« —(x, r)) = Ax(rnfl myg(x,r)).

Then show that the dlfferentlal equation (%) holds.

and
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To conclude, we prove Liouville’s Theorem which asserts that a bounded harmonic
function on R” is constant. (See Exercise 7.70.(viii) for a different proof.)

(viii) Assume f is bounded and harmonic on R". Prove by part (vi), for every
xeR"andr e Ry,
fx) =

/ fG+rx)dy = fxdx'.

|S" 1| 1S e

Use this to demonstrate, for every x € R" and r € R, with || f]| the supre-
mum of f on R",

|f(x) = fO)]

n
rnlSn71|

/ S dx' — / f&")dx'
B(x,r) B(0,r)

£ </ dx’—i-/ dx’>
”lS" sl I/ —x | <r, x| > x|l <7, flx'—x||>r

rlxll

n
£ dx' = —||f] p" dp

r=llxll<llx"l<r+[lx]| r r—=|lx]|

=
F”|S" 1|

1 1
I + 1) = = Ix) = 0(=). 7 — oo
r r

Verify that this proves Liouville’s Theorem.

Exercise 7.54 (Pizzetti’s formula — sequel to Exercise 7.53). Suppose f €
C>°(R") is equal to its MacLaurin series. We will give another proof of Pizzetti’s
formula from Exercise 7.22

2k

r
1y = A £(0).
ﬁnl f(’”)’)d 1y ];:O 2k [ 1_[051<k(n + 21) f(O)

1
hyperarea, ,(S"~!)

To this end, note that m ¢ (r), the spherical mean of f over the sphere of center 0
and radius |r|, is an odd function of » € R. Deduce from the MacLaurin series for
f the existence of ¢, € R such that m ¢ (r) = ZkeNo crr®*. Substituting this series
in Darboux’s equation from Exercise 7.53 prove

map(r) =Y 2(p+1DQ2p +n)cpr’.
PeNp
Next show by mathematical induction over k € N
+ k)!
maip(r) = 2kQ [T @p+n+2Dc,ur™
PeNy p: 0<I<k

and deduce Pizzetti’s formula by taking r = 0.
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J(x)

Bl’l

[lustration for Exercise 7.55: Isoperimetric inequality

Exercise 7.55 (Isoperimetric inequality — sequel to Exercise 5.39). Aswas shown
in Example 7.9.1,
nvol,(2) = hyperarea,_,(0€2),

if 2 = B". We now want to prove that, in general, one has for a set 2 C R" as in
Theorem 7.6.1 the following, known as the isoperimetric inequality:

vol, (2) \" - hyperarea, ,(32) \"
vol,, (B") ~ \ hyperarea, ("))~

That is, among all permissible sets €2 for which hyperarea, ,(9€2) has a prescribed
value, the ball (of suitable radius) has the largest volume. Assume for the moment
vol,, (2) = vol,,(B").

(i) Prove that
t—~vol,(B"N{yeR" |y <t}

is a monotonically increasing continuous function on R.

(i1) Use the Intermediate Value Theorem 1.9.5 and mathematical induction over
j=1,2,...,nto find numbers

fitx)=fix1,...,x;) €R 1<j<n)
such that
f&x) :=(fix),..., fu(x)) € B";
vol,41—j(B"N{y eR" | y; = fi(x),...,yj—1 = fi-1(x), y; < fi(x) D)
=vol, - (N{y eR" |y =x1,...,yj-1 =Xj_1, ¥ <X }).
This can be worded as follows. The hyperplane H,_;(x) through x orthogonal
to the x;-axis divides Q into two parts, with volumes v{" and v®. Let H,_(x)

be the hyperplane through ( f1(x),O0, ..., 0) orthogonal to the x;-axis, such that
H,_;(x) divides B" into two parts, with volumes v" and v(?, respectively. Now



710 Exercises for Chapter 7: Integration over Manifolds

let H,_»>(x) be the intersection of 2 N H,_;(x) with the hyperplane through x
orthogonal to the x,-axis. Then H,_,(x) divides Q N H,_1(x) into two parts, with
(n—1)-dimensional volumes v,(ll_) , and v,(lz_) |- respectively. Let ﬁn_z(x) be the (n—2)-
dimensional affine submanifold through ( f;(x), f2(x), 0, ..., 0) orthogonal to the
x1-axis and the x,-axis, such that I-NI,,,Q(x) divides B" N ﬁn,l(x) into two parts,
with (n — 1)-dimensional volumes v'”, and v, respectively. We continue in this
way, until we have found lines H;(x) and I-Il (x), and finally points Hy(x) = {x}
and ﬁo(x) = {f(x)}. This then constitutes the definition of f (x).

We assume that the mapping f : 2 — B” thus defined is differentiable (prob-
lems may occur here, for example, if 9€2 contains “plane” regions). Moreover,

almost by definition, f is volume-preserving, that is, one has |det Df (x)| = 1.

(iii) Verify that, with A;(x) = D; f;(x) > 0,

Ai(x) * *
prw=| 7 W
: - . *
0 0 A,(x)

(iv) Prove by means of Exercise 5.39.(ii)

n:n( I ,\j(x))l/" = Y a0 = div (2.

I<j=n 1<j=n
(v) Conclude that

nvol,(L2) 5/

o)) dury < / dy_1y = hyperarea, | (9S2).
a2

Q2

(vi) Prove the isoperimetric inequality in the general case.

Exercise 7.56 (Normal derivative in polar coordinates — needed for Exer-
cise 7.57). Define ¥ : R> — R’ by ¥(r,a) = r(cosa, sina). Letr > 0
and dr > 0, and assume that o and @ + do satisfy o and o + do € | —m, 7w [. Let
Q C R? be given by

Q={V@,d)|r<r' <r+dr, a <d <a+da}.
(i) Verify that 02 is the union of the following four sets:

(Vr,a) |la<a <a+dal, (W', a) |r <v' <r+dr},
(W@r+dr,d) |a<d <a+dal, (WF',a+da) |r<r <r+dr}.
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(i1) Show that

(W (r, o)) = (—cosa/, —sina’),
v(W (', a)) = ( sinc, —cosa),
v(W(r +dr,a’)) = ( cosa/, sina’),
v(W(r',a+da)) = (—sin(e+da), cos(a + da)).

(iii) Prove by analogy with Exercise 3.8.(iv)

A(foW)
D f v cosa  —sina ar
pof ) \sina cosa 13(f o W)
r  do
(iv) Verity
af / / /! : /! !/
E(W(na ) = —cosa’' Dy f(¥(r,a')) —sina’ Dy f(¥(r, )
_ oW
or
a 1o(f oW
Tweay =200 g
v ro oo
%(‘Ij(i’ +dr, ")) = M(r +dr,a),
v or
%(\D(r’,a+do{)) = 1w(r’,oz—i—doz).
av ro oo

Exercise 7.57 (Laplacian in polar coordinates — sequel to Exercise 7.56). (See
Exercise 3.8.(v).) Letx € R" and assume that the sets €2 below satisfy the conditions
of Theorem 7.6.1, and x € Q2. Let the function f be as in Example 7.9.6.

(i) Prove

I 1 of
A () = i Af(x)dx = li T (yydy 1y
feo=lim S J, A e =dim ey [ ae ) Ay

Define ¥ : R? — R? and  c R? as in Exercise 7.56.
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(i) Prove by means of Exercise 7.56.(iv) that, for small values of dr > 0 and
da > 0, modulo terms of higher order in dr and do,

/ of d(f o W) 13(fo W)
R r da

Mdyyy=———7—ra)rda — (r,a)dr
v or

+ Lf °¥) (r+dr,a) (r+dr)doa + lia(f o)
or r da

d d(foW) 102(f o W)
( (r or )(r’“)+? 90?2

(r,o +da)dr

or

(r, oz)) drda.

(iii) Prove the following formula for the Laplacian in polar coordinates:

A \p_l d\2 9? "
(Af)o _r_2<(r8_r) +W)(fo )

Exercise 7.58 (Divergence in spherical coordinates). Let
V: V=R, X |—-m, [ X ]—%, %[ - R?

be the substitution of variables x = W (r, a, ) = r(cosa cos 8, sina cosf, sinb).
Let e,, ¢, and ey be the orthonormal vectors as defined in Exercise 3.8.(iv), and let
f : R? — R3 be a vector field. Then on V we define the component functions f;,
f« and fy of f in spherical coordinates by

(foW)(r,a, 0) = fr(r,a,0)e, + fo(r,a,0) eq + fo(r, o, 0)eg.

Considernumbersr > Oanddr > 0;xandda > 0, withaanda+da € |1 —m, 7w [;

and 0 and d6 > O with 6 and 6 + d6 < ]—%,%[ Let @ C R? be defined by

Q={(V(",od,0)|r<r <r+dra<d <a+da, 0 <6 <0 +db}.
(i) Verify that 02 is the union of six smooth surfaces, given by the condition
that precisely one of the 7/, " or 6’ is constant. Prove that the areas of these
respective surfaces, for small values of dr > 0, do > 0 and d6 > 0, modulo
terms of higher order in dr, do and d@, are given by (see the Illustration for
Example 7.4.11)
(r +dr)?cos@dadd ' =r+dr), r’cos@dadd ' =r),
rdrd6 (¢ =a+da), rdrdf (o' =),
rcos(@ +do)drda (' =0 +d9), cosOdrda @ =0).
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(ii)) Now apply Gauss’ Divergence Theorem to €2, and conclude that, for small
values of dr > 0, da > 0 and d6 > 0, modulo terms of higher order in dr,
do and d6,

(div f)(¥(r, o, 0))r> cosO dr da d
= (f,(r+dr, a, O +dr)? — f.(r,a, 60)r®) cost da db
+(fou(r, @ +da, 6) — fo(r,a,0))rdrdb
+(fo(r, a, 0 +dO) cos(0 +dO) — fo(r,a,0)cosO) rdr da

~( (2 f,) ofe
= (cos®
or

(rya,0)+r —(r o, 0)

o d(cos b fy)

(r o, 9)) dr de do.
30

(iii)) Conclude, by taking a limit, that one has the following formula for the diver-
gence in spherical coordinates:

1 3@ f, 1 af, 1 9 0
div frow = LTI | fa (cosf fy)
rz2  or rcosf do rcosf 2060

(iv) Calculating in two different ways, demonstrate that for the identity mapping
f :R® — R?one has div f = 3.

(v) Define on V the component functions f”, f% and f? of f in spherical coor-

dinates by
ow g OV
foW¥= f + [ ™ f@-

Verify that f" = f,, f* = m fa and f9 = = L £, and conclude that

1 (B(f* det DW) N A(f% det DW) N a(f? detD\l’))
det DV or oo 06 '

See Exercise 7.60 for a generalization of this result.

(div f)oWw =

Exercise 7.59 (Outer normal on the boundary of an image — needed for Ex-
ercise 7.60). Let W : V — U be a C! diffeomorphism of open subsets of R".
Assume a and b € V are such that the rectangle B = B(a, b) C V, where

B(a,b) ={yeR"|a; <y;<b; (1 =j=<n)}
Define 0; + B, the “smooth parts of the (n — 1)-dimensional faces of B” by

b;

di+B={yeR"|aj<y;<b;(j#1i), yi= } (1<i<n).

aj

Let 2 = W(B) C U. We now give a formula for the outer normal v(x) on 9£2, for
x in the “smooth part” of 9€2.
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(i) Verify that S := 9B \ |J; . 9; =B is an (n — 1)-dimensional negligible set in
R". Prove that WS C Q2 is an (n — 1)-dimensional negligible set in R”, and
that 9Q\ WS = W(dB\ S) = |J; + ¥ (9, +B).

Let 1 <i < n, and parametrize the (n — 1)-dimensional manifold W (9; » B) in R”
by the embedding, defined on an open subset of R"~!,

b;
llli,i : ()’1,---7)’1'—17 }’i+l, ayn) = “Ij(yl,---,)’i—l’ @ 7yi+17"'7yn)'

i

(i1) Verify that 2 lies at one side of W (0; + B) everywhere. Next, assume n > 3.
Prove that on 9; + B one has the following equality of vector fields in R":

Wy, . Vo ;4
= =+ sgn(det D\IJ)(—I)FIDl\IJ X oo X DV x D W x - x D,W.
To do so, use properties of the cross product, Formula (7.25), and
(£D;W, +sgn(det DY) (—1)''DW x -+ x D;_ ;W X Di W x - x D,W)
= sgn(det DW)(—1)""'det(D;¥ D\¥---D;_¥ D; .,V ---D,V)
= |det DV| > 0.

(iii) Show in a sketch, with B a rectangle in R? and W = I, that the formulae
from part (ii) do indeed yield the outer normals.

Exercise 7.60 (Divergence in arbitrary coordinates — sequel to Exercises 3.14
and 7.59). Let the notation be as in Exercise 3.14. In the exercise we derived the
following formula for (div f) o ¥ : V — R, in terms of the component functions
with respect to the moving frame determined by W:

1 .
— Di(Jg f).
\/g 1§2i§:n
Now we obtain (x) by means of integration, see Exercise 8.40 for another proof. To
verify (x), we choose y € V and dy; > 0, for 1 < i < n, such that the rectangle
B = B(y, y +dy) C V, in the notation of Exercise 7.59. We also employ the
other notations and results from that exercise.

(*) (divf)olpzédiv(\/g\l'*f):

(i) Prove by successive application of the Change of Variables Theorem 6.6.1 and
Gauss’ Divergence Theorem 7.8.5 that, for small values of the dy;, modulo
terms of higher order in the dy;,

(div f) o W(y) /gy dy:---dy, = /(div f) oW (y)|det DW(y")|dy'
B

:/divf(x’)dx’:/ (fivyWd,—u'.
Q Ble)



Exercises for Chapter 7: Integration over Manifolds 715

(i1)) Conclude from Exercise 7.59.(i) that

/(fv(u)dn IM—Z/ fv(u)a’,, 1Lt

V(3;,+B)

(iii) Let 1 < i < n and let ¥, 4 be the parametrization of W (9; + B) from Exer-
cise 7.59; verify that the definition of integration over a hypersurface implies

/ by dyyt’ = / (FoWa voW)(y) oy, () dy.
W(9; +B) 0i,+B

(iv) Conclude by Exercise 7.59.(ii) that the following equality of functions holds
on 9; + B:
(foWit, voW 1)y, ==xf7|det DV

(v) Now prove, for small values of dy;, and modulo terms of higher order in dy;,

) / foWie, vo W 1)) wu, () dy
t:tB

=> / +£0() | det DY ()| dy’
+ di+B

0] dy,) — 0]
_ (VB0 + ;y) WESDD

Here we write y 4+ dy; for (y1, ..., Yi—1, yi +dYyi, Yis1, ..., Yn) € 0i 4+ B.

(vi) Finally, prove (x) by taking the limit for dy; | 0, for 1 <i < n.

Exercise 7.61 (Laplacian in arbitrary coordinates — sequel to Exercises 3.8 and
3.16). In Exercise 3.16 we obtained the following formula for A on U in the new
coordinates in V, valid for every f € C*(U):

1 1 .
Af)oW = — di G lerad(foW)) = — D; T D)f oW).
(Af) N iv (/g G grad(f o W) ﬁgg (V28" Dj)(f o)

We now prove this identity by means of integration.

(1) Verify that, forevery h € C.(U),

/Uhoc)dx:fV(howxy) JED) dy.
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(i) Prove by means of formula (x) from Exercise 3.8.(ii) that, for f and i €
c'(v),

((grad ) oW, (grad h) o W )(y) = D(foW)(y) o G(y) ™" ograd(hoW)(y).

Show that writing out into matrix coefficients one finds the identity of func-
tions on V

((grad f) o W, (gradh) o W) = Y ¢UD;(foW)D;(hoW).

1<i,j<n

(iii) Prove that for every x € U there exists an open set 2 C R” that satisfies the
conditions from Theorem 7.6.1, and additionally x € Q C Q C U.

(iv) Let f € C*(U) and h € C!(R) be chosen arbitrarily. Apply Green’s first
identity from Example 7.9.6 to €2, and conclude by parts (i) — (iii) that

/V (Af) 0 W(y) (h 0 W)(y) /E(») dy = /U (AS)(6) h(x) dx
= —/ (grad f, grad h )(x)dx
U
__ f ((grad f) o W, (grad h) o W )(y) /E(») dy
1%

== /(Z N DAfotIf))(y)Dj(howxy)dy

1<j<n 1<i<n

= [ X (Ve Dits 0 w)0) o W) d.
Vv

1<i,j<n
In the last equality Corollary 7.6.2 has been used.

(v) Finally prove the desired identity, making use of the continuity of the inte-
grands in (iv) and of the freedom in the choice of the function 4.

Exercise 7.62 (Hamilton’s equation — sequel to Exercise 2.32). In this exercise
we write x € R?" as

x:(Qap):(QI»---,qn,Pl,---,pn)ER”XR”.

Let @ C R?* be an open subset and H : @ — R a C! submersion. Here H is
said to be a Hamiltonian, while the (2n — 1)-dimensional C'! submanifold N(c) =
{x € Q| H(x) = c} is said to be the energy surface for H with energy ¢ € R.
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Furthermore, vy : @ — R?" is said to be the Hamiltonian vector field determined
by H if

9H 9H 9H 9H
v (x) = (a—pl(x),...,a(x), _a_ql(x)""’_aqn (x)).

(i) Prove that ( grad H(x), vy (x)) = 0, for all x € €2, and conclude that
vg(x) € T.N(H(x)) (x € Q).

That is, at every point of €2 the Hamiltonian vector field vy is tangent to the
energy surface for H containing that point.

Letx : J — Qwith x : # +— x(¢) be a C! curve with x(0) = x° € Q. Assume

that r — x(¢) is an integral curve of the following (ordinary) differential equation,
known as Hamilton’s equation:

xX'(@) =vux(@)  (tel),

that is,
, oH , oH i
q; (1) = —(x()), pit)y=——@@®) (A=<j=<ntel).
ap; ' dq;
(ii) Now show that the image of the curve x lies in the energy surface N (H (x))
by proving
dH(x(t
%)) — (erad H(x(1)), X'(1)) =0  (t e J).

(iii) Letn = 1 and H(x) = %(q2 + p?) for x € R?\ {0}. Verify that an inte-
gral curve of Hamilton’s equation which satisfies x(0) = (1, 0) is uniquely
determined, and is given by

x(t) = (cost, —sint) (t € R).

Now letn = 1, and assume that the function H is positively homogeneous of degree
m. In the notation of Example 6.6.8 we write P; C R? for the area swept out during
the interval of time J.

(iv) (Generalization of Exercise 0.5). Prove area(P;) = %mH (x%) length(J).
Hint: Use Euler’s identity from Exercise 2.32.(ii).
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Exercise 7.63 (Archimedes’ law). Ata point x in a homogeneous and incompress-
ible liquid at rest a hydrostatic pressure p(x) € [0, oo [ exists, caused by the weight
of the “column” of liquid above x. In more precise formulation, the rate of increase
of this pressure is highest in the direction of gravity; we therefore have the equality
of vectors in R?
Vp(x) = p0)g,

where p(x) is the mass density of the liquid at x, and g the acceleration due to
gravity.

Assume a body is submerged into the liquid and that, after it has come to rest,
it occupies the set Q C R?. According to Pascal’s law, at the point y € 32 a force
of magnitude p(y) and direction —v(y) is exerted on the body, in particular, the
magnitude of this force is independent of the direction of the surface d€2 in y.

(i) Prove that the total force experienced by the body is described by the equality
of vectors

—/ pv(y)dry = —g/ p(x)dx.
a2 Q

(i) Conclude that one has Archimedes’ law: the force experienced by a body at
rest in a liquid is the opposite of the gravitational force acting on that mass
of the liquid that could fill the space taken up by the body.

Exercise 7.64 (Self-adjointness of Laplacian). Assume that the set Q C R”
satisfies the conditions of Theorem 7.6.1. Write C f(Q), with 0 < k < oo, for the
linear space of the C* functions f : 2 — R satisfying supp(f) C Q.

(i) Verify that the integral inner product
(fo)= [ wemar (. gect@)
Q

is well-defined on the linear space C?(Q).

(i) Show that functions f and g € CCZ(Q) satisfy the conditions from Theo-
rem 7.6.1. Demonstrate that the Laplace operator A € Lin (CE(Q), CS(Q))
is a self-adjoint operator with respect to this inner product on C%(£2), that is,
for f and g € C2(Q),

(af.¢) = [ Afe g dr= [ 700 Agtordx = (1. Bg).
Q Q
(iii) Prove that, for every f € C3(R),

fo(x) Af(x)dx = —/Q Il grad f(x)|* dx.

Assume that there exist a nontrivial f € CCZ(Q) and a number A € C with
—Af = Af. Then conclude that A = pu? with u > 0.
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Exercise 7.65 (Dirichlet’s principle). Let Q2 be as in Theorem 7.6.1, and denote
by F the linear space consisting of the functions f € C(Q) such that all D ;i f, for
1 < j < n, exist and satisfy the conditions of Theorem 7.6.1. Given k € C(9€2),
write Fy for the subset of all f € F with f|5¢ = k; in particular, consider F;.

(1) Using Green’s first identity show that f € F is harmonic on €2 if and only if
we have

*) /Q (grad f(x), grad g(0))dx =0 (g € Fy).

Suppose k € C(d€2) is fixed.

(i1) Consider f € F. Prove that f is harmonic on €2 (in other words, f solves the
Dirichlet problem Af = 0 and satisfies the prescribed boundary condition)
if and only if

(%%) / || grad f(x)||*dx < / | grad g(x)|I*dx (g € Fp).
Q Q

Hint: Suppose the inequality holds. Then g € Fy implies f +t g € Fy, for
all ¢+ € R. It follows that the function

D:R—R given by D(t) = / | grad(f + 1 g)(x)||* dx
Q

attains its minimum at 0. Then verify by differentiation that (x) is satisfied
and conclude on the strength of part (i) that f is harmonic. Conversely,
suppose f is harmonic on 2. If g € F} is arbitrary, then h = g — f € Fy.
From the equality

f | grad g(0)[1? dx
Q

= / (Il grad f(x)|I* + || grad A(x)[|* + 2{ grad f(x), grad h(x))) dx
Q

in conjunction with part (i) we obtain that (xx) holds.

Exercise 7.66 (Orthogonality of spherical harmonic functions of different de-
gree — sequel to Exercise 2.32). Let/ € Ny and let # be the linear space over R
of the harmonic polynomials on R" that are homogeneous of degree /. Consider
p1 € H;and p,, € H,, withl,m € Ny. Let " ! = {x € R" | ||x| = 1}. Apply
Green’s second identity to show

Pm a
[ (5= Y0 iy =0,
sn—1 dv av
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Deduce from Euler’s identity in Exercise 2.32.(ii)
8pm n—1
=y, W) = (gradpu(y). y) =mpn(y) (v €57
Conclude that
/ 1 P Pn(¥)duory =0 (I,m € Ny, [ # m).
§n=

Background. See Exercises 3.17 and 5.61 for more properties of the spaces .

Exercise 7.67 (Newton’s potential and Poisson’s equation — sequel to Exer-
cise 7.53 — needed for Exercises 7.68, 7.69, 7.70, 8.28 and 8.35). Define, for
every x € R”, Newton’s potential p = p, : R" \ {x} - Rof x by

1
—— log [lx — x|, n=2;
/ / 27-[
p(x) =pc(x) = | |
, n#2.
2 =nm)|[$™ 1 flx — x'||"~2
In this connection, see Exercise 7.21.(ii) for | §"~!| := hyperarea,_, (S"~1). In what

follows all differentiations of p are with respect to the variable x” € R" \ {x}.

(1) For all x € R”, verify that p, is a C* function on R" \ {x}. Verify that, as
a consequence of Example 7.8.4, p, is harmonic on R" \ {x}, that is, for all
x € R",
Ap, =0 on R"\ {x}.

Let S(x; r) be the sphere in R” about x and of radius r, with outer normal.

(i) Use Example 7.9.4 to prove that, for all x € R",

ap
lim x,y)d,—1y =0, lim —(x,y)dy1y=1.
i Sw)p( Y)dn-1y ) . oy K0 Y dnry
(iii) Verify, for all x € R”, that p, and D, p, are locally Riemann integrable on
all of R”, but that this is not true of Djz.px, forl <j <n.
Hint: Use spherical coordinates with respect to x for x’.

Let € C R" be as in Theorem 7.6.1. Let f € C*(Q), and assume f and Df can
be extended to continuous mappings on 2.

(iv) Using Green’s second identity, and applying parts (i) and (ii), prove that, with
p» being Newton’s potential of x,

Ipx of
- FPx 5 n— Q).
—p )0y (eD)

In other words, the value of f at the point x can be expressed in terms of the
values of Af on €2, and those of f and % on 0%2.
Hint: See Example 7.9.4.

7w = [(@eanpwax+ [ (s
Q 082
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(v) Assume that, in addition, f is harmonic on €2; then prove

dpx of

ro=[ (18- p D )wdoy wew.
0 dv dv

Conclude by part (i) that f € C°°(£2), thatis, a harmonic function is infinitely

differentiable.

Next, let f € C?(R") and define Newton’s potential ¢ of f by (see Example 6.11.5)
¢ =p0,)% f:R" = R, that is, o(x) = / px, x") f(x")dx'.

(vi) Prove by part (iii) that ¢ is well-defined on all of R”, that ¢ € C*(R"), and
that ¢ on R” satisfies the following, known as Poisson’s equation:

x) A=

Hint: Show that A¢ may be calculated by differentiation under the integral
sign, that is

A (x) =/ PO, XYAf(x —xNdx' = | (pc Af)(x')dx .
n R)l
Then choose €2 C R" asin Theorem 7.6.1 such that x € €2 and supp(f) C €;
then f| sa = 0 and % o = 0. Conclude by part (iv) that (%) is true.

(vii) Use Liouville’s Theorem from Exercise 7.53.(viii) or from Exercise 7.70.(viii)
to show that ¢ is the unique C? solution of (x) that satisfies the boundary
condition at infinity

Iim ¢(x)=0.

llx[|—o00

Exercise 7.68 (Another computation of Newton’s potential of a ball — sequel to
Exercises 3.10 and 7.67). Let A C R? denote the closed ball about the origin, of
radius R > 0. Without integration we shall compute Newton’s potential ¢4 from
Example 6.6.7,

1
Pa0 == | o

dy (x> R).
(1) Deduce from Exercise 7.67.(vi) that ¢4 is harmonic on R" \ A.

(i) Using Exercise 3.10.(i) or (iii) establish the existence of @ and b € R with

$at) = —+b (x| > R).
x|

Verify lim o0 ¢a(x) = 0, and deduce b = 0.



722 Exercises for Chapter 7: Integration over Manifolds

llx]

(i) Prove limy—co 7=, = 1 uniformly for y € A, and show
1 [lx|] vol(A)
a= lim —— dy = — .

Ixl~oe 4 Ju flx — 4

Background. There are still other ways to arrive at this result. Verify that the
definition of ¢4 (x) makes sense for x € A, and use Exercise 3.10.(iii) to prove
that there exist p and g € R with ¢4 (x) = %||x||2 — ﬁ + ¢, for 0 < ||x] < R.

Show ¢4 (0) = — % R? using an elementary integration over A by means of spherical
coordinates. Deduce

1 2 2
Palx) =—cOBR x| (dlixll < R).

Finally use the continuity of ¢4 (x) for ||x|| = R.

(iv) Prove similarly the result from Example 7.4.8.

Exercise 7.69 (Green’s function, Poisson’s kernel and Mean Value Theorem for
harmonic function - sequel to Exercise 7.67 — needed for Exercise 7.70). We
employ the notation from Exercise 7.67. Let & C R” be as in Theorem 7.6.1. Let
p = px be Newton’s potential of x € €2, and make the assumption that for every
x € K there exists a function ¢ = gq.x € C?(2) such that g, and Dg, can be
continuously continued to 02, while

Aqx =0 on Q, leag = _Px|3Q-

According to Example 7.9.7, this uniquely determines g,. The diagonal A2 of Q
is the set { (x, x) | x € Q}. Green’s function G for <2 is defined by

G=Go: (QxQ)\AQ— R, G(x,x") = Go x(x") = px(x') + g (x").

Poisson’s kernel P for Q2 is defined by

P=Po:Q2x0Q2—>R with P(x,y) =

06 )
v
(i) Verify that G, has the properties which p, was shown to possess in parts (i)
and (ii) of Exercise 7.67, and that G|, , = 0. Conclude that, for every f as
in Exercise 7.67.(iv),

f(x)z/QG(x,x/) Af(x’)dx”r/a PGy FO) ety (x € D).

Q
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(i)

(iii)

(iv)

Let B(x; r) be the closed ball in R" about x and of radius » > 0. Assume x,
x" € Q, and let Q' be obtained from 2 by leaving out B(x; r) and B(x'; r),
for r sufficiently small. Apply the identity from part (i), with €2 replaced by
Q' and f byz — G(x, z) and z — G(x/, z), respectively. Thus demonstrate
the following symmetry of Green’s function:

G(x,x)=G(x, x) ((x,x) € (2 x Q)\ AQ).

Verify that in this case the Dirichlet problem Af = g on Q2 and f = & on
0$2 from Example 7.9.7 can be solved by means of part (i)

J(x) Z/G(x,x/)g()/)dxurf Px,y)h(y)dnty  (x € Q).
Q a2

Prove the Mean Value Theorem for harmonic functions (see Exercise 7.53 for
its formulation).

Hint: Letx € Qandr > 0,andapply (i) withQ = {x' e R" | ||x'—x]| < r}.
In this case, Green’s function G for €2 differs by a constant from Newton’s
potential of x. Therefore, with m ; the spherical mean of f,

f(x):mf(x,r)—i-/ G(x,x)Af(x)dx'.
Q

Exercise 7.70 (Green’s function and Poisson’s kernel for half-space and ball,
Poisson’s integral, Schwarz’ Theorem and Liouville’s Theorem — sequel to
Exercises 1.3 and 7.69). Consider the special case of Exercise 7.69 where we
defined, violating our standard convention,

Q. =R i={(x,r) eR"" | x eR", £ > 0}.

Then 9Q+ = { (x, 0) € R**!}, and the outer normal at every point of Q2. is given
by 70, 1).

®

Verify that, for ((x, 1), (x', 1)) € (Q+ x Q1) \ AQ., Green’s function G+
has the value G.((x, ), (x’,t")) given by

1 / / / /
E(logn(x—x,t—r)u—logu(x—x,r+t)||) (n=1);

! ( ! — ! ) (n>1).
A=n) S \I(x =x', t = )"0 [(x =X/, t +1)[|"!
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(i)

Letr

(ii1)

(iv)
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Now prove by differentiation that one has for Poisson’s kernel Py, for (x, ) €
Q4 and (y, 0) € 02,

+t
1S (e =y, DI
Conclude (compare with Exercises 6.99.(iii) and 7.23) that

Pi((x, 1), (y, 0)) =

n+l

f—l dy =~ 72 (x € R", 1 % 0)
= — X . .
we 10—y, T T

> 0. Then consider the special case of Exercise 7.69 where
Q=B"(r)={xeR"||x|| <r},
and thus Q=5"1r):={yeR"| |yl =r)}.

Let x € B"(r) \ {0}. Using the symmetry identity from Exercise 1.3 prove,
forall y € S"~1(r),

]| H _lxll H r?

x—y.
r EE

r
I =yl = | = x =
]

Verify X := ﬁx ¢ B"(r). (Actually, X is the inverse of x with respect to
the sphere S"~'(r), thatis, X € R" is the vector in the direction of x for which
x| 1X1F = 72.)

For (x, x") € (B"(r) x B*(r))\ AB"(r), if x # 0, show that G (x, x") equals
1 llx |l
— (1oglx — x|l — o ”——x———’) (n =2);
27 ( flx ]| r
1 : (n#2)
- n
(2 —n)|S* 1 ||X—X |2 ”’_”x_Mx/anz
and further, if x =0,
1 /
R I
2 r

G(0,x") =

1 ( 1 1 )
@—nHW‘IHMWZ_ﬂ2> "

Now prove by differentiation

— x> 1
1S r Jlx =yl

P(x,y) = (x € B"(r), y € "7 1(r)).
Assume that n = 2 and let y € S'(r). Prove that the level curves of the
function x — P(x, y) : B>(r) — R are circles tangent to S'(r) at the point

y.
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Given h € C(S"'(r)), define Poisson’s integral Ph : B"(r) — R of h by
r? — |x|? h(y)
(Phyx) = — L / Ty (v e B'().
[S" = r sn=1(r) lx — yll

(v) Prove that #h € C*(B"(r)). Check that a solution f of the Dirichlet
problem Af = 0 on B"(r) with fls"*l(r) = h, is given by f = £h, known
as Poisson’s integral formula.

(vi) Conclude that

1 273 r
/ ————d,_1y S — (x € B"(r)).
s

n=1¢y (X — ylI” LG) r2—lx|?
(vii) Prove Schwarz’ Theorem, which asserts

lim (Ph)(x)=h(y) (yeS'@).

xX€B"(r), x—y

Hint: Let y° € $"~!(r) be fixed. Prove by part (vi), for x € B"(r),

rr — |lx|? / h(y) — h(y°)
IS"=r Jon1py X —yl”

n—1)-

Ph () = h(y) =

Let e > 0 be chosen arbitrarily. By virtue of the continuity of /2, among other
arguments, there exist a partition of $"~!(r) into subsets S; and S, and a
number ¢ > 0 such that

€
yes = |h<y>—h<y°>|<§, yeS = |y—y"I>2ec.

Hence, for all x € B"(r),

rr— x> [ |h(y) — k()] €
n—1 n n—-1y < 7.
1" Hr Js, e =yl 2

Assume next that x € B"(r) satisfies ||x — y°|| < ¢. Then, for y € S5,
ly —xl =Ny =y 1 =1y’ —xl = 2¢c —c =c.

Let ||| be the supremum of 4 on §"~!(r); then |A(y) — h(y®)| < 24|, for
all y € $"!(r). Ergo, there exists 0 < 8§ < c¢ such that for all x € B"(r)
with |lx — y°|| < 8, and forall y € S,

r2 _ ”x”2 rnfl 21’"71
<=l e <
r lx — yli c 4(lh||
This gives, for all x € B"(r) with ||x — y°| < &,
r2—xI> [ 1h(y) —h(°)] y €
n—1 P
|S"=tr Js, e =yl” 2
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(viii) Prove Liouville’s Theorem from Exercise 7.53.(viii).
Hint: Let x € R". Apply Poisson’s integral formula from part (v), with
r > ||x| arbitrary, and with f itself as the function /& on the boundary.
Calculate the partial derivatives D; f, for 1 < j < n, by differentiation
under the integral sign. One obtains, with || f|| the supremum of f on R”",

1D, £0Ol < 20 fll +n||fllw/ L
re— x|l |S*=Hr Jsn-1y lx — ylI**
Subsequently, use ||x — y|| > r — |x||, for y € S"~!(r), to estimate the

integral, and show

uyfun=cwéy r s oo

Exercise 7.71 (Uniqueness of solution of heat equation). Let 2 C R” be as in
Theorem 7.6.1 andlet T > 0. Let C C R"*! be the open cylinder Q x 10, T [. Let
f : C — Rbeacontinuous function for which the following continuous derivatives
exist on C:

af . O f . af

1< =< ) 1<a S ) .
ox; (I=j=mn x;0x; (I=ij=m a1

Assume that f satisfies on C the heat equation from Example 7.9.5, with k = 1.

(i) Prove, foreveryt € 10, T [,
_ (3 _ _1o 2
0 _/Q((at Axf)f>(x,t)dx_ : 8t/ﬂf(x,t) dx

a
+ [ e, renpax - [ (£ )ondoy,
Q IQ v

Here the gradient is calculated with respect to the variable x € R".

Now assume f(x,0) =0, forx € Q,and f(y,t) =0,fory €e 9Qandr € 10, T[.

(i1) Prove, forallO <t < T,
3
0> — / fx,0)*dx; and conclude that / fx,0)*dx = 0.
Q Q

Show f(x,t) =0,forx € Qandt €[0,T].

We derive some additional results, under the assumption that f satisfies the heat
equation and the Neumann boundary condition

%(y’[)zo (yeod, te]0,T[).
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(ii1) Prove,for0 <t < T,

/f(x,t)dx:/f(x,O)dx, /f(x,t)zdxfff(x,O)zdx.
Q Q Q Q

Exercise 7.72 (Needed for Exercise 7.73). Let x” € R? be chosen arbitrarily, and
let f:R3\ {x°} — R be defined by

fx) =logllx —x°J.
(i) Using Example 2.4.8 prove, for x € R3\ {x°} (see also Exercise 3.8),

1

lx — X012

erad f() = ——(r—x%,  Af(r) =
=

(i) Prove that Af is absolutely Riemann integrable over R? \ {x°}.

Now let g € C'(R?) be a function with compact support. Part (ii) then leads to

In fact, we have the following inequality: for every x* € R? and every g € C!(R?)
with compact support one has

2
*) /&dxa/ | grad g(0) | dx.
R R3

3 e = X012
We now prove (x).

(iii) Use Green’s first identity to prove

2
/&dx:—Z/ 8O~ 1, grad g(x) ) d.
R R

3l — X012 3 flx = xO?

Then derive from this

) 5 12 1/2
/ g(X)o sdx <2 / L)OZ dx / Il grad g (x)||* dx ;
Rs [lx — x| R flx =0 RS

and conclude that (x) holds.
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Exercise 7.73 (Stability of an atom — sequel to Exercise 7.72). According to
quantum physics an atom consists of an atomic nucleus with a positive electric
charge, and negatively charged electrons moving around that nucleus. Assume that
the magnitude of the electric charge of the nucleus is a multiple Z € N of the
electronic charge. An electron moving around the nucleus then finds itself in an
electric field, caused by the atomic nucleus, which is described (to within a constant)
by Newton’s potential (see Exercise 7.67)

z 3
V()__ﬂ (x € R7\ {0}).
It has been found that an electron moves in certain orbits only. Furthermore, an
electron can spontaneously jump from such an orbit to another orbit lying closer to
the atomic nucleus, under simultaneous emission of an amount of energy. According
to Schrodinger these orbits are parametrized by numbers A € R that are eigenvalues
of the Schrodinger operator with Newton’s potential; that is, those A for which there
exists afunction g € C?(R?) with fR3 g(x)? dx = 1 satisfying the following, known
as Schrodinger’s equation:
() - Al )—Z%—A () (eR\(0)).

Then the amount of energy emitted upon the transition from an orbit with parameter
A to one with parameter u is proportional to A — . If the collection of eigenvalues
A has a lower bound, this opens up the possibility for the electrons not to continually
emit energy, but instead to remain in a ground state of minimal energy; this is then
referred to as the stability of the atom. We now prove this. To avoid convergence
problems we restrict ourselves to g € C?(R?) with compact support.

(i) Multiply both sides of (x) by g(x), to deduce

1 2
—/ | erad g (x)[|> dx — z/ LLC)N =x/ 2(x)2 dx.
2 Jw3 g Xl R3

(i) Using (x) from Exercise 7.72, prove that

2 2 1/2
/ §(x) dx < (/ () dx/ g(x)2dx)
RS lxll & llx? R3

1/1 2
< - —f () dx+4Z/ 2(x)2 dx
2\4Z Jgs |Ix]1? R3

f | grad g(x)]I* +ZZ/ g(x)*dx.

_2Z

(iii) Conclude thata number A € R for which there exists a nontrivial g € C?(R?)
with compact support satisfying () has the property A > —2Z2.
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Exercises for Chapter 8

Exercise 8.1. Let I C R be a closed interval and y : I — R" a C' mapping.

(i) Prove that there exists a C' mapping 8 : [k_,k.] — R" with im(y) =

im(8) and also 8'(k_) = &’(k;) = 0. (This mapping § is not an immersion
everywhere, and a fortiori not an embedding.)
Hint: Define the C' mapping ¥ : J :=[0,1] — Rby ¥ (t) = 1>(2 — t)°.
Then ¥(0) = 0 and ¥ (1) = 1, and thus J C im(y) according to the
Intermediate Value Theorem 1.9.5. Moreover ¥'(t) = 4t(1 — )2 —1) > 0
for 0 < t < 1, and therefore ¥ is monotonically strictly increasing on J.
Hence v : J — J is a C' mapping that preserves the order of the endpoints
for which ¥'(0) = ¢'(1) = 0.

(ii) Using part (i) deduce that the image under a piecewise C' mapping can be
written as the image under a C! mapping.

Exercise 8.2. Let U C R” be an open rectangle with O € U, and let f : U — R”
be a C! vector field with Af = 0. Then g : U — R is a scalar potential for f if

g(x) = Z/ (1, X2y ..oy X1, 2,0...,0)dt.
0

1<i<n

Prove this by direct calculation, and also by using that g(x) = fyx (f(s),dys),
where y, : [0,n] — R" is the curve from O to x successively following the
directions of the standard basis vectors ¢;, for 1 <i < n,

Ye@) = (e, x2, oo, xim, (=i 4+ Dx;,0...,0) (1<i<n, 0<r—i+1=<1).

Exercise 8.3. Define f : R> — R? by f(x) = (xlxzz, X1 + x2), and let Q C R?
be the open subset in the first quadrant bounded by the curves {x € R? | x; = x, }
and {x € R? | x7 = x, }. Prove by integration over €2, and also by using Green’s
Integral Theorem

1
/chrlf(x)dx =3

Exercise 8.4 (Astroid — sequel to Exercise 5.19). This is the curve A defined as

the zero-set in R? of g(x) = x> + x2/> — 1.

(i) Verify that the length of A equals 6.

(ii) Prove that the area of the bounded set in R?> bounded by A equals %n.
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Exercise 8.5 (Quadrature of parabola). Define ¢ : R — R? by ¢(¢) = (¢, 1?);
then P = im(¢) is a parabola. Consider arbitrary 7, and _ € R with 7, > ¢_, and
define

ot —t

e+t
2 o '

2

)

To

(i) Lett € R withz, >t > t_. Demonstrate that the area of the triangle in R?
with vertices ¢ (z,), ¢ (t) and ¢ (_) equals

by —t_ to—t

| =

2 2 2 2
13 —12 1f—t

Calculate the unique ¢ such that the corresponding triangle A(z;,¢_) has
maximal area, and show that this area equals §°.

(i1) Find the value of ¢ for which the direction of the tangent space to P at ¢ (¢)
is the same as that of the straight line /(7,, t_) through ¢ () and ¢ (z_).

(iii) Prove in three different ways, including the use of successive integration and
of Green’s Integral Theorem, that area (S(¢,,¢_)) = %83, if S(ty, 1) is the
sector of the parabola P with base I(z.., t_), that is, the bounded part of R?
which is bounded by the parabola P and the straight line /(¢,, t_).

Hint: Check that

S(te,t2) ={x e R? | 1_ < xy <1y, x] < xp < (tg — 8)* + 2to(x; — 1) }.
Further, use 1(r3 — 13) = 28% 4 212.

The quadrature of the parabola according to Archimedes follows from parts (i) and
(iii): forall z;y and r_ € R with ¢, > 7_ one has

4area (A(ty, 1))

area (S(t,,1_)) = 3

The area of a sector of a parabola therefore equals four thirds the area of the inscribed
triangle having the same base as the sector of the parabola, and whose apex is the
point at which the tangent line to the parabola runs parallel to that base.

We give another, direct proof of this result. Define ¥ : R> — R? by

fo + Byl 1 0
vy = ) =sw+s 5.
Iy +2t08 y1 +8°y2 2ty 6

(iv) Demonstrate that W is a C* diffeomorphism. Verify W o ¢ (¢) = ¢ (o + 1),
for all + € R. Now conclude that ¥ maps the parabola P into itself; and that
the triangle A(zy, _) from part (i) is the image under W of the triangle with
vertices (1, 1), (0,0) and (—1, 1).
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(v) Prove that det DW(y) = §°, for every y € R?. Then conclude by part (iv)
that the quadrature of the parabola has been reduced to a special case.

Exercise 8.6 (Steiner’s hypocycloid and Kakeya’s needle problem — sequel to
Exercise 5.35). Let b > 0; let ¢ : R — R? and Steiner’s hypocycloid H C R? be
defined by, respectively,

2cosa + cos2a )
2sina — sin 2«

d(@) = b( and  H =im(6).

(i) Prove that the length of H equals 16b, that is, 16 times the radius of the
incircle of H.

(ii) Prove that area of the bounded set in R? bounded by H equals 252, that is,
twice the area of the incircle of H.

Background. Consider the special case where b = %. Exercise 5.35.(vii) then
implies that a needle of length 1 can be continuously rotated in the interior of H
by an angle 2 ; moreover, during the rotation the needle is always tangent to H.
The area of that interior of H equals g, while that of a circle of diameter 1 equals
7 Thus arises Kakeya’s needle problem: what is the minimal area of a subset of
R? within which a needle of length 1 (lying in R?) can be continuously rotated.
For a long time it was thought that § would be the answer. It has been shown by
Besicovitch, however, that there are sets in R? of arbitrarily small area > O that
have the desired property.'

Exercise 8.7. Let C C R®be the intersection of the cylinder { x € R? | xlz—l-xz2 =1}
and the plane { x € R3 | x; +x,+x3 = 1}, and let C be oriented by the requirement
that the tangent vector at the point (1,0, 0) have a positive x3-component. Let
f:R® — R3 be defined by f(x) = (—x3, xj, —x3).

(1) Prove

’ 3n
<f(s),dls>=3 ||x|| d.X':?
C {xeR?| |x]I<1}

(i1) Also calculate f c{ f(s),dys) by means of a parametrization of C.
Hint: cos*« + sin* o = 1(3 + cosda).

ISee Section 3.5 in Krantz, S. G.: A Panorama of Harmonic Analysis. Mathematical Association
of America, Washington 1999.
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—

Exercise 8.8. Let the surface € C R® be the union of the cylinder {x € R? |
x?+x3 =1, 0 <x3 < 1}and the hemisphere {x € R® | x? + x3 + (x3 — )2 =
1, 1 < x3}. Let E be oriented by the requirement that the normal at (0, 0, 2) point
away from the origin. Define f : R — R3 by f(x) = (x; + x;x3 + x2x32, X2 +
x1x2x33, xfxg‘). Prove

f(curlf(x), dyx) =0.

Exercise 8.9. Let ¢ : R> — R? be the mapping given by
¢(r,a) = (rcosda, rsinda, cosa).
Further, let
Q ={(r,ot)eR%r|o¢<n,r<sinot}, E=¢(R),
vi = {(sinacosda, sinasinda, cosa) e R* |0 <o < 7},
V2 ={X€R3 |X1=X2=O, —1 < X3 < 1}

Let y» be oriented by the requirement that the tangent vector at (0, 0, 0) have a
positive x3-component.

(i) Show that 0E = y; U y5.

Assume one is given the function g : R> — R and the vector field # : R* — R3
defined by

g(x) = 2(x3 + x1x2)y/3 + ||x]I2,

h(x) = ((4 + xD)xa + x1x3, 4+ x3)x1 + x2x3, 4+ x7 + x1%2x3).

(i) Demonstrate that grad g restricted to the unit sphere S C R? equals the
restriction of & to S2, and conclude that

f<gradg<s>, d1s>=/ (h(s), dys).
Y1 Y1

(iii) Calculate fn (grad g(s), d;s ).
Hint: Use the fact that integration by parts with respect to x3 commutes with
setting x; and x; equal to 0, so that the third component of grad g can easily
be integrated.

(iv) Prove that curl grad g = 0 and conclude fm (h(s), dis) = —8.
Hint: It may be taken for granted that Stokes’ Integral Theorem also holds
for integration over E.
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Exercise 8.10. Let g : U := R3\ {(0,0, x3) | x3 € R} — R? be the vector field
satisfying
X3
g(x) = —x3(f(x1, x2), 0) = m(xz, —x1, 0);

here f is the gradient vector field of the argument function: R?\ (] —o0, 0] x {0}) —
]1—m, [ (see Example 8.2.4). Let ¢ € [—%, %] be fixed and suppose y is the
parametrization of the parallel on the unit sphere S?> C R* determined by v/, given
by

Y :a > (cosacos, sinacosy, siny) € §° (-7 < < m).

(i) Prove fy( g(s), dis) = —2msiny by explicit computation as well as by
application of Formula (8.18).

(i1) Demonstrate

1
curl g(x) = ﬁ(xl,xz, 0) and (curlg(x), x) =1 (x e U).
Xy + x5

Let & be the cap of the sphere S? determined by v as in Examples 7.4.6 and 8.5.1.

(iii) Verify by a direct computation using part (ii) and Example 7.4.6

/(curlg(x), dyx ) =2x(1 —sinyr).

=
=

(iv) The results from parts (i) and (iii) seem to contradict Stokes’ Integral Theo-
rem. Prove this is not the case.
Hint: The vector field g is not defined in (0, 0, 1) € S?, and a limit argument
based on the result from Example 8.2.4 gives the missing line integral having
the value 2.

Background. The line integral in part (i) gives the angle of daily rotation of Fou-
cault’s pendulum from Exercise 5.57. See Exercise 8.45 for the same computation
in terms of differential forms.

Exercise 8.11 (Cauchy’s Integral Theorem by differentiation under integral
sign). As in Cauchy’s original proof, verify Cauchy’s Integral Theorem 8.3.12 by
means of differentiation under the integral sign.

Hint: Combine Formula (8.27), Formula (8.11) and Lemma 8.3.10.(iii).

Also perform this computation working over C. That is, consider

J

21

Flea)dzs = f (f o T)(z1, ) Dol (21, 22) da,
1

and differentiate under the integral sign. Next integrate by parts and finally use

Di(f oT) Dyl — Dy(f oT) DiT = (f'oT) DT DT — (f' o) D,T DT = 0.
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Exercise 8.12 (Equivalence of holomorphic and complex-analytic — needed for
Exercises 8.13, 8.16, 8.17, 8.21 and 8.22). Assume that 2 C C and the holomor-
phic function f : & — C meet the conditions of Cauchy’s Integral Theorem 8.3.11.
For every z € Q there exists a number R® > 0 such that the circle S(z; R) about
z of radius 0 < R < RY is contained in Q. Let Q' = Q'(R) C C be the open set
bounded by S(z; R) and 0%2.

(i) Apply Cauchy’s Integral Theorem to €’ in order to conclude that, for 0 <

R <R,
f(w) dw:/ Sf(w) dw:
S

W —2z @R W—2Z

here S(z; R) has positive orientation.

Now consider the parametrization @ : |—n, 7 [ — S(z; R) with : ¢t > w(t) =
7+ Reé'.

(i1) Verify that, forall0 < R < RY,

f fw) dw =i ’ f(z+ Re™)dt.
S

(xR W—Z -7

(iii) Using the Continuity Theorem 2.10.2, prove the following, which is known
as Cauchy’s integral formula:

1
F@) = —— f(w)

- dw.
278 Jyq w — 2

Let z° € Q be fixed for the moment. Then, for every z € Qand w € 99,

1 . 1 +Z_Z0 1 i Z (Z—Zo)k n Z—ZO " 1
w—z w—-z2 w—722w-—z (w — z0)k+! w—2) w—z

O0<k<n

It follows that, for every z € €2,

fo=3 <z—z°>"2im./a IO+ R,

Q (w _ Z0)k+1

with

_ 0N\"
Ru(2) = —— <Z Z) A
02

2w w—2) w-—z

(iv) Note that 92 is compact; use this fact to prove the following. There exist
numbers p > 0,0 < p < 1 and ¢ > O such that, for every z € C with
|z —z°| < pandall w € 3L,

z—72°
w— 20

7€ <p; lw—z| > gq.
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(v) Prove that, for every z € C with |z — z°| < p, we have lim,_, o, R,(z) = 0;
then conclude that

_ 3 Oni—/ J(w)
f@=) -2 271 ) o = oy dw.

nGN()

That is, the holomorphic function f is complex-analytic, which means that f can
be written as a complex power series near z° € Q. The differentiability of a power
series on its disk of convergence gives the reverse of this assertion.

(vi) Use n-fold differentiation of the power series in part (v) to conclude that

f(n)(ZO) _ n_' f(w)

27 . de (I’l € N())

Exercise 8.13 (Fundamental Theorem of Algebra — sequel to Exercise 8.12).
Let p : C — C be a complex polynomial function of degree n € N, that is
P@) = D o<k<n cxzX with ¢, € C and ¢, # 0. Suppose that p(z) # 0, for all
z € C. Prove that p : C — C is a nowhere vanishing complex polynomial function
if
~ k n 1 ny 1
p(z) == Z k2 =12 p(—), and deduce p(2) =z p(—).
0<k=<n z z

Let 2 = {z € C | |z] < 1}. Using Cauchy’s integral formula from Exer-
cise 8.12.(iii), the substitution z = i and Cauchy’s Integral Theorem 8.3.11, prove

2i 1 1 w1
o;é—zf dz:/ —v]dz:—/ L dw =0.
p(0) a0 2 p(2) aq 7't p(2) ae P(w)

From this contradiction obtain the Fundamental Theorem of Algebra, which states
that p must have a zero in C (see Example 8.11.5 and Exercise 3.48 for other proofs).

Exercise 8.14 (Equivalence of holomorphic and orientation-preserving confor-
mal). Let U C C be open; we identify U with an open set in R? via U > z =
X1 +ix, < x. Let f : U — C be a complex-valued function, to be identified
with the vector field f : U — RZ?. Prove that the following four assertions are
equivalent.

(1) f : U — Cis aholomorphic function at z with f’(z) # 0.
(i) f:U — R? satisfies the Cauchy—Riemann equation at x and Df (x) # 0.

(iii) det Df(x) > 0 and there exists R = R(f, x) € SO(2,R) with Df(x) =
Vdet Df (x) R = | f'(2)| R.
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(iv) det Df(x) > 0 and there exists c = c¢(f, x) € Rwith ( Df (x)u, Df (x)v) =
c (u,v), for all u, v € R2. In other words, f is an orientation-preserving
conformal mapping at x (see Exercise 5.29).

Hint: First prove by means of Df (x)' Df (x) = ¢ I that ¢ = det Df (x), and show
that (iv) = (ii).

Exercise 8.15. Let U C C be open and let f : U — C be holomorphic. We
identify f witha C! vector field f : U — R?.

(i) Prove that forevery C' curve y : I — U
length (£) = [ 1 (@)l 1y @)l .
I

(i) Let L € (U), and assume that f|; is an injection with [/ +ix) #0,if
x € L. Demonstrate that

area ((f (L)) = / (1 + i) P dx.
L

Exercise 8.16 (Winding number and Residue Theorem — sequel to Exercise
8.12). Let f : R?\ {0} — R? be given by f(x) = L_Jx, with J as in For-

llx12

mula (8.20). Let Q C R? be as in Green’s Integral Theorem, and a € 2.

(i) Prove

1
T (f(s—a),dis)=1.
T Jaq

Hint: There are various conceivable methods:

(a) use Example 7.9.4;
(b) prove / = gradarg witharg : R*\ (] —00, 0] x (0}) > R the argument
function;

(c) use Kronecker’s integral from Example 8.11.9.
LetU C Cbeopenanda € U, andlety beaclosed C' curve withim(y) C U \{a}.

(i) Prove that there exists a number w = w(y, a) € Z, the winding number of

y about a, with
1 1

2mi yZ—a

dz = w(y, a).

Hint: Reduce to part (i), in particular Kronecker’s integral, or use the fol-
lowing argument. We may assume y : I = [0,1] — U \ {a}, and we

introduce . ,
g(x) :/ YO 4 e,
o Y()—a
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Then ' — (y —a)g’ = 0 on I, and hence ((y — a)e™8) = 0. As a result,
forx eI,

P8 — y(x)—a
y(©) —a’
and so g(l) =2miw.

in particular et =1,

(iii) Verify that Cauchy’s integral formula from Exercise 8.12.(iii) under the
present conditions takes the following form. For f : U — C holomorphic,

1
wy,a)f@) = — [ L2

- dz.
2mi y2Z—a

(iv) Now assume y in U \ {a} to be homotopic with the mapping y; : t — a +
re*™ ' wherer > 0has been chosen sufficiently small to ensure im(y;) C U.
Prove that w(y, a) = w(y;,a) = 1.

Let f : U\ {a} — C be holomorphic. The residue Res,—, f(z) of f at a is
the unique number r € C such that z — f(z) — = has an antiderivative on a
sufficiently small neighborhood of a in U \ {a}.

(v) By means of part (ii), prove
1
—./f(z) dz = w(y, a)Res f(z).
27 y z=a

(vi) Assume im(y) C U \ {ay,...,an} and f : U\ {ay,...,a,} — Ctobe
holomorphic. Prove the following Residue Theorem:

1
o /y f@dz= ) w(y,a)Res ().

1<i<m

Background. In complex analysis methods are developed for the efficient calcula-
tion of residues.

Exercise 8.17 (Generalization of Cauchy’s integral formula — sequel to Exer-
cise 8.12 — needed for Exercise 8.18). Leti = /—1. Identify x = (x,...,x,) €
R*" withz = (z1, ..., 2,) € C", WheI‘er = xzj_1+i X2j5 whlleZJ = X2j-1 —i X255
for 1 < j < n. We then have the real 2n-dimensional vector space T, R** ~ T.C",
with the partial differentiations D;, for 1 < j < 2n, as basis vectors (see Exer-
cise 5.75). Let (T,R?")¢ be the complexification of T,R*".

(i) Show that the following vectors form a basis over C for (T,R*")¢c, with
l<j=<n
ad

1 1
— _ D L= | D ), e D i j D i)
(*) —8Zj 2( 2j—1 — 1 Daj) 7z, 2( hj—1+1 Dsj)
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As usual, we write TX*RZ” for the dual vector space over R of T, R?". Then the dx IR
for 1 < j < 2n, are basis vectors for T*R?" over R. Let (7*R>")¢ be the dual of
(T R*")c.

(ii) Prove that the basis over C for (T*R?")¢, dual to that in (%), is given b
x g y

dzj=dxzj_ +idxy, dzj=dxzj1 —idxy; (1 =<j=<n).
(i11) Prove
dxi Adxy A - ANdxo—1 Ndxy, = <l§) dzy ANdZy N - Ndz, NdZ,.

Now let f : C" — C be a C! function, and consider df (x) € (TX*RZ")C.

(iv) Show that

df = Z <§7fdz]+ afidz]>: —fd +a—fdz— af +0f;

that is,

The function f is said to be holomorphic or complex-differentiable if it satisfies the
Cauchy—-Riemann equation

af =0, that is, iDyj_1f =Dy f (I'<j=n).
(v) Letn =1, and assume f : C — C to be holomorphic. Prove

df = gdz = 3f.

Use this to show that the differential 1-form f dz is closed on C (this is
where the restriction n = 1 is important). Next, let @ € C. Prove, using
2 () =0, that the following differential 1-form is closed on C \ {a}:

9z
f

Z—a

dz.

Leta € C and assume f : C — C to be an arbitrary C' function.

(vi) Conclude that on C\ {a}
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Let Q C C be a bounded open subset having a C' boundary 92 and lying at one
side of 32. Let f : @ — Cbe a C! function such that f and the total derivative
Df can be extended to continuous functions on £2.

(vii) Conclude by part (iii), and using polar coordinates (7, &) for z — a € C, that

dzndz = —2idx) ANdxy, = =2irdr ANda.

Use this to prove that z +— Z% %(z) is absolutely Riemann integrable over

Q. ‘

(viii) Now prove, analogously to Exercise 8.12.(iii), the following generalization
of Cauchy’s integral formula:

1 Z 1 1 9 _
fla) = — AC dz + — —J_C(Z)dZ/\dz (a € Q).
27i Jaqz—a 2ni Jgz—a 0z

Exercise 8.18 (Generalization of Cauchy’s Integral Theorem 8.3.12 — sequel to
Exercise 8.17). Let ®j and ®; : C — C be two homotopic C' mappings. Suppose
f : C — Cisaholomorphic function and let w = f dz be the corresponding closed
differential 1-form on C as in Exercise 8.17.(v). Apply the Homotopy Lemma 8.9.5
to find a C' function g on C such that ®iw — ®w = dg. Next suppose that
y :10,1] = Cisaclosed C' curve, thus, in particular, y (0) = y(1). Now prove
the following generalization of Cauchy’s Integral Theorem 8.3.12:

fdz = fdz.

G0y Ppoy

Exercise 8.19 (Sequel to Exercise 6.57). In four steps we shall prove (see Exer-
cise 6.60.(iii) for another demonstration), for s € C,

s—1 | sin _ sin T (—1 < Res < 1);
(%) /R+x { Cosxdx—F(s){ cos (s2) 0 < Res < 1.

(i) Let @ > 0 and apply Cauchy’s Integral Theorem to the function f(z) =
e *z°~! and the set Q which equals the (open) square with vertices 0, a,
a + ia and ia, of which the vertex 0, however, is cut off by a small quarter-
circle of radius € with 0 < € < a. Show, for0 < Res < 1,

ia

a a+ia
o:/ exx"'ldx—i-/ f(z)dz + f(z)dz

a+ia

€ 0 . ) .
+/ e-f>’(iy)s—1d(iy)+/ e eIl g(ee?) = N I

pis
2 1<j<5



740 Exercises for Chapter 8: Oriented Integration

(i1) Verify
|12 +I3| < ea+|Ims|’£/ (az _i_yz)Re;—l dy
0

a
+e|Ims|% / e~
0

_ T T _
<e a+|Ims|42aRes+e|Ims|22aRex 1'

Furthermore,
T x
|15| < 2€Rese\lms|2 .

(iii) Conclude by taking limits for € | 0 and @ — oo, for 0 < Res < 1, that

F(s):/ e x*T la'x_e”Z/ ey dy.

(iv) If we carry out the same reasoning as in parts (i) — (iii) but using the square
of vertices 0, a, a — ia and —ia, the square again being indented at 0 by a
quarter-circle of radius €, we obtain

I(s) =e_”%/ ey ldy.
Ry

Deduce the formulae in (x) by addition and subtraction, for 0 < Res < 1.

(v) Verify that the first equation in (%) is valid for —1 < Res < 1.

Exercise 8.20 (Asymptotics of Bessel function — sequel to Exercises 6.66 and
7.30). We employ the notations from Exercise 6.66. Let A > —1. Under the

2
substitution v(x) = /x u(x) Bessel’s equation takes the form
2

4x2

® V) + (1 _ >v(x) —0 (xeR.).

Neglecting terms (9(xi2), for x — o0, we obtain the harmonic equation w” +w = 0,

with w(x) = a cos(x — w), for constants @ and u € R, as the general solution.
This makes it plausible that a solution v of the equation (%) has the form

1
v(x) =a cos(x — 1) +(9(;), X — 00.

Indeed, for the Bessel function J; we shall prove

(%) Ji(x) = \/7— cos Ek - z) + O(Xj/_) X — oo.
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(i) Verify
1
f,\(x):/ (1 — ) 2 dt (x € R).

1
Let Z=C\(]—o0,—1]U[1,00]).
(i1) Check that
izt (1 =327 > C

is a well-defined holomorphic function if we require that (1 — ZZ)A*% >0
forze]—1,1].

)

(iii) Leta > 0 and apply Cauchy’s Integral Theorem to the function g and the set
Q C Z which equals the (open) rectangle with vertices —1, 1, 1 + ia and
—1+ia. Conclude, for x € R, that

O = h i/ XU+ (2 2jy) 3 dy
0

0
+ [ iy dy + R@),
where lim,_, o, R(a) = 0. Verify that then

[l =L+ 1), L) = £ie™ / e (y? £ 2iy)* 1 dy.
Ry

(iv) Show

O (3 0<y<1):
O £ 2iy))\—% = (j:Zi)’\‘%y'\—% n ) 0=y )
O* ) (1=y<o).

Prove that 11 (x) then equals, for x — oo,
1 AL Fix —xy a—i : —xy ju
5(:&21) Ze ey T 2dy+ 0 ey T2dy
R, 0

o0
+0 (f e_”yz’\_1 dy)
1
1

20\ _ 1 L }
=3 — e]F”‘F()»—I—E)—F(?(x )+ 0(e™).
X

(v) Now prove (xx).

(vi) Conclude, by part (v) and Exercise 6.66.(viii), that the Hankel transform #¢, f
of a function f from Exercises 6.102 and 7.30 is well-defined for f having
the property that r — /7 f(r) is absolutely Riemann integrable over R
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[lustration for Exercise 8.20: Asymptotics of Bessel function

2 Sw
Ei(x) = J2(x) = |/ = cos (x — T)’

E3(x) = Jr(x) — %((1 - %8)5#) cos (x - STJT) — g sin (x - 5%))

on [ 50, 250]

(vii) It is possible to formulate a stronger version of the result from part (iv). To
show this, we write

1 1 A—
Le(o) = S @2y e — | ey (15 22) Tay,
2 sy R,

Applying Taylor’s formula for z — (1 + z))‘_% at 0 with the remainder
according to Lagrange (this is obtained from the integral formula for the
remainder by application of the Intermediate Value Theorem 1.9.5), we find,
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form € N,

iy)k—%
1 =
( :F2x
A-1 iy\" [ h—1 iy \m+1 iy \A—3-m
_ ) (52 D E2) (1 2y
Z( n ><¢2x) +(m+1)<:F2x> < :F2x

0<n<m

forar € [0,1]. We now note that ’1 F %t! > 1 for the present x and y;
and so the absolute value of the remainder, for m > A and those x and y, is

dominated by
A — % ( y >m+1
m+1/)\2x )

The integration with respect to y over R, can now be carried out, and we find
the following asymptotic expansion, for x — oo:
n+l T b
(—1)% sm(x — E)L — —)

2 1 Th+n+hH 1
L)~ =) — = —
TN 2" T =+ 3) xnt2
4

where we take the upper or the lower expression behind the brace according
to whether 7 is even or odd, respectively. This asymptotic expansion can also
be put into another form. To do so, we introduce

n T T
—1)2 ( ——A——)
(=12 cos(x > y

b x) =x— %A _ %,
@R 1)@ =3 (42— (21— 1)?)

a(l,n) = D

One then has

2 a2
J(x) ~ Jﬁ( cos ¢ (., x) Z(—l)"”(XZn”)

nENO
a2n+ 1
—sind)()»,x)Z(—l)”%), X — 00,
neNy

Exercise 8.21 (Laplace’s formula for Legendre polynomial — sequel to Exer-
cises 0.9 and 8.12). Let z € C and choose 2 C C such that the conditions of
Cauchy’s Integral Theorem 8.3.11 are met, and such that z € Q.

(i) Use Exercise 8.12.(vi) to prove the following, known as Schldfli’s formula
for the Legendre polynomial P, for [ € Ny, from Exercise 0.4:

1 (w? — 1)
Pi(z) = dw.
@) 272! /asz (w — z)!*! v
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Now let x € R with |x| > 1 and choose Q = {w € C | |lw — x| < ~/x2 —1}.
(ii) Check that t — w(t) = x + +/x2 — 1 €' is a parametrization of 9. Then

prove the following, known as Laplace’s formula:

1 T
P(x) = —/ (x+vx2-—1 cost)l dt (x €R, |x| > 1).
T Jo

The choice a = x and b = +/x2 — 1 leads to a special case of the integral studied
in Exercise 0.9.

(iii) Prove by using that exercise
P(x) = %/On(x ~Vx2—lcost)?ldt (xR, |x| > 1).
Also prove, using the identity P;(x) = (—1)' P;(—x), forx € R with |x| > 1,
Pi(x) = %/On(x—m cost) dt = %/Oﬂ(x—i—m cost) "' "ldr.
(iv) Analogously prove
P(x) = %/Oﬂ(x +iv1—x2cost)dt  (xeR, |x| <1).
Conclude that the zonal spherical function YIO from Exercise 3.17 satisfies

1 T
Y (a, 0) = —/ (sin® + i cosf cost) dt (a| < 7, 0] < %).
T Jo

Exercise 8.22 (Real and imaginary parts of a holomorphic function are har-
monic — sequel to Exercise 8.12 — needed for Exercise 8.23). Let f and Q2 be as
in Exercise 8.12, and consider f; and f>, with f = f| 4+ if>, as functions on an
open subset of R?.

(i) Prove by means of the Cauchy—Riemann equation that f; and f, are harmonic
functions. Check that the vector fields grad f; and grad f, on 2 are both
harmonic, and mutually orthogonal at every point of 2.

Conversely, let f; € C?(R2) be given, with & C R? open. We want to find f>, €
C*(Q) such that f := f} + if> is a complex-analytic function on Q C C.

(ii) Prove that the Cauchy—Riemann equation for f gives the following condition
on f>:
grad f, = J grad fi.
Show that the integrability condition curl grad f, = 0 implies the identity
div J'J grad fi = Af; = 0, that is, the function f; has to be harmonic on £2.
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(iii)) Assume f} to be harmonic on €2 and €2 to be simply connected. Check that a
scalar potential f> : 2 — R exists for the vector field J grad f;, and conclude
that the f thus constructed has the desired property.

Exercise 8.23 (Poisson’s integral formula and Schwarz’ Theorem - sequel to
Exercise 8.22). Let Q = {z € C | |z| < 1} and define, for every z € €,

v, :Q—C by v, (w) = w—l—z'
w+1

(i) Verify that for all z € Q the mapping ¥, : @ — Qs a C' diffeomor-
phism with inverse W_,; and also that ¥, : 92 — 9€2. Prove that we have
lim,cq ., e V() = e, foralla, B e | —m, 7 ].

Now let h € C(9€2) be given, and define the Poisson integral Ph : 2 — R of h by

1 T .
P = 5 / h(W, (7)) dB.
T

-7

(i) Prove by part (i) and Arzeld’s Dominated Convergence Theorem 6.12.3 that

lim  (Ph)(2) = h(e'®).

7€Q, z—ei?

(iii) For all z € 2, make the (z-dependent) substitution of variables on | —7m, 7 |
given by o = a(B), with ¢/* = W_(e'?), and show that

Use this to derive the following, known as Poisson’s integral formula:

1— 2 14 io
(Ph)(2) = 'Z'/ M) g

2 x el —z2

(iv) Demonstrate that

1—|z? el 4 7
_ i =Re | — ;
|etot _Z|2 el — 7

and conclude by Exercise 8.22 that P# is a harmonic function on 2.
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Background. On Q = {x € R? | ||x|| < 1} asolution f of the Dirichlet problem
Af = 0, with f|,, = h, is obviously given by f = #h, where (compare with
Exercise 7.70.(v))

1= )P / W)
Ph = d Q).
POO="50 o™ 9

Part (ii) now tells us that (£h)(x) converges to h(y), for x € 2 approaching
y € 0%; this is Schwarz’ Theorem (see Exercise 7.70.(vii)).

Exercise 8.24 (Sequel to Exercise 7.47). Demonstrate that the proof in that exercise
comes down to the fact that f is solenoidal on R” \ {0}.

Exercise 8.25 (Sequel to Exercise 5.80 — needed for Exercises 8.26 and 8.29).
Assume that f and g : R® — R3 both are C? vector fields.

(i) Prove, analogously to Grassmann’s identity from Exercise 5.26.(ii),
VX (VX f)=V(V,f)=(V, V).

Conclude that
curl(curl f) = grad(div f) — Af;

here the Laplacian A acts by components on f. Deduce that the component
functions of a harmonic vector field on R? are harmonic functions.

(i) Prove from the antisymmetry of the cross product operator with respect to
the inner product, that

(V, fxg)=(Vx[f g)—(Vxg, f),

and conclude that (see Exercise 8.39.(iv) for a different proof)
div(f x g) = (curl f, g) — (f, curlg).

(iii) Prove, analogously to Grassmann’s identity,

Vx(fxg =(V.g)f—(V,f)lg

and conclude, using the formula from Exercise 5.80 for the commutator [, -]
(for a different proof see Exercise 8.39.(vi)) that

curl(f x g) = (divg)f + (g, grad) f — (div f) g — ( f, grad) g
=(divg) f —(div f) g —Lf, gl

Here the differential operator ( g, grad) = gD + - - - + g3 D3 acts by com-
ponents on the vector field f.
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(iv) Let @ C R? be as in Theorem 7.6.1. By means of part (ii), prove

tLGwﬂﬁg%%fwmmnﬁﬁh =AJfX&vMW@y

=/<ﬁngxw@y
a2

Write V(f(Q), with k € Ny, for the linear space of the C* vector fields f : @ — R?
satisfying supp(f) C .

(v) Deduce that curl : Vol(Q) — VOO(Q) is a self-adjoint linear operator with
respect to the integral inner product on V(? (£2), that is,

(curl f,g) = (f,curlg) := / (f,curl g)(x)dx (f,g € VOI(Q)).

Q

(vi) Show (see Exercise 8.39.(viii) for another proof)

grad(f,g) = (f, grad) g+ (g, grad) f + f x curl g + g x curl f.

Exercise 8.26 (Maxwell’s equations — sequel to Exercise 8.25 — needed for Ex-
ercises 8.27, 8.28, 8.31 and 8.33). In the theory of electromagnetism three time-
dependent C! vector fields on R? play a role:

the electric field E :R*xR — R3, (x,t) — E(x,1);
the magnetic field B :R*xR — R3, (x,t) — B(x,1);
the current (density) j :R>x R — R3, (x, 1) — j(x,1);
together with a time-dependent C' function on R3:
the charge (density) p:R?> x R — R, (x,1) = p(x,1).

These entities are mutually correlated by Maxwell’s equations, which in addition
contain several constants with physical meaning. If these constants are equated to
1 for simplicity, the equations read, in the absence of matter,

OE
V,E)=p, VXxE=——, V,B) =0, VxB=j+—.
( )=p X ” ( ) X 1+3t

Here the divergence (V, -) and the curl Vx are calculated with respect to the
variable in R>.

(i) Prove that < Vv, j+ %—’f > = 0, and that this leads to the continuity equation

ap
V,j)+ —= =0.
( ])+at
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Let @ C R? be an open set as in Theorem 7.6.1, and let & C R? be as in Stokes’
Integral Theorem 8.4.4, that is, E is an oriented surface having the closed curve 0 2
with corresponding orientation as its boundary. Now prove the following assertions,
under the assumption that the conditions of the theorems used are met.

(ii) (Gauss’ law). The flux of E across the closed surface 02 equals the charge
inside €2, that is

/ (E(y,t), dry) =/,0(x,t)dx.
a0 Q

(iii) (Faraday’s law). The circulation of E along the closed curve d E equals the
negative of the rate of change of the flux of B across the surface E, that is

ad
/ <E(S’t)a dls>=_a_/<B(yat)a d2y>
9E tJe

(iv) (Absence of magnetic monopoles). The flux of B across the closed surface
0<2 vanishes, that is

/ (B(y.1), dy) = 0.
02

(v) (Ampere—Maxwell law). The circulation of B along the closed curve 0 E
equals the flux of j across the surface E plus the rate of change of the flux of
E across the surface E, that is

0
f (B(s, 1), dys ) = f (GO0, doy) f<E<y, D, doy).
0= o) =

(vi) (Law of conservation of charge). The flux of j across the closed surface 92
equals the negative of the rate of change of the charge inside €2, that is

0
/ (j(y, 1), day) = _8_/ p(x)dx.
aQ t Jo

The electromagnetic energy F and the Poynting vector field P are defined by,
respectively,

1 1
F=2(E.E)+(B.B) and P=ExB.
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(vii) (Law of conservation of energy). Prove by Exercise 8.25.(ii)
d
——f F(x,t)dx:f (P(y,t),dzy)Jr/(E(x,t), J(x,1))dx,
ar Jo IQ Q

that is, the flux of P across the closed surface 92 equals the fraction due to
dissipation across d€2 of minus the rate of change of the energy inside €.

We speak of Maxwell’s equations in vacuum if p = 0 and j = 0, that is, if

3B IE
(V.E)=0. (V.B)=0. VxE=-—" VxB=__

Assume that E and B both are C? vector fields.
(viii) Prove by Exercise 8.25.(i) that in this case

Vx(VxE)=—-AE, V x (Vx B)=—AB.

(ix) Prove

UE =0, 0B =0, where O:=D?— A, :=D? — ZD?
1<j<3

That is, both E and B obey the wave equation for a time-dependent vector
field G on R?

OG;(x,t)=0 (1<i<3, (x,1) eR*xR).

Background. This prediction, in 1864 /5, on theoretical grounds of the existence of
electromagnetic waves in vacuum is one of the great triumphs of Maxwell’s theory.
The existence of radio waves was experimentally verified by Hertz in 1887.

Exercise 8.27 (Sequel to Exercise 8.26). Use Exercise 8.26.(ii) to give another
proof of parts (i) and (ii) from Exercise 7.33.

Hint: Let 02 in Exercise 8.26.(ii) be a straight circular cylinder with axis perpen-
dicular to the plane { x € R? | x; = 0}, in Exercise 7.33.(i), or coinciding with the
x3-axis, in the case of Exercise 7.33.(ii).

Exercise 8.28 (Maxwell’s equations: time-independent case — sequel to Exer-
cises 7.67 and 8.26 — needed for Exercise 8.29 and 8.51). Under the assumption
that the vector fields E and B on R are time-independent, one obtains Maxwell’s
laws in the following form:

(V,E)=p, VxE=0, (V,BY=0, VxB=]j.
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In this case E is curl-free and B is divergence-free on R*. Therefore, one may try
to find solutions E and B of the form

E=-V¢, B=VxA,

with the function ¢ : R®* — R a scalar potential for E, and the vector field
A : R> — R3 a vector potential for B. (In physics, the minus sign for V¢ is
customary.) To limit the analytical complications we assume that p € C*(R?) and
j € C2R3, RY).

(i) Verify that ¢ has to satisfy Poisson’s equation

(*) A¢ =—p,
while quite obviously V x (V¢) = 0.

(i) Demonstrate that A has to satisfy V x (V x A) = j, while naturally we have
(V,VxA)=0.

(iii)) Use Exercise 8.25.(i) to prove that, in addition, under the Coulomb gauge
condition

(V,A) =0,

the vector potential A has to satisfy Poisson’s equation by components

(%) AA =—].

We now inquire about solutions ¢ of (x) and A of (x«) that satisfy the following
boundary condition at infinity:

Iim ¢(x) =0, | 1”1m A(x) =0.

llx[l—o0

(iv) Apply Exercise 7.67.(vii) and conclude (note that, contrary to our usual con-
ventions for potentials, the minus sign is missing; this is because in electro-
magnetism the forces between like charges are repulsive)

¢ (x) I/L)C/)dx’ (x € RY).
R

T 4w Jeo lx = X

Verify that now the electric field E is described by Coulomb’s law

E(x) 1/ Lx/)(x—x’)dx’ (x € RY).
R

4w s llx — X3
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(v) Prove, in similar fashion as in (iv),

1 1
Ax) = — / —— () dx’ (x € RY).
4 Jr3 |lx — x|l
Verify that now the magnetic field B is described by the Biot—Savart law

B(x) = if %j(x’) x (x — x") dx’ (x e R%).
4r Jgs lIx |

(vi) Verify that the Coulomb gauge condition (V, A) = 0 is met.
Hint: Use Corollary 7.6.2 and the continuity equation (V, j) = 0 (see
Exercise 8.26.(1)).

Exercise 8.29 (Helmholtz—Weyl decomposition — sequel to Exercises 8.25 and
8.28 — needed for Exercise 8.30). Let N be the Newton vector field on R” from
Example 7.8.4, and let * be the convolution from Example 6.11.5. Demonstrate
that the results from Exercise 8.28.(iv) and (v) can be generalized as follows.

(i) A C3 vector field f on R" with Af = 0 is uniquely determined by div £, if
this function has compact support on R”, via

f=(div f)*N.
Here the integration is carried out by components of N.

(ii) A C? vector field f on R” with div f = 0 is uniquely determined by Af, if
this vector field has compact support on R”, via

f=(Af) *N;
in more explicit notation, for 1 <i < n and x € R",

=Y fRn(D,-f,- — Di f)(x') Nj(x — x") dx’.

1<j<n

(iii) Let f be a C? vector field on R® with compact support. Verify there exist a
C'! function g : R® — R and a C' vector field 4 : R? — R? such that we
have the following Helmholtz—Weyl decomposition:

f = grad g + curl &.

Prove that g and A are solutions if

1 (f(x), x—x))

= dx’,
4 Jr3 lx — /|3

g(x)

1 1
h(x) =— —— f(x) x (x —x")dx'.
4 Jrs lIx — x'|13
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Deduce f = grad g + f> with f, divergence-free on R?.

Hint: Write f = A(f * p), where the actions of convolution and A are
according to components of f and p(x) = for x € R3\ {0}, and
use the identity from Exercise 8.25.(1).

47r HXII ’

Exercise 8.30 (Hodge decomposition — sequel to Exercise 8.29). We want to
determine conditions for the uniqueness of the summands f; and f, occurring in
the decomposition f = f; + f, = grad g + f» from Exercise 8.29.(iii). And we
would like to generalize this decomposition to R”. Therefore we consider a set
U C R" and vector fields f; and f, : U — R”" satisfying the conditions from
Theorem 7.6.1. Moreover, we assume that f, possesses a potential g on U, that f,
is divergence-free on U, and that f; is parallel to U, which means { f>, v)(y) =0
for y € U, with v as in Theorem 7.6.1.

(i) Prove div(gfa) = ( fi, f>) and use Gauss’ Divergence Theorem 7.8.5 to
conclude that

/<f1, £2)(x) dx = 0.
U

(i) Now assume f1 and f2 satisfy the same conditions as fi and f5, respectively,
and fi + fo = f1 + f2 Prove fu I(f1 — fl)(x)|| dx = 0, and deduce that
fi=fiand fo = fronU.

As to the existence of f; and f>, we note that f = grad g + f», with f, divergence-
free on U and parallel to 0U, implies div f = divgradg = Ag on U as well as
(fiv)={(gradg,v) = g—f on dU. Given a C! vector field f on U it is therefore
sufficient to determine a C? function g on U with
. dg
(*) Ag=divf on U, a—:(f,v) on dU,
v
where we also need that ai’ is well-defined on dU. Indeed, f; = grad g and
f» = f — grad g then form a solution. A partial differential equation, together with
a boundary condition
g

Ag=p on U, — =¢q on dU,
av

for given functions p and g, is said to be a Neumann problem on U .

(iii) Using Green’s first identity, verify that the following condition is necessary
for the solvability of the Neumann problem:

/p(X)dx:/ q(y)du,_1y.
U 104



Exercises for Chapter 8: Oriented Integration 753

(iv) Verify that the condition from part (iii) is satisfied in our problem (x).

We state without proof that, for sufficiently well-behaved dU, the condition from
part (iii) is also sufficient for the solution of the Neumann problem.

(v) Assume the vector field f on U satisfies the integrability conditions. Prove
that f, is a harmonic vector field on U, and that we have the direct sum
decomposition

f=gradg® f> with f, harmonic on U and parallel to dU.

Assume n = 3. Let w = b; f be the differential 1-form on U associated with f
according to Example 8.8.2, and similarly w; with fi, and w, with f;.

(vi) Show w; to be exact. Assume w is closed. Then the cohomology class of
 in the first de Rham cohomology H'(U) has a harmonic representative,
namely w;,, satisfying

[0] = [wy] € H'(U), dw, =0, d*w, = 0.

Here the Hodge operator x : QY(U) — Q*(U) is defined by %b; = b,
furthermore * : Q3(U) — Q°(U) by *(f dx) = f, and finally d* = *dx :
QY U) - Q°%U). (A more intrinsic definition is possible but is not discussed
here for lack of space.)

Background. The sum decomposition of the closed form w = w; + w, into an
exact form ; and a harmonic form w; is called a Hodge decomposition* of w. It is
used to investigate under what conditions on U the de Rham cohomology H*(U)
is a finite-dimensional vector space, for k € Np.

Exercise 8.31 (Maxwell’s equations in covariant form — sequel to Exercise 8.26).
We employ the notation, and make the assumptions, from Exercise 8.26. Note
that E(-,¢) and B(-, t) both are C! vector fields on R? dependent on a parameter
t € R. In this exercise, the operators b, curl, div, grad, A and the differential form
dx = dx| A dx, A dx; are associated with R?. The operators d and Dy := % are
associated with R*. Define, for (x, t) € R?,

E(x,1) =b1(E(, N)(x) € Q' (RY, B(x, 1) = ba(B(-, ))(x) € Q*(RY).

(1) Taking the indices i modulo 3, verify

& = Z E; dx,', B = Z B; dxi+1 /\dx,-+2.

1<i<3 1<i<3

2See for more details in the case of n = 3: Cantarella, J., DeTurck, D., Gluck, H.: Vector calculus
and the topology of domains in 3-space. Amer. Math. Monthly 109 (2002), 409 — 442.
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Introduce the Faraday form
F =& ndt+ B e QRY.
(i) Demonstrate, using Formula (8.54),

dF = d& Adt+dB = by(curl E+ DyB) Adt+(div B) dx € Q*(R*). (1)

Define the Hodge operator * € Lin (Q*(R*), Q*(R*)) by, for 1 <i < 3,
*(dxijp) Ndxign) = dx; N dt, *(dx; Ndt) = —dx,-+1 AN dx,-+2.

(More intrinsic definitions are possible but are not discussed here for lack of space.)
Further, introduce

D =bE € Q*(RY), H =b,B € Q' (RY).
(iii) Verity
*xF = H ANdt — D € Q*(RY). )
Let
g =—pdt +bj e Q'RY.
Introduce the Hodge operator % € Lin (Q'(R*), Q*(R*)) by

*(dx;) =dxj11 ANdxip ANdt, *(dt) =dx.

Then * is a bijection since it takes a basis into a basis. Therefore, define * €
Lin (Q3(R*), Q! (R*)) as the inverse of the mapping just defined.

(iv) Now prove

d+F) =dH Adt —dD =bs(curl B — DyB) A dt — (div E) dx

34 3)
=xg € Q°(R").
Thus, using (1) and (3), one may formulate Maxwell’s equations as the following
system of equations for the Faraday form on R*:

d¥ =0 and d'F =9,

where
d* = xdx : Q* (R > Q'(RY).

The Hodge operators can be shown to be independent of the choice of a basis in R*,
but they do depend on the choice of an orientation. Consequently, the formulation
of Maxwell’s equations given above is independent of the choice of coordinates in
R*. In physics an equation is said to be covariant if its form is independent of the
choice of coordinates used to write the equation.
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(v) Prove that, in terms of the exterior derivative d3 associated with R3, Maxwell’s
equations take the form of identities between differential forms on R?® with
additional dependence on a parameter in R, as follows:

dge'D = ,de, dgg-f—Doe(B = O, dge(B = O, dgﬂ—D()oD = sz.

(vi) Show that the integral theorems from Exercise 8.26.(ii) — (v) immediately
follow, by application of Stokes” Theorem 8.6.10.

Since F € Q*(R*) is a closed C! differential form, it follows from Poincaré’s
Lemma 8.10.2 that there exists a C? differential form § € Q!(R*) with F = d§.

(vii) Demonstrate the existence of C? potentials ¢ : R* — R and A : R* — R?
with
6 =—¢dt+b A e QRY.
The equation ¥ = d§ now leads to expressions for £ and B in terms of ¢

and A
E =—-V¢ — DyA, B=VxA. 4)

Use (2) and (4) to show that the equation d*¥ = g is equivalent to

d ) ((Dip1Ais2 = Disa A1) dx; Adt + (Dig+ DoA)) dxigi A dxia)

1<i<3
= xJ.
(5)

Note that § is not completely determined by ¢, and that, consequently, (5) does not
completely determine ¢ and A; it follows that we may impose another condition.

(viii) Try to find § such that the Lorentz gauge condition d*§ = 0 is satisfied.
Then verify that
(V,A)+ Dyp =0.

Demonstrate that under this assumption (5) is equivalent to the following
equations for ¢ and A, for given p and j, respectively:

O¢ = p, OA =, where O =D}—-A (6)

is the wave operator or D’Alembertian. In general, § + df will satisfy the
Lorentz gauge condition if [ f = 0.

In Exercise 8.34 we prove that solutions of (6) are given by the retarded potentials,
for (x, 1) € R* witht > 0,

1 t—lx —x’
Slx.1) = _/ p(x lx —x II)dx/’
lx—x"||<t

4 lx — x|

g [lx = x|

1 . /’ t— 4/
ACx.1) = _/ J(x flx — x"ID) dx’.
lx—x'||<t
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Exercise 8.32 (Invariance of wave operator under Lorentz transformation and
special relativity — sequel to Exercise 2.39 — needed for Exercises 5.70 and 5.71).
Let J,+1 in Mat(n + 1, R) be the diagonal matrix having —1, 1, ..., 1 on the main
diagonal. The mapping

0.V = 3.5 =y ¥V : RT XRS5 R

is a nondegenerate symmetric bilinear form on R"*!'. A Lorentz transformation of
R"*!is alinear mapping L € End(R"*') leaving this form invariant, that is, one that
satisfies [Ly, LY] = [y, ], for all y, ¥ € R"*!. The Lorentz group Lo(n + 1, R)
consists of all Lorentz transformations of R"*1.

(i) Consider (¢, x) € R x R" ~ R"*!, Prove
[t,x), &1 =17—(x,%), (t,7eR, x, XeR").

Show L € Lo(n + 1, R) if and only if L' J, | L = J,,. From this deduce
det L = *1 for L € Lo(n + 1, R), furthermore that Lo(n + 1, R) indeed
satisfies the axioms of a group, and also that L € Lo(n 4 1, R) if and only if
L' € Lo(n + 1,R). Let S, be a diagonal matrix with S2_; = J,;;. Then
L € Lo(n + 1,R) if and only if S, LS, i , is an orthogonal linear mapping
(with complex coefficients).

(i) By means of part (i) and Exercise 2.39 verify that the wave operator or
D’Alembertian
O=D;-A,=D}- ) D}

1<j<n

in R**! is invariant under Lorentz transformation, that is

O(foL)=(Of)oL (f € C]’(R™Y), L € Lo(n + 1, R)).

Background. The invariance under Lorentz transformations of the wave operator,
and also of Maxwell’s equations, played a role in the development of the theory of
special relativity in physics.

(iii)) Assume n = 1. Then L € Lo(2,R),detL = 1 and tr L > O if and only if
there exists a number { € R with

. ( cosh¢ sinh;)
L_L{_(sinhg‘ cosh¢ /°

Verify that L; o L,/ = L, and thus Lgl = L_;,forall ¢ and ¢’ € R. The
mapping L is said to be the hyperbolic screw or boost in R* with rapidity ¢ .
Hint: If L(1,0) = (¢, x) then [(¢, x), (t,x)] = t> — x> = 1, and therefore
there exists a unique number ¢ € R with ¢t = cosh¢ and x = sinh¢. For
the computation of L(0,1) = (7, X) use [(¢,x), (,%¥)] = 0 and det L =
X —1x =1.
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Next we define —1 < v < 1 by
tanh ¢ = v,

then
¢ 11 1+v he 1
= - 10g —, Ccos = — =,
g T2 14

2 1—v
In physics ¢ is called the rapidity of the velocity v. Addition of rapidities corre-
sponds to the following relativistic law for addition of velocities:

sinh¢ = y v.

v :=tanh(¢; 4+ &) = bt (v; = tanh ;).
1+ v,

(iv) Verify, if (f,%) = L_.(t,x) fort and x € R, and

— v
L_, = y< _11; 111 ), that y

(v) Nextwe generalize to R"*! the Lorentz transformations having the form from
part (iv). Letv € " ! = {x e R" | |x|| = 1}and —1 < vy < 1 be arbitrary
and write y = (1 — vg)_%. Prove that L € Lo(n + 1, R) if

( t ) ( y(t —vo(x,v)) )
L = (teR, x eR").
X x+((y = D(x,v) = yvot)v

Hint: Direct computation, or else proceed as follows. Write x = x| +x for
the decomposition in R” of x in components parallel and perpendicular to v.
Application of part (iv) to the linear subspace in R"*! ~ R x R” spanned by
ep and v then gives

t =y —vo{x),v)), X =y (x) — vot v), XL =x.
Since x; = (x,v)vand x; = x — (x,v) v we obtain

~

X=X +X=x.+y —vtv)=x—(x,v)v+y({x,v)v— vt V).
(vi) Let v € §"~! be arbitrary and let 0, denote 0 € Mat(n, R). Put

0
V_<v 0, ) € Mat(n + 1, R).
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(vii)

Exercises for Chapter 8: Oriented Integration

Prove V'J,.1 + J,.1V = 0. Note that vv' € Mat(n, R), and show by
induction

vzf:<(1) Ug,), vitl =y  (jeN).

Demonstrate for ¢ € R (see Example 2.4.10 for the definition of exp)

1 ; cosh ¢ sinh ¢ v’
expl V =ZT(§V)J=( ' ,)
jeNo 77 sinh ¢ v I, + (=1 +cosh¢) v
= B{,U'

Thus, forr € R and x € R",

( t) <tcosh§ + (x, v) sinh ¢ )

B = .
Uy tsinh¢ v+ (x,v)coshsv+x — (x,v)v

By, is said to be the hyperbolic screw or boost in the direction v € §"~! with
rapidity ¢. See Exercise 5.70.(xii) and (xiii) for another characterization
of a boost. Verify that (x, v) v, the component of x along v, undergoes a
hyperbolic screw in the plane spanned by ey and v with rapidity ¢, and that

x —(x, v) v, the component of x perpendicular to v, remains unchanged under
the action of B; ,. Now define —1 < vy < 1, the speed of the boost, by

1
tanh ¢ = vy, then cosh = ——==:y, sinh¢ = y vy.

1/l—vé

Verify that B_, , equals the Lorentz transformation L given in (v).

Consider (7, X) = L(t, x) as in (v). Prove that elimination of y¢ from the
expression for X in (v) gives

¥=4/1—v}(x,v)v+x — (x, v)v — volv.

Deduce that for two different points with coordinates x and y, and X and Y,
respectively,

I =51 = (1 =v) I = y)l* + 10 =yl

For a stationary observer objects that move with velocity vov € R? contract by
a factor (1 — vg)% along the direction of motion while there is no contraction
perpendicular to the direction of motion; this is the FitzGerald—Lorentz contraction
of space.
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(viii) Now assume v = ¢; € R?. Then similarly elimination of yx; from the
expression for 7 in (v) gives

= 1/1—U%t—U0)71.

Deduce that for two different moments with coordinates ¢ and u, and 7 and
u, respectively,

T—u=\1—0v}@—u.

For a stationary observer clocks that move with velocity vov € R? run slower by a
factor (1 — v(z))%; this is the dilatation of time. In particular, long journeys across
cosmic distances would be instantaneous for an observer traveling with the speed
1 of light (in our usual normalization).

Exercise 8.33 (Wave equation in three space variables —sequel to Exercises 3.22,
7.53, 8.26 — needed for Exercise 8.34). Consider the wave equation, which we
encountered in Maxwell’s theory, in particular in Exercise 8.26.(ix)

1
(%) = Dfu(x, t) = Acu(x,t) = Z D?M(X, 1) (¢ >0),
1<j<3

for a C? function u : R® x R — R, with (x,¢) — u(x, ). We want to solve the
initial value problem for this equation, that is, we look for solutions u of (x) which
in addition satisfy the following initial conditions, for t = 0:

() u(x,0)=f(x),  Du(x,0)=gkx) (xR,
for given functions f € C*(R?) and g € C*(R?).
Form the spherical means with respect to the space variable, as in Exercise 7.53,
for the functions u, f and g, and write the resulting functions as

m, :R*xRxR—>R and mg, mg: R xR — R, respectively.

In particular,

1
my(x,r,t) = —/ u(x +ry, t)dy.
Iyll=1

4
(1) Prove
m,(x,0,1) = u(x,1), m,(x,r,0) =mg(x,r),
Dtmu(-x’ r, 0) = mg(-x’ r)'
(ii) Show

1
—thzmu(x, r, t) = AxmL[(xa r, t)‘
C
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(iii) Prove by means of Exercise 7.53 that, for x € R fixed, the function (r, t)
m, (x, r, t) satisfies the following partial differential equation:

I N 2
- Dim,(x,r,t) = D;m,(x,r, t) + - D.my,(x,1,1).
c r

Conclude that (7, t) — rm,(x, r, t) satisfies the wave equation in one space
variable

1
— D} (rmy (x,r, 1)) = D} (rm,(x, 1, 1)),
C

rmy(x,r,0) =rmg(x,r), Dy (rmy(x,1,0)) = rmg(x,r).
(iv) Prove, by means of Exercise 3.22.(iii),
1
rm,(x,r,t) = 5((}” +ctymp(x, r+ct)+ (r —ct)myg(x, r —ct))

l r—+ct
+Z /rct smg(x,s)ds.

The definitions of m ¢(x, r) and m,(x, r) show that the functions r +— m(x, r)
and r = mg(x, r) are well-defined on all of R, and are even functions.

(v) On the basis of the foregoing observation, prove that

(ct +rymys(x, ct +r)—(ct —r)ymys(x, ct —r)
my(x,r,t) = : 5
B

1 ct+r

— smy(x,s)ds.
2cr ct—r g( ’

Hint: f_Ct(;Lr) smg(x,s)ds = 0.

(vi) In the formula in (v), take the limit for » — 0, and prove by (i)
ulx,t) = Dp|p=ct(p mys(x, p)) +tmg(x,ct)
=D, (tms(x, ct)) +tmg(x, ct).
That is, u is given by the following, known as Kirchhoff’s formula:

(* * *) u(x,t)

1

= — (f(x+cty) +tglx+cty)+t D, f(x +cty))day.
4 Jyyi=1
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(vii) Conclude that formula (x x %) gives the unique solution of the initial value
problem (x) and ().

In the following we shall assume that there exists a bounded set K C R? such that

supp(f) C K, supp(g) C K.

(viii) Let# > 0 and u(x, t) # 0. Prove that then there exists a z € K such that x
lies on the sphere in R? of center z and radius ct. Thus, in particular, there
exists, forall # > 0, an open ball B, in R? about the origin and of #-dependent
radius such that

x ¢ B, - u(-, t) = 0 in a neighborhood of x.

Note that according to formula (% x ) the solution # may be one order less differen-
tiable than the initial f and g. This is a “focusing effect’: irregularities from various
places in the initial data are focused, thus leading to caustics, that is, (smaller) sets
of stronger irregularity. Nevertheless the solution u is “on average well-behaved”,
as becomes evident from the following. Define the energy E (t) of the solution u at

time t by
| 1\ ,
E(t) = - (— Dtu) + Il grad, u)l? ) (x, 1) dx,
2 R3 C

with grad the gradient with respect to the variable x € R.

(ix) Prove that E is a conserved quantity, that is,  — E(¢) is a constant function.
Hint: One has

9y = L (D) (D2 d d. (D nd
G0 = [ (G @0 DR+ tarad, . grad, D) 5,1

1
= / D;u (—2 Dlzu — Axu)(x, t)dx
B, c

ou
+f — . 0) Diu(y, 1) dyy =0,
9B, ov

by Green’s first identity from Example 7.9.6, and part (viii).

Exercise 8.34 (Inhomogeneous wave equation — sequel to Exercises 2.74 and
8.33 — needed for Exercise 8.35). We want to find a C? function # : R* — R
satisfying, for a given function g € C?(R%), the inhomogeneous wave equation

(*) Uu =g.
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Let T € R be chosen arbitrarily, and let (x, t) — v(x,t; ) be a solution of the
initial value problem

d
v =0, v(x,7) =0, Dyv(x, 1) := a—lt)(x,r) =g, 1) (x € RY).
On account of Kirchhoff’s formula from Exercise 8.33.(vi), this is satisfied by

t —_
v(x, £ 7) = —— gx+ (@ —1)y;)dyy  ((x,1) € R xR).
4 Jyy=1

Now define, assuming convergence,
(*) u(x,t) = /Ot v(x,t;1)dt ((x,1) € R* x R).
Then u(x, 0) = 0, and we find, by means of Exercise 2.74,
(%) Dou(x,t) =v(x,t;t) + /Ot Dov(x,t;t)dt = /Ot Dov(x,t; 7)dr,

because v(x, t; t) = 0 in view of the initial condition on v. Hence, Dou(x, 0) = 0.
Furthermore, differentiation of (xx) gives

t t
D(z)u(x, t) = Dov(x,t;t) —I—/ D(z)v(x, t;t)dt = g(x,t) +/ Dév(x, t;T)dr.
0 0
And, from (%),
t t
Au(x,t) =/ Av(x,t; 1)dt =/ Dév(x,t; T)dr.
0 0
Upon subtracting these results we obtain

Ou(x,t) = g(x, 1), u(x,0) =0, Dou(x,0) = 0.

Therefore

1 t
ulx,t) = —f (t—1) gx+ (@t —1y;1)dydr
4 Jo lyll=1

1 t
——/ r/ gx+rty;t —1t)drydr.
T Jo lyll=1

Substitution of y = ¥(x") = %(x/ — x) leads to the retarded potential from Exer-
cise 8.31

ulx,t) = / / g(x'st —1)dyx'dt
0 T Jx'—xl=lt|

gx',t —sgn()|x —x ||)
" an e [lx — x|l
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Background. The value of the potential u at the point (x,7) € R* witht > 0
is exclusively determined by the charge density g at points (x,#') € R* with
t > |lx —x'|| =t —1t > 0. These points (x’, #') lie on that part of a “rearward”
conical surface in R* which has apex (x, ) and lies in the “positive” half-space in
R*. The method used here to solve an inhomogeneous equation is a special case of
Duhamel’s principle.

Exercise 8.35 (Fundamental solution — sequel to Exercises 6.49, 6.68, 6.92,
6.105, 7.67 and 8.34). Let f € Ccz(R”) be given. Prove that the inhomogeneous
partial differential equation P(D)u = f on R" hasasolutionu = f*E € C*(R"),
where * denotes convolution and £ € C*(R" \ {0}) satisfies the homogeneous
partial differential equation P(D)E = 0 on R" \ {0}, in the following cases:

variable P(D) E(x) Exer.
xs—l
() |xeR Df (s>0) | =/— 6.105
I(s)
. 5 | . 1 1
(i) | x e R E(Dl +iD,) | — - 6.49
T X +1ix2
1
(iii) | x € R? A — log ||x| 7.67
27
(iv) R" n#2) | A ! ! 7.67
1V X € n .
Q2 —n)|S"1 |Ix|n—2
1 eFinlxl
(v) | x e R} A+ u? - 6.68
4 lx|]
1 2
) 0 7’1/26 4kt (t > 0)
(Vi) | (r,1) €R" xR | — — kA, (4 kt) 6.92
0, =<0

Such a solution E is said to be a fundamental solution for the partial differen-
tial operator P(D). The operator in (i) is fractional differentiation; in (ii) it is
the Cauchy—Riemann operator; in (iii) and (iv) the Laplace operator; in (v) the
Helmholtz operator (see the technique of the Exercise 7.67); and in (vi) the heat
operator.

Background. In the case of the wave operator D> — A, from Exercise 8.34 the
situation is more complicated; it turns out that E never is a differentiable function
on R"*!\ {0}. For instance, for n = 1 a solution E is given by the function with
the constant value % on the forward cone { (x,?) € R? | |x| < t}, and the value 0
elsewhere. And E even fails to be a function for larger values of n; nevertheless
it always is a distribution, a generalization of the notion of a function. For that
reason the retarded potential from Exercise 8.34 where n = 3 can not immediately
be recognized as a convolution product.
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Exercise 8.36 (Brouwer’s Fixed-point Theorem —sequel to Exercise 6.103). The
assertion from Example 8.8.3 holds for an arbitrary continuous mapping f : U —
R" instead of a C? mapping f. We now prove this, leaving it to the reader to fill in
the details.

Suppose f(x) # x, for all x € B". The continuous function x — || f(x) — x||
then reaches a minimum of value 4m > 0 on B". By application of Weierstrass’
Approximation Theorem from Exercise 6.103 by components, for example, f can
be approximated by means of a polynomial function p : B” — R” such that in the
uniform norm | - || on B”

If =Pl <m.
1

This gives || p]| < 1 + m. We therefore have p := 1+m:5: B" — B", while

1 m
_ < -9 1——) %) —(1 = 2m.
If—rl=If p||+( = ||P||<m+1+m( +m) =2m

Consequently, for all x € B",

Ipx) =xll =1fx)=x=(f =p)OI = If&x) =x[ = IIf =Pl

>4m —2m = 2m > 0.

By Example 8.8.3, the polynomial function p does have a fixed point x € B", and
this implies a contradiction.

Exercise 8.37 (Sequel to Exercise 6.23). Use Exercise 6.23.(i) in order to show
that Brouwer’s Fixed-point Theorem is false for open balls.

Exercise 8.38. Prove that Formula (8.49) can be written as

(wAn)(vi, ..., Vegr)

1
=0 sgn(o) (woo)(vy, ..., ) (o) (Vktt, - -y Vktl)-

T 0ESy

Hint: Note that in this formula {o(1),...,0(k)}and {c(k+ 1),...,0(k + 1)}
are not ordered.

Exercise 8.39 (Vector analysis in R?). We derive the formulae in Exercise 8.25.(ii)
and (iii) using differential forms. If v is a vector field on R?, let b;v € Q!(R?) and
brv € Q2(R?), be the corresponding 1-form and 2-form, respectively, as in Exam-
ple 8.8.2. Further, denote by i, the contraction with the vector field v as in For-
mula (8.57), and by L, the Lie derivative in the direction of v as in Formula (8.55).

(1) Recall that i,dx = b,v, and deduce from Formula (5.29) that L,dx =
divvdx € Q3(R3).
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(ii) Prove, for vector fields v; and v, on R3,
(1, v2) =iy, bivr € QURY), (v1, v2) dx = bjv; Abrvy € Q°(RY).
Further, show

bi(vi Xv2) = —iy, bavy = iy,Dov1, D1v1 Ab1vy = D2 (V1 X V2) = Ty, xp, dX.

(iii) Suppose v3 is a vector field on R3. Compute iy, (b1va Abrv3) € Q' (R?) using
(ii) and the antiderivation property of i,,, and deduce Grassmann’s formula
from Exercise 5.26.(ii).

(iv) Compute d(bjv; A bjvy) € Q3(R?) by means of (ii) and the results in For-
mula (8.54), and deduce the identity in Exercise 8.25.(ii).

(v) Prove [Ly,, iy,] = i[y, v,)- To this end, note that [L,,, i,,] is an antiderivation
that takes k-forms to (k— 1)-forms and that vanishes on Q°(R?). Itis sufficient
therefore to establish the identity on Q' (R?).

(vi) Apply the homotopy formula to by(curl(v; x vp)) = d(b1(v; X v3)) =
di,,bovy. Then, using part (i), note that L,,b,v; = L,,i, dx and apply part
(v). Finally, deduce the identity in Exercise 8.25.(iii).

(vii) In the same way as above show curl(fv) = fcurlv + (grad f) x v, for
f e C'(R?).

(viii) Prove the identity in Exercise 8.25.(vi). Todo so, start with by (grad(v, v2)) =
(d o1iy,)biv; and apply the homotopy formula. Further, use L, f = (Df)vy,
for f € C'(R%),and [d, L,,] = 0.

Exercise 8.40 (Divergence in arbitrary coordinates — sequel to Exercise 3.14).
Using differential forms we give two different proofs of the following formula (x)
from Exercise 3.14:

1

(%) (div f) oW = et DU

> Di(f? det DW).

1<i<n

Here U and V are open subsets of R”, while f : U — R" is a C! vector field and
W :V — UisaC' diffeomorphism,and f oW =3",_,_, f D;¥:V — R"

(i) Consider b,_; f € Q""!(U), and derive from Example 8.8.2 the following
equality of differential forms in Q"~!(V):

O, f) = Y (=D fO det DV dy;

1<i<n
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deduce

AW Oui ) = ) Di(fdet DY) dy € "(V).

1<i<n
Prove, for g € C(U),
(k) U*(gdx) = goWdet DV dy
and verify, as in Example 8.8.2,
U*(d(b,—1f)) = (div ) o ¥ det DW dy.
Using Theorem 8.6.12 deduce Formula (x).

(i) Using the homotopy formula from Lemma 8.9.1 deduce that div f dx =
doisdx € Q"(U). Prove, by applying W*, Formula (»x) and Theorem 8.6.12,
(div f) oW det DWW dy =d(V*(i;dx))=d(iy-r¥*dx)

Here, in the notation of Exercise 3.14, we have the vector field W* f : V — R”

satisfying (W* f)(y) = DY () '(f o ¥)(y) = X1, [P (y)e;. Deduce
Formula (%) using

d(det DWiy-pdy) = Y Di(f® det DW)dy.

1<i<n

Exercise 8.41 (Lie derivative of vector field and differential form — sequel to
Exercise 3.14 — needed for Exercises 8.42, 8.43 and 8.46). Let U be open in R”.
Suppose X is the vector field on U satisfying X = % t=0<I>’ , for a one-parameter
group of C' diffeomorphisms (®'),cg. If w is a C! differential form in Q*(U) and
X1, ..., X; are C! vector fields on U, then g = w(Xy, ..., Xy) belongs to cl(U).

(i) Verify that Definition 8.6.7 of the pullback (®*)* acting on differential forms
gives, for x € U,

(@) g(x) = w(Xy, ..., Xp)(P'(x))
= (P (x))(DP' (x) D' (x) "' X (D' (x)), ..., DD (x) DD (x) ' X1 (P (x)))
= ((P)*0)(X)((P)* X (x), ..., (P)* X (x)).

Here we used that, in view of the definition of pullback of a vector field from
Exercise 3.14,

D' (x) ' (X; 0 @) (x) = () X;(x) (1 <i<k).
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Note that Lyg = Xg := (Dg)X. Now define, for a vector field Y on U,
LxY = d (®H*Y
T, '

(i) Using Proposition 2.7.6 and the definition of Lie derivative of a differential
form from Formula (8.55), deduce from part (i) the following derivation
property for the Lie derivative Ly:

X(C()(Xl, ey Xk)) = (LXa))(Xl, ey Xk)

+ > oXi. ... LxXi, ... Xp).

1<i<k

Next we study LxY, for vector fields X and Y on U. The proper framework for
studying vector fields is that of derivations; it is in this context that one obtains the
correct functorial properties.

(iii) Prove, on account of the chain rule, for any f € C!(U),
((@)*Y)(f)(x) = Df()((D)*Y)(x)
= Df(x)DO~ (D' (x))(Y 0 ®')(x) = D(f 0 @) (D' (x))Y (D' (x))
= ()" (Y (D) ) ().

Deduce

d d
(LxN)f = (@) V)f =
=0 t

ar|, :O(CD )Y (P))

= X(Y(f)) = Y(X(f)),
which implies

LyY = XY —YX =[X,Y]; (Lxw)(X1, ..., Xz

= X(w(Xy,..., X))+ leigkw(Xl, X XL X))

Exercise 8.42 (Homotopy formula and exterior derivative — sequel to Exer-
cise 8.41 — needed for Exercise 8.43). Let U be open in R", let w € Q¥(U) be a
C! form, and let X, ..., Xz4+1 be C! vector fields on U. The homotopy formula
from Lemma 8.9.1 implies

ix dow =Lx o —dixw,
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while the derivation property for Ly, from Exercise 8.41 yields
(Lx,0)(X2, ..., Xi41) = Xi(w(Xa2, ..., Xit1))

- Z a)(X25~"7[Xlan]v"'7Xk+])'
2<j<k+1

By combination of these two formulae derive
do(Xi, ..., Xikr1) = Xi(@(Xz, ..., Xi41))

+ > DT oX L XL X X Xe)
1<j<k+1

—d(ix,w)(Xo, ..., Xit1).

More generally, one can tackle the last term, which involves ix, w € Q1(U), by
the same method. Verify the following formula by mathematical induction over
k e N()Z
do(Xy, ..., Xgy1) = Z D X @ X1y oy Xiy ooy Xeg1)
1<i<k+1

+ Y DXL X X X X X)),
l<i<j<k+1

Background. In algebraic contexts, for instance in Lie algebra cohomology, the
formula above is often adopted as the definition of the exterior derivative d. Fur-
thermore, the result from Proposition 8.6.11 is a direct consequence. However, a
direct proof of d*> = 0 (compare with Theorem 8.7.2) on the basis of this definition
is tedious and not illuminating; therefore we give a different argument in Exer-
cise 8.43 under a mildly restrictive extra condition. (Using some more theory, one
may get rid of this restriction.)

Exercise 8.43 (Proof by algebra of d> = 0 — sequel to Exercises 8.41 and 8.42).
Let the notation be as in Exercise 8.42. Furthermore, let ® : U — U be a
diffeomorphism and let ®,, be the corresponding pushforward of vector fields on U
as defined in Exercise 3.15. For a vector field X on U and f € C!'(U) we define
XfeCWU)by Xf =(Df)X.

(1) Verify ®*((®.X) f) = X (®* f), and conclude that
(@.X) f = (@ H*(X(®* ).
(i) Let Y be a vector field on U. Deduce from part (i) that

Q. [X, Y] =[P, X, &,V ]
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(iii) Using Exercise 8.41.(i) prove, for a C! differential form v € Q*(U) and C'
vector fields X4, ..., Xy on U,

(@*0) (X1, ..., Xp) = D*(0(DuX1, ..., P.X0)).

(iv) Successively apply part (iii), Exercise 8.42, and parts (i) and (ii) to obtain
P*(dw) = d(P*w), in other words [®*,d] =0.
Let X be as in Exercise 8.41 but otherwise arbitrary and deduce [Lx, d] = 0.
(v) Prove the homotopy formula Lyw = d(ixw) + ix(dw) on the basis of the
formula for Lyw from Exercise 8.41.(iii), and for dw from Exercise 8.42,
respectively. Next conclude that [iy, d’1=0 by means of part (iv) and the

homotopy formula. Finally, use mathematical induction over k € Ny to show
d*w = 0, for every w € QF(U).

Exercise 8.44 (Closed but not exact). Supposen > 2. Define, as in Formula (8.73)

n—1 n . 1 1 i—1

o e QTIRN0) by o(x)= ZX<W dx) = 3 (1) da

X n X n
1<i<n
(i) Demonstrate that the closed differential form o is not exact, that is, there is

non € Q" 2(R"\ {0}) witho = dn.
Hint: Recall that |, 10 = |S"~1| and apply Stokes’ Theorem, noting that
051 =g.

(i1) Take n = 2 and let ¥ : V — U with ¥(r,2) = r(cosa, sina) be the
substitution of polar coordinates from Example 3.1.1. Prove W*o = da on
V.

Background. The angle function « is multi-valued on R? \ {0}, and this is the
obstruction why o is not exact on all of R?\ {0}. On the other hand, the summands
involving multiples of 27 are annihilated when one applies d to «.

Exercise 8.45. Let U = R*\ {(0,0,x3) | x3 € R} C R? and let ® be the C*®
differential form

0= 52— (xdx — x1dxy) € QYU).
xi + x5
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(i) Verify

1
do = ﬁ(xl dxyAdx3+x,dxsAndxy) € QZ(U) and d*w = 0.
Xp X

Fix ¥ € [-7, 5] and define the C* embedding

¢:D:=]—-m7a[ X ]w,%[ —U
by ¢ (e, 0) = (cosacosf, sinx cosf, sinb).
(ii) Prove ¢*w = —sin6 da € Q'(D). Deduce
d(¢*w) = ¢p*(dw) = cosO da A dO € Q*(D),
and verify the second identity also by a direct computation.

(iii) Check the identity |, pdw = [ » @ from Stokes’” Theorem by proving

f cosfdadd =2n(l—sinyy) = —siny da —/ da
D -7 14

= / —sinfdo.
aD

Background. The oriented line integral above gives the angle of daily rotation of
Foucault’s pendulum from Exercise 5.57. See Exercise 8.10 for the same compu-
tation in terms of vector fields.

Exercise 8.46 (Hamiltonian mechanics in terms of differential forms — sequel
to Exercises 3.8, 3.15, 5.76 and 8.41). In mechanics the cotangent bundle 7*Q =~
Q x R%* of a submanifold Q of dimension d, see Exercise 5.76, plays an important
role. T*Q arises as momentum phase space of a system: g € Q represents the
generalized coordinates and p € R the generalized momenta for the system.
The evolution in time of the system is described by Hamilton’s equation in part (v)
below, which is a system of 2d first-order ordinary differential equations. As in
Exercise 5.17.(ii) one proves that 7*Q is a submanifold of dimension 2d.

(i) Define 7 : T*Q — Q as the projection onto the first factor. Then we have
Drn(q, p) : Ty.pT*0O — T,0, forall (¢, p) € T*Q; and additionally p :
T, Q — R. Therefore the tautological 1-form T on T*Q may be introduced
by
t(q,p) =poDn(g,p):TqpnT"Q— R.
Show
T= ) pidg € Q(T"Q).

1<i=<d
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(ii)

(iii)

@iv)

)

(vi)

The following explains the name of 7. Let n € Q!(Q); in other words, let
n: Q — T*Q be a section of the cotangent bundle, that is, 7 onp = [
on Q; then n*t = n. Indeed, use Definition 8.6.7 to prove (n*t)(q) =

(g, n(g)) o Dn(q) = n(q) o Dr(q, n(gq)) o Dn(g) = n(q).

Next introduce the symplectic 2-form o on T*Q by

o=dt. Verify o= )Y dp Adg eQT*Q).

1<i<d

This implies that 7 is all but closed; now prove that o itself is closed. Verify
for the d-fold exterior product

d d(d+1)

oc“=0cAN--ANo=d (=) 2 dgA---Ndgg ANdpy N - Adpy.

=1 2

I o¢ is the Euclidean volume form on T*Q.

In other words,

On the strength of Definition 8.6.2 verify, for vector fields v and v on T*Q,

o, D) = Y WayiV — viVasi) = (v, JD),

1<i<d
with

Jy = ( (I)d _Ig ) € GL(2d, R).

Prove that o is a nondegenerate bilinear form.

A vector field v on T*Q is said to be a Hamilton vector field corresponding
to the Hamiltonian H : T*Q — R if i,0 = —dH (see (8.57)), that is,
i,o is an exact differential 1-form on 7*Q. Now deduce from (iii) that
(Jqv,v) = (grad H, V'), and use the nondegeneracy of o to conclude that
v=uvy = —Jygrad H.

Prove that a solution curve x = (¢, p) : J — T*Q of the Hamilton vector
field vy satisfies the following, known as Hamilton’s equation (compare with
Exercise 7.62), thatis,for1 < j <nandt € J,

, , OH ) dH
x'M) =vu(x(1)) <= q;@O)= Q(W))’ p;(1) = —87(x(t)).
J J

Show that i,, 0 from part (iv) is exact, at least locally, if and only if i,, 0
is closed, that is, di,,0 = L,,0 = 0, on account of (ii) and the homotopy
formula.
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(vii)

(viii)

(ix)
)

(xi)
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Assume that (W'),cg is a one-parameter group of C! diffeomorphisms of
T*Q having a Hamilton vector field vy as tangent vector field and that o is
the symplectic 2-form. By means of part (vi) show, for ¢ € R,

d d d
—(W)'o=—| WMo =W)—| W= W) L,,0=0.
S (W)= h:o( Vo = (¥ h:O( )y'o = (W)'Ly,o

Consequently, (V')*0 = o; such diffeomorphisms are called canonical
transformations. Using part (ii) deduce Liouville’s Theorem, which asserts
that the Euclidean volume form on 7*Q is invariant under (W), cg.

For a canonical transformation W prove, forally € T*Q and v, v € T,(T*Q),

o(W())(DY(y)v, D¥(y)V) = o (y)(v, D);

hence
vVIDW(y) J;D¥(y)v = v J,v,

on account of (iii). Here we have written the transpose as * instead of 7, in
order to avoid any confusion with the time variable . Another way of saying
this is that G = DW(y) belongs to the symplectic group Sp(d, R) defined by

Spd,R) ={G € GL(2d,R) | G' J,G = J; }.

Originally this group was called the linear complex group. This terminology
was too confusing, so the Latin roots in com-plex (meaning “plaited together’)
were replaced by the Greek roots sym-plectic.

Prove the mapping J; € End(7*R¢) is canonical, in view of J; € Sp(d, R).
A diffeomorphism ¢ : Q — Q induces the mappings
TQ—->TQ with  (q,9) ~ (¥(q), D¥(9)q');
v:r*Q—-T"0  with W(g, p) = (¥(q), (DY (@)~ p).

Prove DW(q, p)(8q,8p) = (D¥(q)8q, (DY (q)~")"8p), for (8q,8p) €
R?¢. Verify that the induced mapping ¥ : T*Q — T*Q is a canonical
transformation.

Let W : T*Q — T*(Q be a canonical transformation and H : T*Q — R
a Hamiltonian. Suppose x is as in part (v). Using Exercises 3.15.(i) and
3.8.(i1)) show, with x = W(y) and ¢ € J,

Y () = DU (y(®) " (DY (y(1)™)" grad(¥*H)(y(1)) = vo-u(y(1)).

Here we have used that G € Sp(d, R) if and only if G 'y (G™HT = J,.
In other words, the pullback W*vy of the vector field vy under the canon-
ical transformation W is the Hamiltonian vector field corresponding to the
pullback W*H of H under W, that is, V*vy = vy+g. Prove this also via

iq;*vHO' = iq/*vH\IJ*O' = lIJ*(Z'DHO') = \p*dH = d\IJ*H = iUW*HU‘
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(xii)

(xiii)

(xiv)

Define, for functions f and g € C'(T*Q), the Poisson brackets { f, g} €
C(T*Q) of f and g by {f, g} = iv,dg = dg(vy). Using dg = —i, 0 from
part (iv) show

of 5 _ f ogy

{f,g)=0vy, vy) = Z <8p.,~ Ly @8]91

l<j=d

The definition of { f, g} is independent of the choice of coordinates (¢, p) =
& € T*Q, in view of the invariance of ¢ under canonical transformations.

Prove therelation [ vy, vg | = vyy,,) between the Lie and the Poisson brackets.
In fact, apply successively the formula from Exercise 8.41.(iii) for the Lie
derivative of a differential form with X = vy andw = i,,0 € QU(T*Q), part
(vi), and Exercise 8.41.(iii) again, to obtain

(Ly, (0, 0))(0) = vs(iy,0)) + {@y,0)([v,vr])
= —(Ly,0)(vg, v) + vs(0(vg, v)) + 0 (vg, [V, 07 ])
= U([ Uf, Ug ]7 U) = (i[vf,vg]a)(v)a

and deduce i[y, v, 10 = Ly, (—dg) = —d(L,,8) = —d{f, g} = iy, 0 from
part (iv), the homotopy formula and part (xii). Show that the Poisson brackets
satisfy Jacobi’s identity from Exercise 5.26.(iii), that is

{fi. {2, Y+ {2 S5 il {5, U0, 23 =0.

Suppose x : J — T*Q is a solution curve of the Hamilton vector field vy as
in part (v), and let f € C YT*0). Verify by means of Formula (2.12)

(fox) () ={H, f}x()), in particular (Hox) =0.

That is, the Hamiltonian H is a conserved quantity. Hamilton’s equation
itself takes the form

qj=1{H.q;} py=1{H,p)} (<j=<d), x =({(Hx}

Here we have extended the definition of the Poisson brackets to vector-valued
functions. Assuming convergence deduce that the solution is given, with
dux = {H, x}, by

X(0) = eMx(0) = Y S{H, o (H(H X)) )0 @ eR).

neNy

This formula shows an analogy with descriptions of quantum physics.
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(xv) The Hamiltonian of a classical point particle in R of mass m under the influ-
ence of gravity F(g) = —g, for g € R, is given by H(q, p) = % + mgq.
Prove

(H,q) = % (H(H,q}}=—g,  {H {H (H, g}}}=0;

and obtain the law of free fall as the solution, where p = mq’,

2

—q+q0 -2 (eR).

p(O)  gt?
2 2

q() =q0) + —— —
m

Exercise 8.47 (Minimal hypersurface — needed for Exercise 8.48). Consider a
compact oriented C? submanifold V C R" of codimension 1, and a one-parameter
group of C 2 diffeomorphisms (®’),cg of R” with C ! tangent vector field v : R” —
R". Thenallthe V, = ®'(V), fort € R, are compact oriented C? hypersurfaces too.
Select C'! mappings n : R x R” — R” such that n,(x) = n(¢, x), for x € V,, is the
normal to V; at x compatible with the orientation on V;. According to Formula (7.15)
the Euclidean hyperarea form on V, is given by @, = i,, dx. Note that V, = V, and
write wy = w.

(i) Use the homotopy formula from Lemma 8.9.1 to verify

w; = — w
t=0JV; t dt t=0JV l
[ Gl ) [
= — W —| w
v\dt|,_, O Jdr|,_y

=/(doiv+ivod)a)+/id dx.
\%4 Vv ar | 1=™

(ii) Deduce from ||n;]|*> = 1, for ¢ € R, that
< d
dt

accordingly

d
dt

n(x) € T, V;

d
ng, n0> =0; thus —
=0

dt

t=0

id| dx =0,
v @ li=™

since computing the integral involves evaluation of dx at the points x € V
on n vectors belonging to the (n — 1)-dimensional space T, V.

(iii) Use Stokes’ Theorem to show

[o=[ o+ [ ioatman= [ w@oiman.
=0V, v 14 v

d
dt
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Apply the equality d o i, dx = divn dx from Example 8.9.2 and prove

f Wy =/(divn) iydx.
=0 JV; 1%

Background. We call divn = tr Dn : V — R the mean curvature of V (see
Section 5.7); it depends on the choice of orientation. A hypersurface V with fixed
boundary and having smallest possible hyperarea is called a minimal hypersurface.
The arguments above imply that the mean curvature of a minimal hypersurface
vanishes identically, as one sees by taking the vector field v restricted to V equal to
f n, for arbitrary C' functions f.

d

dt

Exercise 8.48 (Catenoid and helicoid are minimal surfaces — sequel to Exer-
cises 4.6 and 8.47). As in Exercise 4.6 we define ¢ : R? — R3by x = ¢(s,1) =
(cosh s cost, coshssint, s), and we call C = im(¢) the catenoid.

(i) Show that the Gauss mapping n : C — S? is given by

(—cost, —sint, sinh s) ((s, 1) € R).

n(x) = cosh s

(i) Take Dy¢ (s, t) and D,¢ (s, t) as basis vectors for T,,C. With respect to this
basis compute, as in Example 5.7.2, the matrix of the Weingarten mapping

Dn(x) € End™ (T, C) to be
1 ( 1 0 )
cosh’s\ 0 —1/°

Deduce from Exercise 8.47 that C is a minimal surface.

(iii) Fix a € R;. Compute the area of the subset C, of C consisting of the x € C
with |x3] < a to be 2w (a 4+ cosha sinha). On the other hand, the area of
the two disks Dai = {x € R? | xl2 + x% < cosh’a, x3 = *+a } equals
27t cosh? a. So the minimal surface C,, will not minimize the area among all
surfaces with boundary the two circles d DF if a + cosha sinha > cosh®a,
that is, if 2a > 1 4 e¢~2“, which is satisfied for a sufficiently large.

(iv) Prove that the helicoid from Exercise 4.8 is a minimal surface.

Exercise 8.49 (Special case of Gauss—Bonnet Theorem). Consider a compact
oriented C? submanifold V C R”" of codimension 1. Extending the theory of
Section 5.7 in a straightforward manner we say that the Gaussian curvature K of
V is given by K = det Dn, where n : V — S§""! is the Gauss mapping. Let
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w € Q" '(R") be the differential form from Example 8.11.9 that computes the
Euclidean (n — 1)-dimensional hyperarea of V. Prove

1
nwg =Koy, and deduce (%) W / K(y)d,_1y = deg(n).
v

In particular, if V C R? is a multi-donut with g holes, prove that deg(n) = 1 — g
by means of Formula (8.68). The number g is called the genus of the multi—donut.
Background. The equality (x) above is half the assertion of the Gauss—Bonnet
Theorem. The other half identifies deg(n) € Z as an invariant of V. Furthermore,
in R? the integer 2 deg(n) equals the Euler characteristic x (V) of V: partition V
into a finite number of triangles, then x (V) equals the number of vertices minus
the number of edges plus the number of faces of the triangles, irrespective of the
chosen subdivision.

Exercise 8.50 (Zeros of a holomorphic function). As usual, write C 3 z =
x| +ixs < x = (x1,x) € R% Let f = f; +if> : C — C be a holomorphic
functionandset U = {z € C| f(z) £0}.

(i) Leto € Q'(R?\ {0}) be as in Formula (8.73). Verify that we have on R?\ {0}
and U, respectively,
—X2dx| + x;dxy df

1
, dlog f = = = =dlo 2 4if*o.
e g = = ydloglfI” +if

ox) =

In complex function theory it is shown that f has only isolated zeros (see Exam-
ple 2.2.6) if f # 0.

(ii) Suppose that f'(z) # 0 if f(z) = 0. Use the Cauchy—Riemann equation to
show det Df (x) = | f'(z)|> > 0, and deduce that sgn (det(Df(x)) = 1, for
every zero x € R? for f.

(iii) Let  C C be as in Example 8.11.11. By means of parts (i) and (ii) prove

1 d 1
R T))

2mi Jag f 27 Jao
where n( f, €2) is the number of zeros of f that belong to 2.

(iv) In the case of f(a) = f'(a) = 0, for some a € 2, we argue as follows. In
view of Exercise 8.12.(v) we may develop f in a power series about a, hence
fz) = anr;(f,a) cn(z—a)", withn(f,a) € Nand 0 # ¢,y € C. This
gives f(z) = (z — a)""? g(z), for z near a, with g holomorphic near a and
g(a) # 0. Hence, for z near a,

/'@  n(f,a) n g@ n(f a)

fz) z—a g(z) z-—a +h),
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with 4 holomorphic near a. If f~'({0) NQ ={a; | 1 <i <m}, deduce

L[ dr_

el B > n(fia) = n(f, Q).

1<i<m

Exercise 8.51 (Linking number, Kronecker’s integral and Biot-Savart’s law
— sequel to Exercise 8.28). Let V; be connected compact and oriented C? sub-
manifolds of R” of dimension d;, for 1 < i < 2, where di +d, = n — 1, and
suppose these have no point in common. (Best example: two disjoint closed curves
in R?.) In the notation of Example 8.11.9 define the linking number L(V,, V) as
W(p (Vi x V3),0), where ¢ : V| x V, — R"\ {0} is given by ¢ (x1, x2) = x5 — x1.

(i) Prove

L(Vy. Vs) ! ¢*< ! 'd)
1, V2) = 5 ——1,dx ).
1S Jy, v, [l |

(i1)) We will compute the integral in (i) for a pair of closed curves V; = im(y;) in

(iii)

R3, where y; : [0, 1] — V;. Verify, for the standard basis vectors ¢; € R?,

D(¢ o (y1 x y)(t1, ) e; = (=) y/ (1) (1<i<?2),

and show that this implies

1 1 _ / /
L(Vy. Vy) = L/ / det (y1(t1) — »2(t2) y{(t1) y5(t2)) dt dis
4 Jo Jo ly1(t1) — 2 ()13

! 1
=f0 <E/o ||J/1(t1)—)/z(t2)||3y2/(t2) x (r1(t) = v2(12)) dia, y((n)}dn.

Recognize the inner integral as the Biot—Savart law from Exercise 8.28.(v)
describing the magnetic field at y;(#;) due to a steady unit electric current
flowing around the closed loop V,. Deduce that L(V;, V,) is precisely the
work done by this magnetic field on a unit magnetic pole which makes one
circuit around V.

The curves y;(t) = (cost,sint,0) and y,(t) = r(—1 + cost,0, —sint),
with r > 1, define two disjoint oriented circles in R? that are linked. Prove
that 7, converges to y, with y,(t) = (0,0, —t), for r — oco. Now verify
that L(Vy, V») = 1 by explicit evaluation of the integral in (ii). Note that
(Vi x V,) is the cylinder {x € R*® | x? + x3 = 1}, which winds once
around the origin in R>.

Hint: Compute fR+ dt, by means of Exercise 6.50.(iv) or the substi-

1
(1+13)3/2
tution t, = sinh u.
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783

Arzela’s Dominated Convergence
Theorem 472

associated Legendre function 177

associativity 2

astroid 324, 729

asymptotic expansion 197, 626

— expansion, Stirling’s 197

automorphism 28

autonomous vector field 163

axis of rotation 219, 301

ball, closed 8

—, open 6

basic linear mapping 477

basis, orthonormal 3

—, standard 3

Bernoulli function 190

— number 186, 607

— polynomial 187

Bernoulli’s summation formula 188,
194

Bessel function 634, 640

Bessel’s equation 634

best affine approximation 44

Beta function 620

— function, generalized 688, 690

bifurcation set 289

bijective affine transformation 479

Binet—Cauchy’s, formula 677

binomial coefficient, generalized 181

— series 181

binormal 159

Biot-Savart law 751

biregular 160

bitangent 327

black body radiation 623

boost 390, 756, 758

boundary 9

— condition, at infinity 721, 750

— condition, Dirichlet 535

— condition, Neumann 726
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— in subset 11

—, Ck, of open set 515

—, lying at one side of 515

bounded convergence 471

— sequence 21

Brouwer’s Fixed-point Theorem 583,
764

— Theorem 20

bundle, tangent 322

—, unit tangent 323

C'! mapping 51

Cagnoli’s formula 395

canonical 58

— transformation 772

Cantor’s Theorem 211

cardioid 286, 299, 501

Cartan decomposition 247, 385

— decomposition, (infinitesimal) 539
Casimir operator 231, 265, 370
Catalan’s constant 613

catenary 295

catenoid 295

Cauchy distribution 660

— sequence 22

Cauchy’s integral formula 734, 737
— integral formula, generalized 739
— Integral Theorem 557

— Minimum Theorem 206
Cauchy-Riemann equation 556, 738
Cauchy—Schwarz inequality 4, 642
— inequality, generalized 245
caustic 351, 761

Cayley’s surface 309

Cayley—Klein parameter 376, 380, 391
centrifugal 604

centripetal 604

chain rule 51

change of coordinates, (regular) Cck g8
Change of Variables Theorem 444
characteristic function 34, 428

— polynomial 39, 239, 527

—, Euler 776

charge (density) 747

— density 491, 696

chart 111

Christoffel symbol 408

circle, osculating 361

circles, Villarceau’s 327

circulation 538, 553

Index

cissoid, Diocles’ 325

Clausen function 614

Clifford algebra 383

— multiplication 379

closed ball 8

— differential form 544, 574

— in subset 10

— mapping 20

—set 8

closure 8

—in subset 11

cluster point 8

— point in subset 10

codimension of submanifold 112

coefficient of matrix 38

—, Fourier 190

cofactor matrix 233

cohomology, de Rham 590

commutativity 2

commutator 169, 217, 231, 407

— relation 231, 367

compactness 25, 30

—, sequential 25

complement 8

complementary matrix 41

completeness 22, 204

complex analysis 737

— line integral 555

— structure 555

complex-analytic 735

complex-differentiable 105, 556, 738

component function 2

— of vector 2

composition of mappings 17

computer graphics 385

conchoid, Nicomedes’ 325

cone 447

—, unrolling of 684

confluent hypergeometric differential
equation 641

— hypergeometric function 639

conformal 336

conjugate axis 330

connected component 35

connectedness 33

connection 408

conservation of charge, law of 748

— of energy 290

— of energy, law of 749

conservative 566
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constant, Catalan’s 613

continuity 13

— equation 747

continuity, Holder 213

Continuity Theorem 77

continuous mapping 13

continuously differentiable 51

contractible 589

contraction 23

— factor 23

Contraction Lemma 23

contraction with vector 570

— with vector field 585

—, FitzGerald—Lorentz 758

convergence 6

—, uniform 82

convex 57

convolution 468, 663

— equation 672

coordinate function 19

— of vector 2

—, generalized 770

coordinates, change of, (regular) ck
88

—, confocal 267

—, cylindrical 260

—, polar 88

—, simplex 691

—, spherical 261

coordinatization 111

cosine rule 331

cotangent bundle 399

— space 399

Coulomb gauge condition 750

Coulomb’s law 750

covariance matrix 617, 655

covariant 754

— derivative 407

— differentiation 407

covering group 383, 386, 389

—, open 30

Cramer’s rule 41

critical point 60

— point of diffeomorphism 92

— point of function 128

— point, nondegenerate 75

— value 60

cross product 147

— product operator 363

curl, of vector field 540, 541
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curl-free 546

current (density) 747
curvature form 363, 410
— of curve 159

—, Gaussian 157

—, mean 775

—, normal 162

—, principal 157

curve 110

—, differentiable (space) 134
—, space-filling 211

cusp, ordinary 144

cycloid 141, 293, 499
cylindrical coordinates 260

D’ Alembert’s formula 277

D’ Alembertian 755, 756

Darboux’s equation 707, 708

de I’Hopital’s rule 311

decomposition, (infinitesimal) Cartan
539

—, Cartan 247, 385

—, Helmholtz—Weyl 751

—, Hodge 753

—, Iwasawa 356

—, polar 247

—, Stokes 539

degree of mapping 591, 594

del 59, 528

Delambre-Gauss, analogs of 396

DeMorgan’s laws 9

dense in subset 203

density, continuous d-dimensional 489

—, Euclidean 495

—, Gel’fand—Leray 700

—, positive 491

derivation 404, 585

— at point 402

—, inner 169

derivative 43

—, directional 47

—, exterior 544, 574

—, partial 47

derived mapping 43

Descartes’ folium 142, 554

de Rham cohomology 590

diagonal 722

diameter 355

diffeomorphism, C k gg

—, orthogonal 271
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—, volume-preserving C* 445

differentiability 43

differentiable mapping 43

—, continuously 51

—, partially 47

differential 400

— at point 399

— equation, Airy’s 256

— equation, Bessel’s 634

— equation, confluent hypergeometric
641

— equation, Darboux’s 707, 708

— equation, for rotation 165

— equation, Hamilton’s 717, 771

— equation, Helmholtz’ 636

— equation, hypergeometric 638

— equation, Legendre’s 177

— equation, Newton’s 290

— equation, ordinary 55, 163, 177,
269

— equation, partial 470, 534

— equation, Poisson’s 721

— equation, Whittaker’s 641

— form 400, 544, 571

— form, closed 544, 574

— form, exact 544, 574

— operator, linear partial 241

— operator, partial 164

Differentiation Theorem 78, 84, 473

differentiation, fractional 669

dilatation 759

dilogarithm 613

—, functional equation for 613

dimension of submanifold 109

Dini’s Theorem 31

Diocles’ cissoid 325

directional derivative 47

Dirichlet problem 535

Dirichlet’s formula 632, 633, 701

— principle 719

— series 664

— test 189

disconnectedness 33

discrete 396

discriminant 347, 348

— locus 289

distance, Euclidean 5

distribution 617, 763

— theory 669

—, x- 622

Index

—, x%- 657

—, Cauchy 660

—, Gamma 657

—, normal 617, 618, 655

—, one-sided stable 659

distributivity 2

divergence in arbitrary coordinates
268, 714

— with respect to volume form 586

—, of vector field 166, 268, 528

divergence-free 546

dodecahedron, rhombic 616

dual basis for spherical triangle 334

— vector space 398

duality, definition by 404, 406

Duhamel’s principle 763

duplication formula for (lemniscatic)
sine 180

— formula, Legendre’s 621, 623

eccentricity 330, 499

— vector 330

Egregium, Theorema 409
eigenvalue 72, 224
eigenvector 72, 224

Einstein summation convention 583
Eisenstein series 658
electromagnetic energy 748
— waves in vacuum 749
electromagnetism 683, 747
elimination 125

— theory 344

elliptic curve 185

— integral of first kind 679

— integral of second kind 499
— paraboloid 297

embedding 111
endomorphism 38

energy of wave 761

— surface 716

—, electromagnetic 748

—, kinetic 290

—, potential 290

—, total 290

entry of matrix 38

envelope 348

epicycloid 342

equality of mixed partial derivatives 62
equation 97

—, Cauchy—Riemann 556, 738
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—, continuity 747

—, Kepler’s 635

—, Poisson’s 750

—, Schrodinger’s 728

equations, Maxwell’s 747

—, Maxwell’s, in covariant form 753

—, Maxwell’s, in vacuum 749

—, Maxwell’s, time-independent case
749

equivariant 384

Euclid’s parallel postulate 686

Euclidean area 502

— density 495

— distance 5

— hyperarea 507

— norm 3

— norm of linear mapping 39

— space 2

Euler characteristic 776

— number A(n, k) 703

— number E,, 607

— operator 231, 265

Euler’s Beta function 620

— constant 627

— formula 300, 364

— Gamma function 620

— generalized Beta function 688, 690

— identity 228

— series 615

— Theorem 219

Euler—-MacLaurin summation formula
194

evolute 350

exact differential form 544, 574

excess of spherical triangle 335

expectation 617

— vector 617, 645, 655

exponential 55

exterior derivative 544, 574

— differentiation 544, 574

— multiplication 577

— power 568

Faraday form 754
Faraday’s law 748
Feynman’s formula 693
fiber bundle 124

— of mapping 124
field 696

—, electric 747

787

—, magnetic 747

finite intersection property 32

— part of integral 199

FitzGerald-Lorentz contraction 758

fixed point 23

Fixed-point Theorem, Brouwer’s 583,
764

flow of vector field 163

flux 530, 560

focus 329

focusing effect 761

folium, Descartes’ 142, 554

formal power series 606

formula, analog 395

—, Binet—Cauchy’s 677

—, Cagnoli’s 395

—, D’Alembert’s 277

—, Dirichlet’s 632, 633, 701

—, Euler’s 300, 364

—, Feynman’s 693

—, Gegenbauer’s 694

—, Girard’s 681

—, Hankel’s 694

—, Heron’s 330

—, Kirchhoff’s 760

—, Laplace’s 744

—, Leibniz—H6rmander’s 243

—, Lipschitz’ 658

—, Mellin’s 662

—, Pizzetti’s 689, 708

—, Poisson’s 693

—, Rodrigues’ 177

—, Schlafli’s 743

—, Sonine’s 670

—, Stirling’s 624

—, Taylor’s 68, 250

formulae, Frenet—Serret’s 160

forward (light) cone 386

Foucault’s pendulum 362, 733, 770

four-square identity 377

Fourier analysis 191

— coefficient 190

— Inversion Theorem 468

— series 190

— transform 466

— transformation 467

fractional differentiation 669

— integration 668

— linear transformation 384

Frenet—Serret’s formulae 160
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frequency 469

Fresnel’s integral 630

Frobenius norm 39

Frullani’s integral 81

Fubini’s Theorem 476

function of several real variables 12

—, C®, on subset 399

—, affine 216

—, Airy 256

—, Bernoulli 190

—, Bessel 634, 640

—, characteristic 34, 428

—, Clausen 614

—, complex-analytic 735

—, complex-differentiable 105, 556,
738

—, confluent hypergeometric 639

—, continuous with compact support
434

—, coordinate 19

—, Green’s 722

—, holomorphic 105, 556, 738

—, hypergeometric 637

—, Kummer 639

—, Lagrange 149

—, Lerch 658

—, Lobachevsky 614

—, monomial 19

—, Morse 244

—, piecewise affine 216

—, polynomial 19

—, positively homogeneous 203, 228

—, rational 19

—, real-analytic 70

—, reciprocal 17

—, scalar 12

—, Schwartz 466

—, spherical 271

—, spherical harmonic 272

—, step 435

—, vector-valued 12

—, zonal spherical 271

functional dependence 312, 611

— equation 175, 313

— equation for dilogarithm 613

— equation for zeta function 631, 652

— equation of Jacobi 651

fundamental solution 763

Fundamental Theorem of Algebra
291, 593, 735

Index

Gamma distribution 657

— function 620

— function, product formula for 627

gauge condition, Coulomb 750

— condition, Lorentz 755

Gauss mapping 156

Gauss’ Divergence Theorem 529

— law 748

Gauss—Bonnet Theorem 776

Gaussian curvature 157

Gegenbauer’s formula 694

Gel’fand-Leray density 700

general linear group 38

generalized Beta function 688, 690

— binomial coefficient 181

— coordinate 770

— momentum 770

generator, infinitesimal 163

genus 776

geodesic 361

geometric tangent space 135

(geometric) tangent vector 322

geometric—arithmetic inequality 351

Girard’s formula 681

Global Inverse Function Theorem 93

gradient 59

— operator 59

— vector field 59, 527, 539

Gram’s matrix 39

Gram-Schmidt orthonormalization
356

graph 107, 203

Grassmann’s identity 331, 364

great circle 333

greatest lower bound 21

Green’s first identity 534

— function 722

— Integral Theorem 554

— second identity 534

group action 162, 163, 238

—, covering 383, 386, 389

—, general linear 38

—, Lorentz 386, 756

—, orthogonal 73, 124, 219

—, permutation 66

—, proper Lorentz 386

—, special linear 303

—, special orthogonal 302

—, special orthogonal, in R? 219

—, special unitary 377
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—, spinor 383
—, symplectic 772

Hadamard’s inequality 152, 356
— Lemma 45

Hamilton vector field 771
Hamilton’s equation 717, 771

— Theorem 375
Hamilton—Cayley, Theorem of 240
Hamiltonian 716, 771

— vector field 717

Hankel transform 665

Hankel’s formula 665, 694
Hardy’s inequality 647

harmonic function 265, 535

— vector field 546

heat equation 469, 726
Heine—Borel Theorem 30
Heisenberg’s uncertainty relations 645
helicoid 296

helix 107, 138, 296

Helmholtz’ equation 636
Helmholtz—Weyl decomposition 751
Hermitian inner product 645

— matrix 385

Heron’s formula 330

Hessian 71

— matrix 71

hexagon 703

highest weight of representation 371
Hilbert’s inequality 643

— Nullstellensatz 311
Hilbert—-Schmidt norm 39

Hodge decomposition 753

— operator 753, 754

hodograph 605

Holder continuity 213

Holder’s inequality 353, 642
holomorphic 105, 556, 738
holonomy 363

homeomorphic 19
homeomorphism 19

homogeneous function 203, 228
homographic transformation 384
homology theory 563
homomorphism of Lie algebras 170
— of rings, induced 401
homotopic 587

homotopy 550, 587

— formula 586

789

Homotopy Lemma 587

homotopy operator 587

— theory 483, 550

Hopf fibration 307, 383

— mapping 306

hydrostatic pressure 718

hyperarea, Euclidean 507

hyperbolic reflection 391

— screw 390, 756, 758

hyperboloid of one sheet 298

— of two sheets 297

hypercube 702

hyperfunction 662

hypergeometric differential equation
638

— function 637

— series 637

hypersurface 110, 145, 507

— integral, oriented 563

—, minimal 775

hypocycloid 342

—, Steiner’s 343, 346, 731

icosahedron 504

identity mapping 44

—, Euler’s 228

—, four-square 377

—, Grassmann’s 331, 364

—, Green’s first 534

—, Green’s second 534

—, Jacobi’s 332

—, Jacobi’s, for minors 584

—, Lagrange’s 332

—, parallelogram 201

—, Parseval-Plancherel’s 650
—, polarization 3

—, symmetry 201

image, inverse 12

immersion 111

— atpoint 111

Immersion Theorem 114
implicit definition of function 97
— differentiation 103

Implicit Function Theorem 100
— Function Theorem over C 106
incircle of Steiner’s hypocycloid 344
incompressible 546

indefinite 71

index set 424

—, of function at point 73
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—, of operator 73

induced action 163

— homomorphism of rings 401

inequality, Cauchy—Schwarz’ 4, 642

—, Cauchy—Schwarz’, generalized
245

—, geometric—arithmetic 351

—, Hadamard’s 152, 356

—, Hardy’s 647

—, Hilbert’s 643

—, Holder’s 353, 642

—, isoperimetric 709

—, isoperimetric for triangle 352

—, Kantorovich’s 352

—, Minkowski’s 353, 643

—, Poincaré’s 644

—, reverse triangle 4

—, Sobolev’s 645

—, triangle 4

—, Young’s 353

infimum 21

infinitesimal generator 56, 163, 239,
303, 365, 366

inhomogeneous wave equation 761

initial condition 55, 163, 277

— value problem, for heat equation
470

— value problem, for wave equation
759

inner derivation 169

— measure 429

— product, Hermitian 645

integrability conditions 539, 546

integral 539, 547

— equation, Abel’s 670

— formula for remainder in Taylor’s
formula 67, 68

— formula, Cauchy’s 734, 737

— formula, Cauchy’s, generalized 739

— formula, Poisson’s 725, 745

— of differential form 572

— of differential form over
submanifold 573, 594

— of gradient 519

— of total derivative 518

— over rectangle 426

— over submanifold w.r.t. density 490

— over submanifold w.r.t. Euclidean
density 495

— over subset 429

Index

— over tubular neighborhood 698

Integral Theorem, Stokes’ 560

integral, (n — 1)-dimensional w.r.t.
Gel’fand-Leray density 700

—, Fresnel’s 630

—, Frullani’s 81

—, Kronecker’s 595

—, oscillatory 656

—, Poisson’s 661, 725

integrals, Laplace’s 254, 661

integration, fractional 668

—, Lebesgue 476

interior 7

— point 7

intermediate value property 33

interval 33

intrinsic property 408

invariance of dimension 20

— of Laplacian under orthogonal
transformations 230

inverse image 12

— mapping 55

inverse-square law 604

Inversion Theorem, Fourier 468

inversion w.r.t. sphere 724

involution 685

irreducible representation 371

irrotational 546

isolated zero 45

isometry 685

Isomorphism Theorem for groups 380

isoperimetric inequality 709

— inequality for triangle 352

isotopy 587

Isotopy Lemma 592

iteration method, Newton’s 235

Iwasawa decomposition 356

Jacobi matrix 48, 445

Jacobi’s functional equation 651

— identity 169, 332

— identity for minors 584

— notation for partial derivative 48

Jacobian 445

Jordan measurable set 429

— measurable, d-dimensional 492

— measure of set 429

— measure, d-dimensional 492

Jordan—Brouwer Separation Theorem
596
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k-linear mapping 63
Kakeya’s needle problem 731
Kantorovich’s inequality 352
Kepler’s equation 635

— first law 605

— second law 450, 451

— third law 605

kinetic gas theory 622
Kirchhoff’s formula 760
kissing number 504
Kronecker’s integral 595
Kummer function 639

Lagrange function 149

— multipliers 150

Lagrange’s identity 332

— Theorem 377

Laplace operator 229, 263, 265, 270,
470, 528

Laplace’s formula 744

— integrals 254, 661

Laplacian 229, 263, 265, 270, 470,
528

— in arbitrary coordinates 715

— in cylindrical coordinates 263

— in polar coordinates 712

— in spherical coordinates 264

latus rectum 330

law of conservation of charge 748

— of conservation of energy 749

— of free fall 774

— of gravitation, Newton’s 450

—, Ampere-Maxwell’s 748

—, Archimedes’ 718

—, Biot—Savart’s 751

—, Coulomb’s 750

—, Faraday’s 748

—, Gauss’ 748

—, inverse-square 604

—, Kepler’s first 605

—, Kepler’s second 450, 451

—, Kepler’s third 605

—, Pascal’s 718

laws, DeMorgan’s 9

least upper bound 21

Lebesgue integration 476

— number of covering 210

Legendre function, associated 177

— polynomial 177
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Legendre’s duplication formula 621,
623

— equation 177

Leibniz’ rule 240

Leibniz—Hormander’s formula 243

Lemma, Hadamard’s 45

—, Homotopy 587

—, Morse’s 131

—, Poincaré’s 548

—, Poincaré’s, for differential forms
589

—, Rank 113

—, Urysohn’s 608

lemniscate 323, 447, 678

lemniscatic sine 180, 287

— sine, addition formula for 288, 313

length of vector 3

Lerch function 658

level set 15

Lie algebra 169, 231, 332

— algebra cohomology 768

— bracket 169

— derivative 404, 585

— derivative at point 402

— group, linear 166

Lie’s product formula 171

light cone 386

limit of mapping 12

— of sequence 6

line integral, complex 555

— integral, oriented 537, 552

linear Lie group 166

— mapping 38

— mapping, basic 477

— operator, adjoint 39

— partial differential operator 241

— regression 228

— space 2

linearized problem 98

linking number 777

Liouville’s Theorem 708, 726, 772

Lipschitz constant 13

— continuous 13

Lipschitz’ formula 658

Lobachevsky function 614

Local Inverse Function Theorem 92

— Inverse Function Theorem over C
105

locally isometric 341

Lorentz gauge condition 755
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— group 386, 756

— group, proper 386

— transformation 386, 756

— transformation, proper 386
lower Riemann integral 426

— sum 425

lowering operator 371
loxodrome 338

lying at one side of boundary 515

MacLaurin’s series 70
magnetic monopole 748
manifold 108, 109

— at point 109
mapping 12

—, C!'51

—, k times continuously differentiable

65
—, k-linear 63
—, adjoint 380
—, closed 20
—, continuous 13
—, derived 43
—, differentiable 43
—, identity 44
—, inverse 55
—, linear 38
—, of manifolds 128, 594
—, open 20
—, partial 12
—, proper 26, 206
—, tangent 225
—, uniformly continuous 28
—, Weingarten 157
mass 290
— density 491
matrix 38
—, antisymmetric 41
—, cofactor 233
—, Hermitian 385
—, Hessian 71
—, Jacobi 48
—, orthogonal 219
—, symmetric 41
—, transpose 39
Maxwell’s equations 747
— equations, in covariant form 753
— equations, in vacuum 749

— equations, time-independent case

749

Index

mean curvature 775
— value property 707
Mean Value Theorem 57
— Value Theorem for harmonic
functions 707, 723
mean, spherical 689, 706, 708
mechanics, statistical 622
Mellin transform 662
— transformation 663
Mellin’s formula 662
Mercator projection 339
method of least squares 248
metric 685
— space 5
metric-preserving 685
minimal hypersurface 775
minimax principle 246
Minkowski’s inequality 353, 643
minor of matrix 41
Mobbius strip 564
moment 649
— of inertia 690
momentum operator 644
— phase space 770
—, generalized 770
monomial function 19
Morse function 244
Morse’s Lemma 131
Morsification 244
moving frame 267
multi-index 69
multilinear algebra 568
Multinomial Theorem 241
multipliers, Lagrange 150
musical isomorphism 583

nabla 59, 528

needle problem, Kakeya’s 731
negative (semi)definite 71
negligible, d-dimensional 492
—, n-dimensional 429

—, (n — 1)-dimensional 525
neighborhood 8

— in subset 10

—, open 8

nephroid 343

Neumann boundary condition 726
— problem 752

Newton vector field 529
Newton’s Binomial Theorem 240



Index

— equation 290

— iteration method 235

— law of gravitation 450

— potential 728

— potential of function 721
— potential of point 720

— potential of set 448
Nicomedes’ conchoid 325
non-Euclidean geometry 685
nondegenerate critical point 75
norm 27

—, Euclidean 3

—, Euclidean, of linear mapping 39
—, Frobenius 39

—, Hilbert—Schmidt 39

—, operator 40

normal 146

— curvature 162

— distribution 617, 618, 655
— plane 159

— section 162

— space 139

—, inner 515

—, outer 515

nullity, of function at point 73
—, of operator 73
Nullstellensatz, Hilbert’s 311
numerical mathematics 675

octahedron 703

one-parameter family of lines 299
— group 669

— group of diffeomorphisms 162

— group of invertible linear mappings

56
— group of rotations 303
one-sided stable distribution 659
open ball 6
— covering 30
— in subset 10
— mapping 20
— neighborhood 8
— neighborhood in subset 10
—set7
operator norm 40
—, anti-adjoint 41
—, self-adjoint 41
—, unitary 663
orbit 163

793

orbital angular momentum quantum
number 272

ordinary cusp 144

— differential equation 55, 163, 177,
269

orientation 563

—, positive 552

orthocomplement 201

orthogonal group 73, 124, 219

— matrix 219

— projection 201

— transformation 218

— vectors 2

orthonormal basis 3

orthonormalization, Gram—Schmidt
356

oscillatory integral 656

osculating circle 361

— plane 159

outer measure 429

g function, Weierstrass’ 185

paraboloid, elliptic 297

parallel postulate, Euclid’s 686

— translation 363

parallelepiped 446

parallelogram identity 201

parameter 97

—, Cayley—Klein 376, 380, 391

parametrization 111

—, of orthogonal matrix 364, 375

—, positive 552

parametrized set 108

Parseval-Plancherel’s identity 650

partial derivative 47

— derivative, second-order 61

— differential equation 470, 534

— differential operator 164

— differential operator, linear 241

— mapping 12

— summation formula of Abel 189

partial-fraction decomposition 183,
653

partially differentiable 47

particle without spin 272

partition 424

— of unity 452

Pascal’s law 718

Pearson’s 2 distribution 657

pendulum, Foucault’s 362, 733, 770
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periapse 330

period 185

— lattice 184, 185

periodic 190

permutation group 66

perpendicular 2

phase function 656

physics, quantum 230, 272, 366, 644,
728

piecewise affine function 216

Pizzetti’s formula 689, 708

planar curve 160

plane, normal 159

—, osculating 159

—, rectifying 159

Pochhammer symbol 180

Poincaré’s inequality 644

— Lemma 548

— Lemma, for differential forms 589

point of function, critical 128

— of function, singular 128

—, cluster 8

—, critical 60

—, interior 7

—, saddle 74

—, stationary 60

Poisson brackets 242, 773

— integral 745

Poisson’s equation 721, 750

— formula 693

— integral 661, 725

— integral formula 725, 745

— kernel 660, 722

— summation formula 650, 651

polar coordinates 88

— decomposition 247

— part 247

— triangle 334

polarization identity 3

polygon 274

polyhedron 274

polynomial function 19
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